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What we do in Nijmegen

1. The semantics and logic of quantum computation.

2. Focus on the common ground between the classical,
probabilistic and quantum setting (States, predicates, ...)

3. ldentify relevant structure (Effect algebras, ...)
4. Organise it with category theory and formal logic.

5. Ambition: to make quantum computation more accessible to
existing methods and techniques (of categorical logic, ...)

6. On the horizon: a categorical toolkit including a type theory
to formally verify quantum programs.

7. In this paper ... some advances on state spaces,
but we'll come to that!
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Setting

Classical : Probabilistic
Sets : K¢(D)
sets with maps sets with

probabilistic maps

Quantum

vN©°P

von Neumann algebras
with c.p. unital

normal linear maps
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Logic?

Sets
classical
topos? v
Cccer v
effectus* v

K¢(D)
probabilistic
X
X

v

vN°P
quantum
X
X

v

* see next page
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*Effectus

An effectus is a category with finite coproducts and 1 such that

> these diagrams are pullbacks:

A+ X ALy A—9 4
f—i—idl \Lf—i—id ’fli \LHI
> these arrows are jointly monic:
[K1,k2,k2]
X+ X+ X X+ X
[k2,41,k2]

(Rather weak assumptions!)
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Internal logic

effectus meaning
objects types
arrows programs

1 (final object)
1-%X
X-£21+1

1% X£1+1
wEp

12141

singleton /unit type
state
predicate

validity

scalar



Examples of states and predicates

State Predicate Validity Scalars

14X X2141 wEp 151+1



Examples of states and predicates

State Predicate Validity
14X X514+1  wEp
classical element

Sets weX

Scalars

1—->1+1



Examples of states and predicates

State Predicate
145X X51+1
classical element subset

Sets we X pCX

Validity

wkp

Scalars

1—->1+1



Examples of states and predicates

State Predicate

145X X51+1
classical element subset
Sets we X pCX

Validity
wkp

wep

Scalars

1—->1+1

{0,1}



Examples of states and predicates

classical
Sets

probabilistic

Ki(D)

State Predicate Validity
14X XB51+1  wEp
element subset
weX pCX wep
distribution
w=y:si|xi)

Scalars

1—->1+1

{0,1}



Examples of states and predicates

State Predicate Validity
14X XB51+1  wEp
classical element subset
Sets weX pC X wEeEpPp

probabilistic distribution fuzzy subset

KU(D) w=Yslx) XB]0,1]

Scalars

1—->1+1

{0,1}



Examples of states and predicates

State Predicate Validity Scalars
14X X2141 wEp 151+1
classical element subset
Sets weX pCX wep {0,1}

probabilistic distribution fuzzy subset

KU(D)  w=3siba) X501 isplx)  [0.1]



Examples of states and predicates

classical
Sets

probabilistic

Ki(D)

quantum
vN°P

State

15X

element

weX

distribution
w=y:si|xi)

normal state

w: X —=C

Predicate Validity

XB51+1  wEp

subset

pC X wep
fuzzy subset

X501 3 sip(x)

Scalars

1—->1+1
{0,1}

[0, 1]



Examples of states and predicates

State Predicate Validity Scalars
14X XB51+1 wEp 15141
classical element subset
Sets weX pCX wep {0,1}
probabilistic distribution fuzzg subset
K(D) w=3silx) X=[0,1 >sip(x)  [0,1]
quantum normal state effect

vN©°P w: X —=C 0<p<I



Examples of states and predicates

State
15X
classical element
Sets we X
probabilistic distribution
K¢(D) w =) |xi)
quantum normal state

vN©°P w: X —=C

Predicate Validity

XB51+1  wEp

subset
pC X wep
fuzzy subset

X501 3 sip(x)

effect

0<p<| w(p)

Scalars
1—-1+1
{0,1}
[0,1]

[0, 1]
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Structure on states and predicates

1. Predicates on X form an effect module over M
(=~ an ordered vector space over M restricted to [0, 1])

2. States on X form an convex set over M
(= algebra for the distribution monad over M)

3. The scalars form an effect monoid M.

Stat
EMod}y T ~ Convy

-~
Pred
Pred Stat
C
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Examples of operatorions on states and predicates

[k2,k1]

> Negation of predicate: X i—i—_l;; 1+1

-p

» Convex combination of states 1 Q—I;ﬂ; X

Aw+(1—-X)p

» Predicates p, g are summable whenever there is a b such that

/l\
b
1+1=—14+14+1——>1+1

[k1,Kk2,k2] [K2,Kk1,k2]

and then their sum is given by p @ q = [k1, k1, k2] © b.
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Two problems?

Stat
EMod}; T ~ Convy

-~
Pred
Pred Stat
C

1. EMod}} is an effectus; Pred: C — EMod}} preserves +.

2. Convy, is not an effectus; Stat: C — Conv,, does not
always preserve coproducts.

So what? They block treating conditional probability in an effectus.
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Cancellative Convex Sets

Lo
This is a convex set over [0, 1] 0
1. (that is, algebra for the distrubu-
tion monad over [0, 1]): )
1

2. A convex set A is cancellative if for \ # 1,
MX+1=- A=+ 1-Ny = yi=y.
3. Theorem For a convex set A over [0,1] t.f.a.e.

3.1 A is cancellative;
3.2 [k1, K2, k2], [k, k1, k2]: A+A+A— A+ A
are jointly injective;

3.3 Ais isomorphic to a convex subset of a real vector space.

4. The full subcategory CConvyg 1} of Conv(g ;) of cancellative

convex sets over [0, 1] is an effectus!
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Normalisation

Stat: € — CConvyg 1] preserves coproducts if ...

C has normalisation:

For every 1 5 X 4+ 1 with o # ko there is a unique 1 = X such
that the following diagram commutes.

1 T X+1

o fovia
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Conclusion and references

Stat

EMod°0p1] CConvy j

Pred
Pretl\ Stat

1. Every category above is an effectus;
every functor above preserves coproducts.

2. For the relation with conditional probability,
see Section 6 of the paper.

3. For more about effectuses:
Bart Jacobs, New Directions in Categorical Logic, [...],
arXiv:1205.3940v3.



