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Chapter 1

Introduction

What does this Ph.D. thesis offer? Proof, perhaps, to the manuscript committee
of passable academic work; an advertisement, as it may be, of my school’s
perspective to colleagues; a display, even, of intellectual achievement to friends
and family. But I believe such narrow and selfish goals alone barely serve to
keep a writer’s spirits energised—and are definitely detrimental to that of the
readers. That is why I have foolhardily challenged myself not just to drily list
contributions, but to write this thesis as the introduction, that I would have
liked to read when I started research for this thesis back in May 2014.

The topic is von Neumann algebras, the category they form, and how they
may be used to model aspects of quantum computation. Let us just say for now
that a von Neumann algebra is a special type of complex vector space endowed
with a multiplication operation among some other additional structure. An
important example is the complex vector space My of 2 X 2 complex matrices,
because it models (the predicates on) a qubit; but all N x N-complex matrices
form a von Neumann algebra My as well. Using von Neumann algebras (and
their little cousins, C*-algebras) to describe quantum data types seems to be
quite a recent idea (see e.g. [17,|25,/57], and [3] for an overview) and has two
distinct features. Firstly, classical data types are neatly incorporated: C? =
C & C models a bit, and the direct sum My & M3 models the union type of a
qubit and a qutrit. Secondly, von Neumann algebras allow for infinite data types
as well such as %(¢?(Z)), which represents a “quantum integer.” It should be

*Though other methods of modelling infinite dimensional quantum computing have been
proposed as well e.g. using non-standard analysis [20|, pre-sheaves 48|, the geometry of inter-



said that this last feature is both a boon and a bane: it brings with it all the
inherent intricacies of dealing with infinite dimensions; and it is no wonder that
most authors choose to restrict themselves to finite dimensions, especially since
this seems to be enough to describe quantum algorithms, see e.g. [52].

In this thesis, however, we do face infinite dimensions, because the two main
results demand it:

1. For the first result, that von Neumann algebras form a model of Selinger
and Valiron’s quantum lambda calculus, as Cho and I explained in [9] and
for which I'll provide the foundation here, we need to interpret function
types, some of which are essentially infinite dimensional.

2. The second result, an axiomatisation of the map a — /pa\/p: & — o/
representing measurement of an element p € [0,1]y of a von Neumann
algebra o/ was tailored by B.E. Westerbaan (my twin brother) and myself
to work for both finite and infinite dimensional <.

These results are part of a line of research that tries to find patterns in the cat-
egory of von Neumann algebras, that may also be cut from other categories
modelling computation—ideally in order to arrive at categorical axioms for
(probabilistic) computation in general. When I joined the fray the notion of
effectus |26] had already been established by Jacobs, and the two results above
offer potential additional axioms. The work in this area has largely been a col-
laborative effort, primarily between Jacobs, Cho, my twin brother, and myself,
and many of their insights have ended up in this thesis.

Of this I'd say no more than that my work appears conversely, and propor-
tionally, in their writings too, except that the close cooperation with my brother
begs further explanation. Our efforts on certain topics have been like interleav-
ing of the pages of two phone books: separating them would be nigh impossible,
especially the work on the axiomatisation of a — /pa./p and Paschke dilations.
So that’s why we decided to write our theses as two volumes of the same work;
preliminaries on von Neumann algebras, and the axiomatisation of a — ,/pa,/p
appear in this thesis, while the work on dilations, and effectus theory appear in
my brother’s thesis, [74].

The two results mentioned above only make up about a third of this thesis; the
rest of it is devoted to the introduction to the theory of von Neumann algebras
needed to understand these results. My aim is that anyone with, say, a bachelor’s
degree in mathematics (c.q. basic knowledge of linear algebra, analysis [60],

action [23|, and quantitive semantics [53].



topology |76 and set theory [14]) should at least be able to follow the lines
of reasoning with only minimal recourse to external sources. But I hope that
they will gain some deeper understanding of the material as well. To this end,
and because I wanted to gain some of this insight for myself too, I’ve not just
mixed and matched results from the literature, but I tailored a thorough treatise
of everything that’s needed, including proofs. Whenever possible, I've taken
shortcuts (e.g. avoiding for example the theory of Banach algebras and locally
convex spaces entirely) to prevent the mental tax the added concepts (and
pages) would have brought. For the same reasons I've refrained from putting
everything in its proper abstract (and categorical [46]) context trusting that it’ll
shine through of its own accord. I've however not been able to restrain myself in
making perhaps frivolous variations on the existing theory whenever not strictly
necessary, taking for example Kadison’s characterisation |42 of von Neumann
algebras as my definition, and developing the elementary theory for it; in my
defence I'll just say this adds to the original element that is expected of a thesis.

Advertisements Due to space-time constraints this thesis is based only on a
selection [6(8}(9}|71L/72] of the works I produced under supervision of Jacobs, and
while [7,|38,[73] are incorporated in by brother’s thesis, this means [36}/37] are
unfortunately left out. If you like this thesis, then you might also want to take
a look at these [17}(24]44}[45//58,/59] recent works on von Neumann algebras,
and C*-algebras. If you're curious about effectus theory and related matters,
please have a look at [4H7},26H40]. But if you’d like more pictures instead, I'd
suggest [11].

Writing style I've replaced page numbers by paragraph numbers such as |V|for
this paragraph. The numbers after refer to paragraphs in my twin brother’s
thesis [74]. Definitions are set like that (i.e. in blue), and can be found in the
index. Proofs of certain facts that are easily obtained on the back of an envelope,
and would clutter this manuscript, have been left out. Instead these facts have
been phrased as exercises as a challenge to the reader.

Acknowledgements The work in this thesis specifically has benefited greatly
from discussions with John van de Wetering, Robert Furber, Kenta Cho, and Bas
Westerbaan, but I've also had the pleasure of discussing a variety of other top-
ics with Aleks Kissinger, Andrew Polonsky, Bert Lindenhovius, Frank Roumen,
Hans Maassen, Henk Barendregt, Joshua Moerman, Martti Karvonen, Robbert
Krebbers, Robin Adams, Robin Kaarsgaard, Sam Staton, Sander Uijlen, Sebas-
tiaan Joosten, and many others. I’'m especially honoured to have been received
in Edinburgh by Chris Heunen and in Oberwolfach by Jianchao Wu. I'm very
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grateful to Arnoud van Rooij, Bas Westerbaan and John van de Wetering for
proofreading large parts of this manuscript, without whose efforts even more
shameful errors would have remained. I should of course not forget to mention
the contribution of friends (both close and distant), family, and colleagues—too
numerous to name—of keeping me sane these past years.

This is the second dissertation topic I've worked on; my first attempt under
different supervision was unfortunately cut short after 11/2 years. When Bart
Jacobs graciously offered me a second chance, I initially had my reservations,
but accepted on account of the challenging topic. Little did I know that behind
the ambition and suit one finds a man of singular moral fibre, embodying what
was said about von Neumann himself: “[he] had to understand and accept much
that most of us do not want to accept and do not even wish to understand.’ﬂ

Funding was received from the European Research Council under grant agree-
ment Ne 320571.

tAn excerpt from Eugene P. Wigner’s writings, see page 130 of [75].



Chapter 2

C*-algebras

We redevelop the essentials of the theory of (unital) C*-algebras in this chapter.
Since we are ultimately interested in von Neumann algebras (a special type
of C*-algebras) we will evade delicate topics such as tensor products (of C*-
algebras), quotients, approximate identities, and C*-algebras without a unit.
The zenith of this chapter is Gelfand’s representation theorem (see 7
the fact that every commutative (unital) C*-algebra is isomorphic to the C*-
algebra C(X) of continuous functions on some compact Hausdorff space X —
it yields a duality between the category CH of compact Hausdorff spaces (and
continuous maps) and the category cCj,, of commutative C*-algebras (and
unital *-homomorphisms, the appropriate structure preserving maps), see

As the road to Gelfand’s representation theorem is a bit winding — involving
intricate relations between technical concepts — we have put emphasis on the
invertible and positive elements so that the important theorems about them
may serve as landmarks along the way:

1. first we show that the norm on a C*-algebra is determined by the invertible
elements (via the spectral radius), see (161l

2. then we construct a square root of a positive element in 23 VII}

3. and finally we show that an element of a commutative C*-algebra is not
invertible iff it is mapped to 0 by some multiplicative state, see

At every step along the way the positive and invertible elements (and the norm,

2.
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multiplicative states, multiplication and other structure on a C*-algebra) are
bound more tightly together until Gelfand’s representation theorem emerges.

To make this chapter more accessible we have removed much material from
the ordinary development of C*-algebras such as the more general theory of
Banach algebras (and its pathology). This forces us to take a slightly different
path than is usual in the literature (see e.g. {16 VIII)).

After Gelfand’s representation theorem we deal with two smaller topics: that
a C*-algebra may be represented as a concrete C*-algebra of bounded operators
on a Hilbert space (see , and that the N x N-matrices with entries drawn
from a C*-algebra & form a C*-algebra My (/) (see [B31). We end with an
overture to von Neumann algebras—the topic of the next chapter.

2.1 Definition and Examples

Definition A C*-algebra is a complex vector space o/ endowed with

1. a binary operation, called multiplication (and denoted as such), which is
associative, and linear in both coordinates;

2. an element 1, called unit, such that 1-a =a=a-1 for all a € &

3. a unary operation (-)*, called involution such that (a*)* = a, (ab)* =
b*a*, (Aa)* = Aa*, and (a +b)* =a* +b* for all a,b € & and A € C;

4. a complete norm || - || such that |lab|| < ||al|||b]| for all a,b € &7, and
la*all = fall
holds; this equality is called the C*-identity.
The C*-algebra o7 is called commutative if ab = ba for all a,b € 7.

Warning In the literature it is usually not required that a C*-algebra possess a
unit; but when it does it is called a unital C*-algebra.

Example The vector space C of complex numbers forms a commutative C*-
algebra in which multiplication and 1 have their usual meaning. Involution is
given by conjugation (z* = z), and norm by modulus (||z|| = |z|).

Example A C*-subalgebra of a C*-algebra < is a subset % of &/, which is a
linear subspace of &7, contains the unit, 1, is closed under multiplication and

involution, and is closed with respect to the norm of «7; such a C*-subalgebra
of & is itself a C*-algebra when endowed with the operations and norm of 7.



Example One can form products (in the categorical sense, see of C*-
algebras as follows. Let 7 be a C*-algebra for every element ¢ of some index
set I. The direct sum of the family (.<%); is the C*-algebra denoted by @, ; #
on the set

{ a € [[er s supier lla(i)]| < oo }

whose operations are defined coordinatewise, and whose norm is a supremum
norm given by ||a|| = sup; ||a(i)]]. If each o7 is commutative, then €., < is
commutative.

In particular, taking o = C, we see that the vector space £°°(X) of bounded
complex-valued functions on a set X forms a commutative C*-algebra with
pointwise operations and supremum norm.

i€l

Example The bounded continuous functions on a topological space X form a
commutative C*-subalgebra BC(X) of £°(X) (see above). In particular, since
a continuous function on a compact Hausdorff space is automatically bounded,
we see that the continuous functions on a compact Hausdorff space X form a
commutative C*-algebra C'(X) with pointwise operations and sup-norm. We’ll
see that every commutative C*-algebra is isomorphic to a C(X) in m

Example An example of a non-commutative C*-algebra is the vector space M,
of n x n-matrices (n > 1) over C with the usual (matrix) multiplication, the
identity matrix as unit, and conjugate transpose as involution (so (A*);; = Aj;).
The norm ||A]| of a matrix A in M, is less obvious, being the operator norm
(cf. of the associated linear map v — Av, C" — C", that is, || A]| is the least
number 7 > 0 with ||Av||s < rv||2 for all v € C™ (where [Jw|l2 = (3, w;|*)"/2
denotes the 2-norm of w € C™).

It is not entirely obvious that ||A*A|| = ||A||? holds and that M, is com-
plete. We will prove these facts in the more general setting of bounded op-
erators between Hilbert spaces, see Suffice it to say, C" is a Hilbert space
with (v, w) = Y, U;w; as inner product, each matrix gives a (bounded) linear
map v — Av,C" — C", and the conjugate transpose A* is adjoint to A in the
sense that (v, Aw) = (A*v, w) for all v,w € C™.

Remark Combining [V| and we see that @, M,, is a finite-dimensional
C*-algebra for any tuple nq,...,ng of natural numbers. In fact, any finite-
dimensional C*-algebra is of this form as we’ll see in

*Although clearly related to the Wedderburn—Artin theorem, see e.g. |51|, this description
of finite-dimensional C*-algebras does not seem to be an immediate consequence of it.

2,3
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2.1.1 Operators

Example Let us now turn to perhaps the most important and difficult exam-
ple: we’ll show that the vector space Z(J) of bounded operators on a Hilbert
space ¢ forms a C*-algebra when endowed with the operator norm. Multipli-
cation is given by composition, involution by taking the adjoint (see , and
unit by the identity operator. A concrete C*-algebra or a C*-algebra of bounded
operators refers to a C*-subalgebra of (). We will eventually see that every
C*-algebra is isomorphic to a C*-algebra of bounded operators in 30 XIV}

Definition Let 2" and # be normed vector spaces. We say that r € [0, 00)
is a bound for a linear map (=operator) T: 2" — % when ||Tz| < r|z| for
all x € 2, and we say that T is bounded when there is such a bound. In
that case T has a least bound, which is called the operator norm of 7', and
is denoted by ||T']]. The vector space of bounded operators from 2~ to % is
denoted by B(Z", %), and the vector space of bounded operators from 2 to
itself is denoted by AB(Z").

Exercise Let Z°, # and % be normed complex vector spaces.
1. Show that the operator norm on B(Z", %) is, indeed, a norm.

2. Let T: & = % and S: % — % be bounded operators. Show that ST is
bounded by [|S|[[| T[], so that |[ST'[| < [|S|/[|T]-

3. Show that the identity operator id: 2~ — £ is bounded by 1.

Exercise Let T: 2" — % be a bounded operator between normed vector spaces,
and let r € [0, 00). Show that

rIT = supe(ay, Tl

where (27), = {x € 27 ||z|| < r}. (The set (Z7); is called the unit ball of Z".)

Lemma The operator norm on #B(%Z,%) is complete when % is a complete
normed vector space.

Proof Let (T},), be a Cauchy sequence in B(2",%"). We must show that (T,),
converges to some bounded operator T: 2" — %. Let x € 2 be given. Since

| Towr — Tz || = [[(Th —Tw)x || < [T — Tall |2



and | T, — Tinl| — 0 as n,m — oo (because (T); is Cauchy), we see that
| Thx — T || — 0 as n,m — oo, and so (T,x), is a Cauchy sequence in %'
Since & is complete, (T,z), converges, and we may define Tz := lim, T,x,
giving a map T: 2 — %, which is easily seen to be linear (by continuity of
addition and scalar multiplication).

It remains to be shown that T is bounded, and that (7},), converges to T'
with respect to the operator norm. Let € > 0 be given, and pick N such that
|T,, — T < 4¢ for all n,m > N. Then for every z € 2" we can find M > N
with ||T% — Tpa|| < 3¢zl for all m > M, and so, for n > N, m > M,

(T = T)all < |Te = Tzl + [Tne - Tua|l < el

giving that T'— T, is bounded and ||T' — T,,|| < € for all n > N. Whence T is
bounded too, and (73,), converges to T. O

From and |V| it is clear that the complex vector space of bounded opera-
tors #(Z") on a complete normed vector space £ with composition as multi-
plication and the identity operator as unit satisfies all the requirements to be
C*-algebra that do not involve the involution, (-)* (that is, (%) is a Banach
algebra). To get an involution, we need the additional structure provided by a
Hilbert space as follows.

Definition An inner product on a complex vector space V isamap (-, -): V x
V — C such that, for all z,y € V, (z,-): V — V is linear; (z,z) > 0; and
(x,y) = (y,x). We say that the inner product is definite when (z,z) =0 =
x =0 for x € V. A pre-Hilbert space 7 is a complex vector space endowed
with a definite inner product. We’'ll shortly see that every such J# carries a
norm given by ||z| := (z, x)l/Q; if A is complete with respect to this norm, we
say that J# is a Hilbert space.

Let s and % be pre-Hilbert spaces. We say that a operator T': 5 — %
is adjoint to a operator S: # — 7 when

(Txz,y) = (x,Sy) forall z € # and y € 7.

In that case, we call T' adjoinable. We’ll see (in that such adjoinable T is
adjoint to exactly one S, which we denote by T™.

Example We endow CV (where N is a natural number) with the inner product
given by (x,y) = >, T;y;, making it a Hilbert space.

The space cog of sequences x1,xso,... for which x, is non-zero for finitely
many n’s is an example of a pre-Hilbert which is not complete when endowed
with (z,y) = 30" Tpyn as inner product.

4..
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For an example of an infinite-dimensional Hilbert space, we’ll have to wait
until where we’ll show that the sequences x1,x2,... with > |z, > < oo
form a Hilbert space ¢? with (z,y) = > oo Tny, as its inner product, because
at this point it is not even clear that this sum converges.

Exercise Let 2 and 2’ be elements of a pre-Hilbert space 5 with (y, z) = (y,z’)
for all y € ##. Show that x = 2’ (by taking y = z — z’). Conclude that every
operator between pre-Hilbert spaces has at most one adjoint.

Remark Note that we did not require that an adjoinable operator T: 5 — ¢
between pre-Hilbert spaces be bounded, and in fact, it might not be. Take for
example the operator T': coo — coo given by (Tx), = nx,, which is adjoint to
itself, and not bounded. On the other hand, if either J# or J# is complete, then
both T" and T* are automatically bounded as we’ll see in

Exercise Let S and T be adjoinable operators on a pre-Hilbert space.
1. Show that T™* is adjoint to T (and so T** = T).
2. Show that (T + S)* = T* + S* and (AS)* = AS* for every A € C.
3. Show that ST is adjoint to T*S* (and so (ST)* = T*S*).

We will, of course, show that every bounded operator on a Hilbert space is
adjoinable, see But let us first show that || - || defined in |VIII|is a norm,
which boils down to the following fact about 2 x 2-matrices.

Lemma For a positive matrix A = (27) (i.e. (zv)A(Y%) > 0for all u,v € C),

we have p,q > 0, and |c|2 < pg.
Proof Let u,v € C be given. We have

0 < (av)A(Y) = [u’p + we + uve + v q

By taking w =1 and v = 0, we see that p > 0, and similarly ¢ > 0.
The trick to see that |c|* < pq is to take v = 1 and u = t¢ with ¢ € R:

0 < plef# + 2|t + ¢

If p=0, then —2|¢|*t < ¢ for all ¢ € R, which implies that |¢[* = 0 = pq.
Suppose that p > 0. Then taking t = —p~! we see that

0 < [efPpt =2|cfPpt4+qg = —|cfp ! +a

Rewriting gives us |c|2 < pg. O



Exercise Let (-, -) be an inner product on a vector space V. Show that the for- XV

mula ||z|| = y/{(z, z) defines a seminorm on V, that is, ||z| > 0, || Az|| = |A| |zl

and—the triangle inequality—||z + y|| < [|z|| + [|y|| for all A € C and 2,y € V.
Moreover, prove that || - || is a norm when (-, -} is definite; and for z,y € V:

1. The Cauchy—Schwarz inequality: |<x,y>|2 < (z,z) (y,y);

2. Pythagoras’ theorem: ||z|? + [|y[|?> = ||z + y[|* when (z,y) = 0;
3. The parallelogram law: 2] + [y]? = S(llo+ I + lo — yl)
4. The polarization identity: (z,y) = % Zi:o i"|li"z + y||*

(Hint: prove the Cauchy—Schwarz inequality before the triangle inequality
by applying XMl to the matrix ({5} {34} ). Then prove [l +y||* < (] +ly[)*
using the inequalities (z,y) + (y, z) < 2{(z,y)| < 2||z]/y|l.)

Lemma For an adjoinable operator T" on a pre-Hilbert space ¢ XVI
77| = |T|*  and 77 = |T].
Proof If T'= 0, then T* = 0, and the statements are surely true. XVII

Suppose T' # 0 (and so T* # 0). Since |Tx|]? = (Tx,Tz) = (z,T*Tx) <
lz| IT*Tx|| < ||z|*|T*T| for every z € 5# by Cauchy-Schwarz, we have
|IT||? < [|T*T|. Since | T*T| < ||T*|||IT|| and ||T|| # 0, it follows that ||T|| <
||T*||. Since by a similar reasoning | 7| < ||T||, we get ||T|| = ||T*]]. But then
7112 < 17T < I T[T = IT?, and so |T|* = |T*T. 0

Exercise Given a Hilbert space 7 show that the adjoinable operators form a XVIII
closed subspace of B(H).

Exercise Let z and y be vectors from a Hilbert space 7. XIX

1. Show that |x)(y|: z — (y, z) « defines a bounded operator J# — #, and,
moreover, that || [z)(y| || = [[z]|[|y]

2. Show that |z)(y| is adjoinable, and (|z)(y|)* = |y){z|.

At this point it is clear that the vector space of adjoinable operators on a Hilbert 5
space forms a C*-algebra. So to prove that Z(5¢) is a C*-algebra, it remains

.4, 5.
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to be shown that every bounded operator is adjoinable (which we’ll do in .
We first show that each bounded functional f: 5# — C has an adjoint, see [[X]
for which we need the (existence and) properties of “projections” on (closed)
linear subspaces:

Definition Let x be an element of a pre-Hilbert space 7. We say that an
element y of a linear subspace C' of JZ is a projection of x on C if

=yl = min{ [z —y'|]: ' € C}.

(In other words, y is one of the elements of C closest to z.)

Exercise We'll see in that on a closed linear subspace every vector has
a projection. For arbitrary linear subspaces this isn’t so: show that the only
vectors in ¢35 having a projection on the linear subspace cyo (from are the
vectors in cgg themselves.

Lemma Let 7 be a pre-Hilbert space, and let z,e € 5 with |e|| = 1.
Then y = (e, z) e is the unique projection of x on eC.

Proof Let 3’ € eC with y’ # y be given. To prove that y is the unique projection
of z on eC it suffices to show that ||z —y|| < ||z —¢'[|. Since ¥’ # y = (e, z)e,
there is A € C, A # 0 with ¢ = (A + (e, x))e.

Note that (e,y) = (e, (e, x) e) = (e, x) (e,e) = (e,z), and so (e, —y) = 0.
Then 3’ —y = Xe and x—y are orthogonal too, and thus, by Pythagoras’ theorem
(see[d XV), we have [y’ — (> = ||y —y|>+ ly—=[* = N*+[lz—y[? > [l —y]?,
because A # 0. Hence ||y’ — z| > ||y — ]| O

Exercise Let y be a projection of an element = of a pre-Hilbert space ¢ on
a linear subspace C. Show that y is a projection of x on yC. Conclude that y
is the unique projection of z on C, and that (y,z —y) = 0. Show that y + ¢
is the projection of z + ¢ on C for every ¢ € C. Conclude that (¢, —y) =
W, (x+y —y)—vy') =0 for every y € C.

Projection Theorem Let C be a closed linear subspace of a Hilbert space 2.
Each z € J has a unique projection y on C, and (y',y) = (¢, x) for y’ € C.
Proof We only need to show that there is a projection y of x on C, because
gives us that such y is unique and satisfies (y',y) = (¢, z) for all ¥’ € C.

Write r := inf{ ||z — ¢/||: ¥’ € C'}, and pick a sequence y1,¥s,... € C such
that || — yn| — r. We will show that y1,ys,... is Cauchy. Let € > 0 be given,
and pick N such that ||y, —z|> < r?+ e for all n > N. Let n,m > N be given.
Then since 3 (yn +ym) is in C, we have ||y, +Ym — 22| = 2[|3 (Y +ym) —z|| = 2r,



and so by the parallelogram law (see [4 XV)),

”yn - ymn2 = H(yn - 33) - (ym - 1:)”2

2llyn — 2l® + 2llym — 2l lyn + ym — 22|
< 4r+e—4r? < e

Hence y1, 4, . . . is Cauchy, and converges to some y € C, because S is complete
and C' is closed. It follows easily that ||z — y|| = r, and thus y is the projection
of z on C. 0

Riesz’ Representation Theorem Let 7 be a Hilbert space. For every bounded IX
linear map f: s — C there is a unique vector z € . with (z, -) = f.

Proof If f = 0, then z = 0 does the job. Suppose that f # 0. There is X
an o' €  with f(z') # 0. Note that ker(f) is closed, because f is bounded.
So by we know that z’ has a projection y on ker(f), and {2/, 2) = (y, 2)
for all z € ker(f). Then for z” := f(2' —y) (2’ — y), we have f(z") = 1
and (z”,y") = 0 for all ' € ker(f). Given z € #, we have f(z — f(z)z”) =0,
so z — f(2)2” € ker(f), and thus 0 = (2", 2 — f(2)2") = (2", 2) — f(2)||=" |
Hence writing x := 2”||2”|| =2 we have f(z) = (z,2) for all z € .

Finally, uniqueness of = follows from O

Exercise Prove that every bounded operator T on a Hilbert space ¢ is ad- Xl
joinable, as follows. Let x € J# be given. Prove that (z,T(-)): 5 — C is

a bounded linear map. Let Sz be the unique vector with (Sz, -) = (x,T(-)),
which exists by [X] Show that = — Sz gives a bounded linear map S, which is
adjoint to T'.

Thus the bounded operators on a Hilbert space ¢ form a C*-algebra B(s) Xl
as described in 1] We will return to Hilbert spaces in B0 XIV} where we show
that every C*-algebra is isomorphic to a C*-subalgebra of a Z().

Here is a non-trivial example of a Hilbert space that will be used later on. 6

Proposition Given a family (¢);c; of Hilbert spaces, the vector space Il

@D, = {zell, 74: Zz||x1||2<oo}

is a Hilbert space when endowed with the inner product (z,y) = >, (s, ys).

Proof To begin with we must show that » ", (x;,y;) converges for z,y € @, 7. |l
Given € > 0 we must find a finite subset G of I such that |Zi€F (x“ylﬂ <e¢

.5, 6..



for all finite F¥ C I\G. Since an obvious application of the Cauchy—Schwarz
inequality gives us that for every finite subset F' of I

> Gww| < X el Y el
i€F icF icF
any G C I with 37, ¢ [lo]|* < vE and 37, g vl < v/E will do.

It is easily seen that (z,y) := >, (z;,y;) gives a definite inner product
on €, #4; the remaining difficulty lies in showing that resulting norm is com-
plete. To this end, let z1,22,... be a Cauchy sequence in ,.; J; we must
show that it converges to some zo, € @, 7. We do the obvious thing: since
for every i € I the sequence (x1);, (22);,... is Cauchy in J% we may define
(Too)i := limy, (2y,);, and thereby get an element x of [], 4. Since for each fi-
nite subset F of I we have >, p [[(2o0)ill* = limy, >, [(n)i||* < limy, [|22,]]2,
we have Y, [[(200)i|* < limy, [|2,]|? < 0o, and so 2, € @), .

It remains to be shown that x1,z9,... converges to x (not only coordi-
natewise but also) with respect to the inner product on @, 7. Given € > 0
pick N such that ||z, — .| < ﬁe for all n,m > N. We claim that for such n

we have ||z — || < e. Indeed, first note that since the sum

Do l@so)s = (@a)il® = Do Mwse)i = (@a)ill® + D (zee)i = (za)ill?

i€l ieF €I\ F

converges (to ||Zoo — p||?), we can find a finite subset F (depending on n) such
that second term in the rlght hand side above is smaller than 2 5 . To see that
the first term is also below 2 3€%, begin by noting that for every m

(Clai—il?) ™ < (X la—nil?) ™ + (X lemi-ail?) "

ieF ieF ieF

Since F is finite, and (z,,) converges to Z, coordinatewise we can find an m
large enough that the first term on the right-hand side above is below —-¢. If
we choose m > N we see that the second term is below %5 as well, and we
conclude that ||ze — x| < e. O

2.2 The Basics

Now that we have seen the most important examples of C*-algebras, we can
begin developing the theory. We’ll start easy with the self-adjoint elements:



Definition Given an element a of a C*-algebra <7, I

1.

2.

we say that a is self-adjoint if ¢* = a, and

we write ap := 3(a +a*) and aj := 5 (a — a*) for the real and imaginary
part of a, respectively.

The set of self-adjoint elements of o7 is denoted by .

Exercise Let a be an element of a C*-algebra <. 1

1.

2.

10.

11.

12.

13.

Show that ag and aj are self-adjoint, and a = ag + iay.

Show that if a = b + ic for self-adjoint elements b, ¢ of o/, then b = ag
and ¢ = aj.

. Show that (a*)r = ag and (a*); = —ay.
. Show that a is self-adjoint iff ag = a iff a; = 0.
. Show that a — ar and a — qj give R-linear maps &/ — 7.

. Show that ay = —(ia)g and ag = (ia);.

Show that a*a is self-adjoint, and a*a = a2 + a? + i(aray — ajag).

. Give an example of &/ and a with agay # ajag.

(This inequality is a source of many technical difficulties.)

. Show that a*a + aa* = 2(a3 + a?).

The product of self-adjoint elements b, ¢ need not be self-adjoint; show
that, in fact, bc is self-adjoint iff bc = cb.

Show that [la*|| = [[al|. (Hint: [[al|* = [la*a] < [la*|||[a]].)
Show that ||ag|| < ||| and ||a1|| < |la]|-

Show that ||a?|| = ||a||?> when a is self-adjoint.

However, show that ||a?| # ||a||? might occur when a is not self-adjoint.
(Hint: (§3).)

.6, 7..



Notation Recall that (in this text) every C*-algebra & has a unit, 1. Thus,
for every scalar A € C, we have an element A -1 of o/, which we will simply
denote by A. This should hardly cause any confusion, for while an expression of
an element of &/ such as ¢ 4+ 2+ 5a (where a € &) may be interpreted in several
ways, the result is always the same.

Exercise There is a subtle point regarding the norm ||A|| of a scalar A € C
inside a C*-algebra «7: we do not always have ||A|| = |A| on the nose.
1. Indeed, show that ||1]] = 0 # 1 when &/ = {0} is the trivial C*-algebra.
2. Show that ||| < |A| (in C).

3. Show that ||A|| = |A| when ||A|| and |\| are interpreted as elements of <.

Let us now generalize the notion of a positive function in C(X) to a positive
element of a C*-algebra. There are several descriptions of positive functions
in C(X) in terms of the C*-algebra structure (see ) on which we can base such
a generalization, and while we will eventually see that these all yield the same
notion of positive element of a C*-algebra (see we base our definition of
positive element (])_—([) on the description that is perhaps not most familiar, but
does give us the richest structure at this stage.

Exercise Let X be a compact Hausdorff space. Show that for self-adjoint
f € C(X), the following are equivalent.

1. f(X) C[0,00);

2. f = g? for some g € C(X)g;

w

. [ =g*g for some g € C(X);

4. ||f —t|| <t for some t > || f]].

Exercise To see how condition [1f can be expressed in terms of the C*-algebra
structure of C'(X), prove that A € f(X) iff f — A is not invertible.



Definition A self-adjoint element a of a C*-algebra &/ is called positive if
|la —t|| <t for some t > 1|all. We write a <b for a,b € & when b — a is
positive, and we denote the set of positive elements of & by <7, .

Remark One advantage of this definition over, say, taking the elements of the
form a*a to be positive, is that it is immediately clear that an element b of a
C*-subalgebra Z of a C*-algebra & is positive in & iff b is positive in &/—
that is, ‘positive permanence’ comes for free (cf. . Another advantage is
that it’s also pretty easy to see that the sum of such positive elements is again

positive, see [VII|
Example We'll see in [25V| that a bounded operator T' on a Hilbert space
is positive iff (z,Tx) > 0 for all x € .

Lemma Let a,b be positive elements of a C*-algebra. Then a + b is positive.

Proof Since ¢ > 0, there is ¢t > %|la| with [la — ¢|| < ¢. Similarly, there
is s > 1||b]| with [[b—s|| <s. Then [[a+b—(t+s)[| < lla—t||+[[b—s|| <t+s
and t + s > 1(||la] + [[b]]) = 3lla+b]|, s0o a+b > 0. O

Exercise Given an element a of a C*-algebra o/ with 0 < a < 1 (which is called
an effect) show that the orthosupplement a* := 1 — a is an effect too.

Exercise Let o/ be a C*-algebra.

1. Show that <7, is a cone: 0 € &, a+ b € o for all a,b € 27, and
Aa € o, for all a € &7, and X € [0,00). Conclude that < is a preorder.

2. Show that 1 is positive, and —||a|]| < a < ||a| for every self-adjoint ele-
ment a of &. (Thus 1 is an order unit of <#.)

3. The behavior of positive elements may be surprising: give an example of
positive elements a and b from a C*-algebra such that ab is not positive.

4. Given a self-adjoint element a of <7 define
lallo = Inf{ A €[0,00): —A<a< A}

Show that || — ||, is a seminorm on 7, and that ||a||, < ||a|| for all a € .
Prove that 0 < a < b implies that |jal|, < [|b]|, for a,b € .

5. There is not much more that can easily be proven about positive elements,
at this point, but don’t take my word for it: try to prove the following
facts about a self-adjoint element a of &7 directly.

.7-9..
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We will prove these facts when we return to the positive elements in

Let us spend some words on the morphisms between C*-algebras.

Definition A linear map f: &/ — % between C*-algebras is called
1. multiplicative if f(ab) = f(a)f(b) for all a,b €
2. involution preserving if f(a*) = f(a)* for all a € 7
3. unital if f(1) = 1;
4. subunital if f(1) < 1;
5. positive if f(a) is positive for every positive a € &7, and

6. completely positive if 37, . b7 f(aja; )b, is positive for all ay, ..., a, € &,
and by,...,b, € # (see Remark 5.1 of [54]).

We use the bold letters as abbreviations, so for instance, f is pu if it is positive
and unital, and a miu-map is a multiplicative, involution preserving, unital lin-
ear map between C*-algebras (which is usually called a unital *-homomorphism).

We'll denote the category of C*-algebras and miu-maps by C3,,, and the
subcategory of commutative C*-algebras by cC;,,,. We’'ll use similar notation
for the other classes of maps, but will, naturally, only mention Cf,, after having
established that cp-maps are closed under composition.

The advantages of completely positive maps become apparent only later

on when we start dealing with matrices (see [341l) and the tensor product

(see [11511).



Lemma (“p=-i") A positive map f: &/ — % between C*-algebras is involution
preserving.

Proof Let a € & be given. We must show that f(a*) = f(a)*.

But first we’ll show that if a is self adjoint, then so is f(a). Indeed, since
|a|| and ||a|| — a are positive (see [9X), we see that f(||a]) and f(|la]| — a) are
positive, and so f(a) = f(|lal]|) — f(]|a]| — a) being positive is self adjoint.

It follows that f(a)g = f(ar) and f(a)1 = f(ap) (for a € &), because
f(a) = f(ar) +if(ar), and f(ar) and f(ar) are self adjoint (see [7TII).

Hence f(a*) = f(ar — iar) = f(a)r —if(a)1 = f(a)". O

Remark Other important relations between these types of morphisms can only
be established later on once we have a firmer grasp on the positive elements.
We will then see that every mi-map is completely positive (in , and that
every completely positive map is positive (in [251l)).

Exercise Show that the product P, ; % of a family ();e; of C*-algebras
defined in [3V]is also the categorical product of these C*-algebras in Cj;;,, with
as projections the maps 7;: @, ; %% — 4 given by 7;(a) = a(j).

Show that the same description applies to cCy, .

Of course, @, < also gives the product in Cj;, but we must postpone the
proof to when we're able to prove that an element a of €, 4 is positive
provided that each a(i) is positive.

Exercise Show that given miu-maps f,g: &/ — % between C*-algebras the
collection & := {a € &7 f(a) = g(a)} is a C*-subalgebra of <7, and that the
inclusion e: & — &7 is a positive miu-map that is in fact the equaliser of f and g

in C,, and C},. Show that the same description applies to cCj},, and cCj,,.

Remark The assumption here that f and g are miu-maps might be essential: it
is not clear whether arbitrary pu-maps f,g: & — 2 have an equaliser in Cj}.

After having visited the positive elements, let us explore our second landmark,
the invertible elements of a C*-algebra, whose role is as important as it is
technical. This paragraph culminates in what is essentially spectral permanence
: the fact that if an element a of a C*-subalgebra # of a C*-algebra .o/
is invertible in &7, then a is already invertible in 2, see [XVI]]

Lemma Let a be an element of a C*-algebra </ with |la|| < 1. Then a* =1—a

has an inverse, namely (a)~! = > 'a". Moreover, this series converges

absolutely, that is, Y " [la™|| < oc.

L9-11..
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VIl

VIl

Proof Note that (1 — [la) (1+ ||la|| + |la||>+ -+ ||a]|V) = 1 —|la||V*+!, and so

1— [Jaf|™*

N
dolla)" = ——-—
2 T a

for every N. Thus, since |la||¥ converges to 0 (becausdﬂ llall < 1), we get

Yo llal™ = (1 = flal)~"

Note that a® norm converges to 0, because ||a||¥ converges to 0. Also (but
slightly less obvious), >, a™ norm converges, because ) |lal|™ converges.

Thus, taking the norm limit on both sides of (1—a)(1+a+a?+---a”) = 1—a™+1,
gives us (1—a)(>_,, a") = 1. Since we can derive (3, a")(1—a) =1 in a similar
manner, we see that ) a” is the inverse of 1 — a. (|

Exercise Let a be an element of a C*-algebra 7.
1. Show that a — A is invertible for every A € C with ||a|| < |}
2. Show that a — b is invertible when b € & is invertible and ||a|| < [|b]|-

3. Show that U := { b € &/: b is invertible } is an open subset of <.

Lemma For a self-adjoint element a of o7 the series ) a™ converges iff ||a|| < 1;
and in that case converges absolutely.

Proof We have already seen inlEthat >, a" converges absolutely when ||a| < 1.

Now, if 3", a™ converges, then [|a?"|| = ||a]|>" (being the norm of the difference
between consecutive partial sums of ) a™) converges to 0, which only happens
when ||a]| < 1. O

Remark For non-self-adjoint elements a of <7, the convergence of ) a™ is
a more delicate matter. Take for example the matrix A := (8 %) for which
the series ), A™ converges (to A), while ||A|| = 2 — the problem being that
||A%||'/> differs from ||A]|. In fact, we'll see from [L31]] (although we won’t need
it) that >, a™ converges absolutely when 1 > limsup, [|[a”||"/", and diverges
when 1 < limsup, ||a"||/". This begs the question what happens when 1 =
limsup,, |la™||'/» — which T do not know.

f In case you’ve never seen the argument: the limit b := limy ||a||N exists, because ||a| >
lla]|?2 = --- >0, and is zero because ||a||b = limy ||a||V*! = b and ||a|| < 1.



Lemma Let & be a C*-algebra. The assignment a + a~! gives a continuous
map (from the set {b € &/ b is invertible } to <7.)
Proof (Based on Proposition 3.1.6 of [43].)

First we establish continuity at 1: let a € & with |1 — a|| <  be given; we
claim that a is invertible, and |1 —a™!|| < 2[|1 — a].

Indeed, since ||l —a| < § < 1, a is invertible bylEI, anda™! =377 ((1—a)™.
Then [[1—a™!|| = [| 3272, (1—a)"| < 30,2, 1 —a]" = 1 —a 11 —al)7",
Thus, as |1 —al < 3, we get (1—|1—al)™* <2, and so |1 —a~!|| < 2[[1—al.
Let a be an invertible element of 7, and let b € &/ with |la — b|| < ]ja™!||. We
claim that b is invertible, and ||[a=! — b71|| < 2|la — b|| ||la=1||?. Since ||a — b]|| <
1la=t| we have ||1 —a~1b|| < [la7 | [la — b]| < 1. By XI, a'b is invertible,
and |1 — (@=16)~']| < 21 — a~b]| < 2fa— b] a1 Hence o' — b~ =
11 = (@™ '0)™ a7 | < 11 = (@™ '0) "M [la™H | < 2lla — bl [la ="

Lemma For a self-adjoint element a from a C*-algebra, a — i is invertible.

Proof (Based on Proposition 4.1.1(ii) of [43].)

The trick is to write a—i = (a+ni) — (n+1)i for sufficiently large n, because
then by |Vl|a — ¢ is invertible provided that n+1 > |la + ni||. Indeed, for n such
that ||a]] < 2n + 1, we have |la + ni||?> = |[(a + ni)*(a + ni)|| = ||a® + n?|| <
llal|> +n? < 2n+1+n? = (n+1)2, and so ||a +ni|]| <n + 1. a

Exercise Let a be a self-adjoint element of a C*-algebra.
1. Show that a — A is invertible for all A\ € C\R.

2. Show that a? — X is invertible for all A € C\[0, c0).
(Hint: first prove that a®> + 1 = (a +i)(a — i) is invertible.)

Conclude that a™ — A is invertible for all A € C\[0,00) and even n € N.

3. Let n € N be odd. Show that a™ — X is invertible for all A € C\[0, c0) if
and only if a — \ is invertible for all A € C\[0, c0). _
(Hint: show that ™ +1 = []}_, a4+ ¢***! where ( = €™ .)

Proposition Let &/ be a C*-subalgebra of a C*-algebra Z. Let a be a self-
adjoint element of &7, which has an inverse, a~ !, in %. Then ¢! € &.

Proof While we do not know yet that a is invertible in .27, we do know that a+i/n
has an inverse (a + i/n)~! in &/ by for each n (using that a is self-adjoint.)
Since a+i/n converges to a in % as n increases, we see that (a+i/n) "1 converges
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XVII

XIX

XX

XXI

XXII

to a~! in & by |)_—(|r Thus, as all (a + i/n)~! are in &7, and <7 is closed in %, we
see that a=! is in &7. O

Exercise Show that the assumption in that a is self-adjoint may be dropped.
(Hint: consider a*a, see Proposition VIII.1.14 of [13].)

Definition The spectrum, sp(a), of an element a of a C*-algebra is the set of
complex numbers A for which a — X is not invertible.

Exercise Verify the following examples.

1. The spectrum of a continuous function f: X — R on a compact Hausdorff
space X being an element of the C*-algebra C(X) is the image of f, that
is, sp(f) = {/(x): v € X}.

2. The spectrum of a square matrix A from the C*-algebra M,, is the set of
eigenvalues of A.

Exercise Let a be an element of a C*-algebra 7.

1. Prove that sp(a) C R when a is self-adjoint (see [XV).

The reverse implication does not hold: show that sp((§3)) = {0}.
2. Show that sp(a?) C [0,00) when a is self-adjoint (see .
3. Show that |A| < [la|| for all A € sp(a) using V]|

In fact, we will see in that ||a|| = sup{|A| : A € sp(a)}.

4. Show that sp(a) is closed (using [VI).
Conclude that sp(a) is compact.

5. Show that sp(a+ 2z) = {A+ z: XA € sp(a)} for all z € C.

6. Prove that sp(a™!) = {A\7!: XA € sp(a)} if a is invertible (and 0 ¢ sp(a)).

On first sight, the spectrum sp(a) of an element a of a C*-algebra o/ depends
not only on a, but also on the surrounding C*-algebra < for it determines
for which A € C the operator a — A is invertible. Thus we should perhaps
write sp, (a) instead of sp(a). However, such careful bookkeeping turns out be
unnecessary by the following result.



Theorem (Spectral Permanence) Let % be a C*-subalgebra of a C*-algebra XXIII

. Then sp,(a) = spg(a) for every element a of A.

Proof Let a be an element of %, and let A € C. We must show that a — A XXIV

is invertible in & iff @ — A is invertible in Z. Surely, if a — A has an inverse
(a —A)~!in %, then (a — X\)~! is also an inverse of a — \ in &7, since 8 C <.
The other, non-trivial, direction follows directly from [XVI] O

2.3 Positive Elements

2.3.1 Holomorphic Functions

The next order of business is to show that the spectrum sp(a) of an element a
of a C*-algebra contains enough points, so to speak. One incarnation of this
idea is that sp(a) is non-empty (see , but we will need more, and prove
that ||a]| = |A| for some X € sp(a) (provided that a is self-adjoint). Somewhat
bafflingly, the canonical and apparently easiest way to derive this fact is by
considering the power series expansion of a cleverly chosen .&/-valued function
(see|1611]). To this end, we’ll first quickly redevelop some complex analysis for «7-
valued functions (instead of C-valued functions), which will only be needed to
prove this fact.

Setting Fix a C*-algebra & for the remainder of this paragraph. For brevity,
we’ll say that a function is a partially defined map f: C — & whose domain of
definition dom(f) is an open subset of C. Such a function is called holomorphic
at a point z € C if f is defined on z, and

f(z) = fy)
r—y
converges (with respect to the norm on &) to some element f'(x) of < as
y € dom(f)\{z} converges to .

We say that f is holomorphic if f is holomorphic at z for all z € dom(f),
and the function z — f/(z) with dom(f’) = dom(f) is called its derivative.

Exercise Verify the following examples of holomorphic functions.

1. If f and g are holomorphic functions with dom(f) = dom(g), then f + g
and f - g are holomorphic, and (f+¢g) = f'+¢ and (f-g) = f'g+¢'f.

2. The function f given by f(z) = z and dom(f) = C is holomorphic, and
f'(z)=1forall z€C.

.11, 12
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3. Let a € o/. The constant function f given by f(z) = a for all z € C is
holomorphic, and f'(z) =0 for all z € .

4. Any polynomial, that is, function f of the form f(z) = a,2"+- - -+a1z+ag
with a; € &/ is holomorphic with f/(z) = na,z" ! + - + 2asz + a;.

We now turn to perhaps the most important example of a holomorphic /-
valued function — or at the very least the very source from which (as we’ll see)
all holomorphic functions draw their interesting and pleasant properties: the
holomorphic &7-valued function given by a power series ) a,2".

Theorem Let ag, a1, az, ... € & be given, and write R := (limsup,, [|a, /")~
Then for every z € C,

1. >, anz™ converges absolutely when |z| < R, and
2. if )7 a,2™ converges, then |z| < R.

(The number R € [0, c0] is called the radius of convergence of the series ), a,2".)
Proof Suppose that |z] < R. To show that the series ) a,2" converges

absolutely, we must show that > |la|| [2]" = 3,.( ||anH1/" [z])" < c0. If 2 =
0, this is obvious, so we’ll assume that |z| > 0. Then, since |z| < R, we
have R~!|z| < 1 (and R™! < o0). Note that there is ¢ > 0 with (R~ +¢) |2| < 1.
The point of this ¢ is that limsup,, [la,|/" < R~ + ¢, so that we can find N
with [la,|/" < R~ 4 ¢ for all n > N. Then |a,|""|2] < (R™' +¢)|z| < 1 for
all n > N, andso 33, lan | =" < SV lan 12"+ 550 (R +2) |21)7 < o0
by convergence of the geometric series (c.f. [L1TI)).

Suppose now instead that Y, a,z"™ converges. Then ||a, | |z|" converges to 0.
In particular, there is N with ||a,|| |2|" < 1 for all n > N. Then ||a,||"/" |z| < 1,
and |a,||/" < |z|7" for all n > N, so that R™! = limsup,, ||an||”/" < |2|7",
giving |z| < R.

Proposition The .o/-valued function f given by a series ) a,z™ with radius of
convergence R := (limsup,, |la,||'/")~" is holomorphic when defined on the disk
dom(f) ={z € C: |z|] <R}, and f'(2) = > - na,z""! for all z € dom(f).
Proof If R = 0, the statement is rather dull, but clearly true, so we assume
that R # 0, that is, limsup,, [|a,|"" < oc.



Note that the radius of convergence of 7 | na,2" "' =37 (n+1)an412"

is also R, because

Yn

[+ D@ | = (4D fansa |77 (lansa|77) 7,
and R~ = limsup,, |la,+1 747, and both (n+1)"" and (||lant1 ﬁ)l/n con-
verge to 1 as n — oo (using here that limsup,, ||a,||/" < o).

Hence Y7 na,z"~' converges absolutely for every z € C with |z| < R.
Let z € C with |z|] < R be given. We must show that f is holomorphic at z
with f/(z) =", na,z""!. For this it suffices to show that

z+h e
Zanﬂ‘ —nz" ! (2.1)

converges to 0 as h € C (with h # 0 and |z + h| < R) tends to 0.

Pick r > 0 with |z] < r < R. With the appropriate algebraic gymnastics
(involving the identity a™ — b" = (a — b) >_;_, " *b¥~! and the inequalities
|z 4+ h| < rand |z| < r) we get, foreverynand h € Cwith h # 0and |z + h| < r,

n

(Z—’_h)n — 2" n—1

W —nz = Z( (z+ h)nk — pnk )zk_l (2.2)
k=1
< 2nem L (2.3)

On the one hand, we see from that any term — and thus any partial sum
— of the series from converges to 0 as h tends to 0. On the other hand,
we see from that the series from is dominated by 23" |lay|nr"?
(which converges because the radius of convergence of Y an,nz""!is R > r),
so that the tails of the series in vanish uniformly in h. All in all, the sum
of the infinite series from converges to 0 as h tends to 0. O

Exercise Let ) a,z" be a power series over ./ with radius of convergence R >
0 such that )" anz™ = 0 for all z from some disk around 0 with radius r < R.
Show that 0 = ag = a1 = a9 =

(Hint: clearly ag = 0. Show that the derivative of the power series also
vanishes on the disk around 0 with radius r.)

All holomorphic functions are power series in the sense that any -valued holo-
morphic function f defined on 0 is given by some power series ) . a,z" on the
largest disk around 0 that fits in dom(f). This fact, which follows from

.12-14..
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and below, is all the more remarkable, because here the pointwise (“lo-
cal”) property of being holomorphic entails the uniform (“global”) property of
being equal to a power series (on some disk). The device that bridges this gap
is integration of .o/-valued holomorphic functions along line segments.

Exercise We're going to define as quickly as possible an integral [ f for every
continuous map f: [0,1] — 7. Any interval I in [0, 1] is of one of the following
forms

[s,1] [s,1) (s, (s,1)

where 0 < s < t < 1; we'll denote the length of an interval I — being ¢t — s
in the four cases above — by |I|. An /-valued step function is a function
f:10,1] = & of the form f =) a,1;, for some ay,...,any € & and intervals
I, ..., In (where 1y, is 1 is the indicator function of I,, which is 1 on I,, and 0
elsewhere); and the set of &/-valued step functions is denoted by S/, which is
a subset of the space of all bounded functions f: [0,1] — & which we’ll denote
by B,Q{.

1. Show that there is a unique linear map [: S, — & with [al; = |I|a
for every interval I in [0,1] and a € <.

(Hint: the difficulty here is to show that no contradiction arises in the
sense that Y a,|I,| = >, a;, |I],| when Y a,1;, = > a1 for
intervals In,...,In,I1,...,I}; in [0,1] and aq,...,an,af,...,a}y, € &)

2. We endow B, with the supremum norm, viz. ||f|| = supcp 1) [|f(#)]| for
all f € By.

Show that every «7-valued step function f may be writtenas f =", a,11,
where I,..., Iy are disjoint and non-empty intervals in [0, 1].

Show that for such a representation | f|| = sup,, ||la,|, and Y, |I,] < 1.
Deduce that || [ f[| <32, lanll [Tn] < /-

Conclude that [: S, — & is a bounded linear map and can therefore
be uniquely extended to a bounded linear map f : Sy — & on the clo-
sure S of Sy.

3. Show that every continuous function f: [0,1] — &/ is the supremum norm
limit of a sequence g1, go, ... of &-valued step functions (i.e. f € Sy).

4. Show that [af =a [ f when f:[0,1] — C is continuous and a € <.



Definition The integral of a holomorphic «7/-valued function f along a line
segment [w,w'] € dom(f) (where w and w’ are thus complex numbers) is now
defined as

/wf B (w/_w)/olf(wﬂ(w’—w))dt.

We'll also need integration along a triangle 7', which is for this purpose a triple of
complex numbers wq, w1, we (of which the order does matter) called the vertices
of T. The boundary of such a triangle T is 9T := [wo, w1] U [w1, wa] U [wa, wo],
and given any &7-valued holomorphic function f with 9T C dom(f) we define

wo wo
RN R A
w1 w2

We'll need some more terminology relating to our triangle 7. Its closure, writ-
ten cl(7), is the convex hull of wq,wr,ws, and its interior is simply in(7T") =
cl(T)\OT. The length of T is given by length(T') := |w; — wo| + |we —w1| +
|wo — wy-

The number of times the triangle T winds around a point z € C\JT in the
counterclockwise direction is called the winding numberis written wnr(z), is

either 1 or —1 when 2z € in(7T") (depending on the order of the vertices), is 0
when z ¢ cl(T), and undefined on 97T Tt is defined formally for z € C\OT by

2rwnr(z) = L(wg,z,w1) + L(w, z,wa) + L(wa, z,wp),

and pops up in the value of the integral fT(z — 29) " tdz later on, see

(Here £(wo, z, wy)denotes the number of radians in (—, 7) needed to rotate
the line through z and wg counterclockwise around z to hit wq, that is, the angle
of the corner on the right when travelling from wq to w; via z.)

Goursat’s Theorem Let f be a holomorphic function, and let T be a triangle
whose closure is entirely contained in dom(f). Then [ f =

Proof (Based on [49].) If two vertices of T' coincide the result is obviously true,
so we may assume that they’re all distinct, that is, in(T") # .

Note that if f has an antiderivative, that is, f = ¢’ for some holomorphic
function g, then one can show that fT f = 0 (after deriving the fundamental
theorem of calculus). Although it is true that every holomorphic function with
simply connected domain has a antiderivative, this result is not yet available
(and in fact usually depends on this very theorem). Instead we will approx-
imate f by an affine function (which does have an antiderivative) using the

.14



derivative of f. But since such an approximation only concerns a single point,
we first need to zoom in.

If we split T into four similar triangles 7%, T, T TV

O

O
O O

we have [ f =", [, f. Thereis T" among T, T T TV with || [, f]| <
4|l [ fll. Clearly, length(T') = 2length(7"). Write Ty := T and Ty :=T".

From this it is clear how to get a sequence of similar triangles Ty, 11,15, . . .
with || [ fll < 4" [7, fll; and length(T') = 2" length(T5,).

If we pick a point on the closure cl(T,) of each triangle T;, we get a Cauchy
sequence that converges to some point zy € C which lies in (), cl(7},). We can
approximate f by an affine function at z¢ as follows. For z € dom(f),

f(z) = f(z0) + f'(20) (z = 20) = 7(2) (2 = 20),
where r: dom(f) — C is given by 7(2) = f'(20) — (f(2) — f(20))(z — 2z0) ! for
z # 29 and r(20) = 0. We see that r(z) converges to 0 as z — z.
Let € > 0 be given. There is § > 0 such that z € dom(f) and ||r(2)| < ¢ for
all z € C with ||z — #z|| < 0. There is n such that the triangle T;, is contained

in the ball around zq of radius §. Note that an f(z0)+ f'(20)(2 — z0) dz = 0 by
the discussion in [V| because the integrated function is affine. Thus

an f=- an r(z) (2 — 20) dz.

Note that for z € T),, we have ||z — zo|| < length(T},), and ||r(2)]| < ¢ (because
Iz = 20|l < 8), and so ||r(2)(z — 20)|| < € length(T,). Thus:

I g, fIl =1l 5, 7(2) (= — 20) dz|| < elength(T;)?.
Using the inequalities from we get
I [p FIl < 4™ [ fII < €47 length(T,)* = elength(T)?.

Since € > 0 was arbitrary, we see that fT f=0. |



Exercise The assumption in Goursat’s Theorem that the holomorphic
function f is defined not only on the boundary 0T of the triangle T' but also
on the interior in(7") is essential, for if only a single hole in dom(f) is allowed
within in(7") the integral [,. f can become non-zero—which we will demonstrate
here by computing [,.(z — z9) "*dz.

1. Show that for a non-zero complex number z we have
—~1 ZR — Z-Z]I

z = ——F.
2 2
2R + 21

2. Given real numbers a # 0 and b, show that

a+1ib t .
—t
/ 2 ldz = z/ (zizdt
a 0 a +t2
b b
a t
= 9 —dt —dt
Z/O a? 4 t2 + /0 a? 42

= i arctan(b/a) + log|a + ib| — log |ial,

and similarly, show that for real numbers a and b # 0

ib
/ 2z tdz = dqarctan(a/b) + loglib| — log|a + ib|.
a+ib

3. Show that for complex numbers w, w’ and zg with zo ¢ [w, w']

’

w ’_
/ (Z - ZO)_l dz = ’LK(’U}, 207wl) + lOg Ma
w |w _Z0|

where £(w, zo,w’) denotes the number of radians in (—m, ) needed to
rotate the line through zy and w counterclockwise around zy to hit w’.

(Hint: using Goursat’s Theorem, one may reduce the problem to inte-
gration along horizontal and vertical line segments.)

4. Given a triangle T' and zp € C\0T, show that
1

50 T(z —20) " tdz = wnp(z).

.14
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Thus integration of z ++ (2 — z9) ™! along a triangle 7' detects the number of
times T winds around zg. There is nothing special about a triangle: a similar
result—not needed here—holds for a broad class of curves (c.f. Thm 2.9 of [13]).

Integration along a curve can also be used to probe the value of a holomorphic
function at a point zg. On this occasion we restrict ourselves to regular N-gons.

Theorem (Cauchy’s Integral Formula) Let f be a holomorphic .o7-valued func-
tion which is defined on the interior and boundary of some regular N-gon with
center ¢ € C, circumradius r and vertices w,, := ¢ + rcos(2m/n) + irsin(2mw/n).
Then for any complex number zy in the interior of the N-gon we have

F(z0 _271'@;/

Wn,

Wn 41

Z—Zo

Proof Since 32 o f(zo) dz = 2mif(z) by [L14 VI it suffices to show that

Z/wm fz Z,Z(ZO) dz = 0. (2.4)

0

Let € > 0 be given. Since f is holomorphic at zg we can find § > 0 with

Hf(zi — ;(ZO) I/ (z0)|| + 37

for all z € dom(f) with |z — 2o < ¢

To use EI, we must restrict our attention to a smaller polygon. Let T be a
triangle that is entirely inside the N-gon such that wnr(zg) = —1, length(T) <
g, and ||zo — z|| < ¢ for all z € OT. By partitioning the area between 7' and
the N-gon in the obvious manner into triangles 71, ..., Ty (for which me f=0
for all m by we see that

N-1

Z Z:M = i:zo / = z— ZOZO ' (2:5)

n=0
Hence by [T we have

Z ‘/wn+1 f Z*Z(zo> dz

0

< length(T') - sup
z€0T

< |1f'(20)|le + 37e.

f(z) = f(20) H

Z— 20




Since € > 0 was arbitrary, (2.4) follows from (2.5). O

Proposition Let f be a holomorphic «7-valued function defined on the boundary V
and interior of a regular K-gon with vertices wy,...,wx_1,Wx = wp as in m
Then for every element z of an open disk in the interior of the K-gon with
center w,

e’} 1 K—1 Wht1 u
6 =Y (2 > [ e du) (== )"

n=0 k=0 YWk
Proof By |I| and some easy algebra we have Vi
K-1
W41 f Wh41 ( ) 1
2 —d
mif(z Z/ u—z u—w l— 2% b

k=0 v Wk u—w

Note that |z — w| < |u — w| for all u € [wg, wk+1] and k, because the open disk
with center w from which z came lies entirely in the K-gon. Hence, by [I1TI,

2rif(z) = Z /wk+1 f(u (Z —w)” du

(u —w)"

=0
_ Z W41 f(u) du (z 7 w)n7

e e UV GRSV

where the interchange of “Y” and “[” is allowed because the partial sum
Zg:o f(u)% converges uniformly in u as N — oo. O

Proposition Let f be an «7/-valued holomorphic function that can be written VII
as a power series f(z) = Y an(z —w)"™ where ag,a1,... € & for all z from
some disk in dom(f) around w with radius r > 0.

Then the formula f(z) =), an(z —w)™ holds also for any z from a larger
disk with radius R > r around w that still fits in dom(f).

Proof Let z with |z — w| < R be given. By choosing K large enough we can fit VIl
the boundary of a regular K-gon centered around w with vertices wy, ..., wx_1, Wxg =
wo inside the difference between the two disks, and we can moreover, by [V|
choose the polygon in such a way that f(2') = Y, bn(2' —w)™ for all 2’ € C

with |2/ —w| < |z — w| where b,, = ZkK:_Ol 5:“ @ féju)nﬂ du.
Thus to show that f(z) = >, an(z —w)™ it suffices to show that a,, = b,
for all n. This in turn follows by [13 VI from the fact that > a,(z' —w)" =

Yo bn(2 —w)" for all 2’ € C with |2/ —w| < 7. O

.14, 15
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2.3.2 Spectral Radius

Our analysis of &/-valued holomorphic functions allows us to expose the follow-
ing connection between the norm and the invertible elements in a C*-algebra.

Proposition For a self-adjoint element a of a C*-algebra <7, we have

llal| = sup{|A|: A €sp(a) }.

(The quantity on the right hand-side above is called the spectral radius of a.)

Proof Write r = sup{| A| : A € sp(a)\{0} } where the supremum is computed
in [0,00] so that sup@ = 0. Since |A| < ||a|| for all A € sp(a) we see
that r < ||a|, and so we only need to show that |la|] < r. Note that this is
clearly true if ||a]| = 0, so we may assume that ||a|| # 0.

The trick is to consider the power series expansion around 0 of the holo-
morphic function f defined on G := {z € C: 1 — az is invertible } by f(z) =
2(1 — az)™. More specifically, we are interested in the distance R of 0 to the
complement of G, viz. R = inf{|A| : A € C\G} (where the infimum is computed
in [0, 0o] so that inf @ = c0) because since 0 € G and 2z ¢ G <= 27! € sp(a),
we have R = r~! (using the convention 0~ = o0).

Note that f has the power series expansion f(z) =Y., a"z"*! for all z € C
with ||z|| < [lal| ™!, because for such z we have > (az)" = (1 —az)™* by
and thus f(2) = z2(1 —az) ' =2 (az)" =), a"z"tL.

By we know that f(z) =), a™z"*! is valid not only for z € C with
|z| < |la||~", but for all z with |z| < R. However, R cannot be strictly larger
than |la||~!, because for every z € C with |z| > |[la]|~" the series Y, (az)"
and thus ) a"z" 1 diverges (see 11 VII) — using here that a is self-adjoint.
Hence R = |ja|| 7!, and so r = ||a]. O

Remark For an arbitrary (possibly non-self-adjoint) element a of a C*-algebra o/
the formula in |E| might be incorrect, eg. || (§4) || = 1 while sp((§4)) = {0}

cf. 111X For such a the formula sup{ |\|: A € sp(a)} = limsup, ||a"||"/" can
be derived (see e.g. Theorem 3.3.3 of [43]) — which we won’t need here.

Exercise Given a self-adjoint element a of a C*-algebra show that sp(a) # @.

Exercise Given a self-adjoint element a of a C*-algebra and A € R show that
sp(a) ={A}iff a = A\

Exercise (Gelfand—Mazur’s Theorem for C*-algebras) Prove that if every
non-zero element of a C*-algebra 7 is invertible, then & = C or &7 = {0}.



Remark A logical next step towards Gelfand’s representation theorem is to
show that if A € sp(a) for some element a of a commutative C*-algebra &7, then
there is a miu-map f: & — C with f(a) = A\. Here we have moved ourselves
into a tight spot by evading Banach algebras, because the mentioned result is
usually obtained by finding a maximal ideal I of &/ (by Zorn’s Lemma) that
contains A — a, and then forming the Banach algebra quotient </ /I. One then
applies Gelfand—Mazur’s Theorem for Banach algebras, to see that <7 /I = C,
and thereby obtain a miu-map f: &/ — C with f(a — ) = 0. The problem
here is that while /I will turn out to be a C*-algebra (indeed, be C) the
formation of the C'*-algebra quotient is non-trivial and depends on Gelfand’s
representation theorem (see e.g. §VIIL.4 of [13]) which is the very theorem we
are working towards. The way out of this predicament is to avoid ideals and
quotients of C*- and Banach algebras altogether, and instead work with order
ideals (and what are essentially quotients of Riesz and order unit spaces). To
this end, we develop the theory of the positive elements of a C*-algebra farther
than is usually done for Gelfand’s representation theorem.

We return to the positive elements in a C*-algebra (see . We'll see that the
connection we have established between the norm and invertible elements of a
C*-algebra via the spectral radius (161l)) affects the positive elements as well,
see [Vl

Exercise Show that |\ —t| < tiff A € [0,2¢], where A\, t € R.

Proposition For a self-adjoint element a from a C*-algebra, and ¢ € [0, o],

la—t] <t = sp(a) C [0, 2t].

Proof To begin, note that sp(a —¢) = sp(a) —t C R by |11 XXI, because a is
1611

self-adjoint. Thus ||ja —t|| = sup{|A —t| : A € sp(a) } by Hence |la—t|| <t
iff |A —t| <t for all A € sp(a) iff sp(a) C [0,2t] (by [M). O

Exercise Show (using m and |11 XXI) that for any self-adjoint element a of a
C*-algebra o7, the following are equivalent.

1. |la —t|| <t for some t > %|a;
2. la—t|| <t forallt>1al;
3. sp(a) C [0, 00);

4. a is positive.

16, 17..
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We will complete this list in
VI Exercise Let &/ be a C*-algebra.

1.

2.

Show that 0 < a < 0 entails that ¢ = 0 for all @ € &.

Show that o7, is closed.

Let a be a self-adjoint element of &7. Show that —A < a < A iff [ja]| < A,
for A € [0,00). Conclude that |la|| = inf{) e R: — A <a <A}

(In other words 7 is a complete Archimedean order unit space, see Defi-
nition 1.12 of [1]—a type of structure first studied in [41].)

Show that 0 < a < b entails ||a]| < ||b]| for a,b € <.

Recall that ab need not be positive if a,b > 0. However:

Show that a? is positive for every self-adjoint element a of <.
Show that a™ is positive for even n € N and a € .o%.

Show that a™ is positive iff a is positive for odd n € N and a € .o%.

Show that a™ is positive for every positive a from &/ and n € N.

. Let a be an invertible element of <7. Show that ¢ > 0 iff =1 > 0.

for some n > 0.

Show that a positive element a of &7 is invertible iff a > %

(Hint: show that sp(a) C [, 00) when a > 1))

18 Exercise With our new-found knowledge about positive elements verify that
the product €, o7 of C*-algebras 7 from is indeed the product of these
C*-algebras <7 in the category C},.

1.

2.

Show that an element a of @, ; < is positive iff a(i) > 0 for all i.

iel
Show that the projections 7;: @, ; o4 — o7; (defined in [10 VII)) are pos-
itive.

Show that for any C*-algebra 2 and collection of pu-maps f;: B — <
there is a unique pu-map (f;),: Z — @, o with m; o (f;), = f; for all j.

Conclude that €, <7 is the (categorical) product of the s in C,.



(We'll return to the product of C*-algebras a final time in [34 VI|)

Lemma For elements a and b from a C*-algebra, we have

sp(ab)\{0} = sp(ba)\{0}.

Proof Let A € C with A # 0 be given. We must show that A — ab is invertible iff
A — ba is invertible. Suppose that A\ — ab is invertible. Then using the equality
a(A —ba) = (A — ab)a one sees that (1 + b(A — ab)~ta)(A — ba) = \. Since
similarly (A — ba)(1+ b(XA — ab)~la) = A, we see that A=1(1 + b(\ — ab)a) is the
inverse of A\ — ba. O

Lemma We have a*a <0 = a = 0 for every element a of a C*-algebra.

Proof Suppose that a*a < 0. Then sp(a*a) C (—o0,0], almost by definition,
and so sp(aa*) C (—o0,0] bym, giving aa* < 0. Thus a*a + aa* < 0.

But on the other hand, a*a + aa* = 2(a? + a?) > 0, and so a*a + aa* = 0.
Then 0 > a*a = —aa® > 0 gives a*a =0, and a = 0. O

Observe that the norm and order on (the self-adjoint elements of a) C*-algebra o/
completely determine one another (using the unit): on the one hand |ja| =

inf{\ > 0: —)\<a<)\}by and on the other hand a > 0 iff ||a — s|| <'s

for some s > ||a|| by definition (91V]). This has some useful consequences.

Lemma A positive map f: &/ — A between C*-algebras is bounded. More
specifically, we have || f(a)|] < ||f(D)|l||la] for all self-adjoint a € A, and we
have ||f(a)|l < 2||f(1)| ||a| for arbitrary a € <.

Proof Given a € @& we have —|ja]| < a < ||a||, and —||a|| f(1) < f(a) < |a]|
(because f is positive), and thus ||f(a)|| < f(1) ||la]| < ||f(D)]] ||a]| by 17VIL

For an arbitrary element a = ag + iay of & we have || f(a)|| < ||f(ar)|| +
1f(an)ll < 2 F W) el

Remark It is a non-trivial theorem (known as Russo—Dye in [55]), that the factor
“2” in the statement above can be dropped, i.e. ||f]| = ||f(1)] (c.f. Corollary 1
of [61]). Fortunately for us, we only need this improved bound for completely
positive maps for which it’s much easier to obtain (see [34 XVIJ).

Q

S

Exercise Show that |g|| = o(1) for every mi-map o (using the C*-identity).

Lemma Show that for a pu-map f: &/ — % between C*-algebras, the following
are equivalent.

1. f is bipositive, that is, f(a) > 0 iff a > 0 for all a € &

..17-20..
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2. f is an isometry on @&, that is, || f(a)|| = ||a|| for all € o;

3. f is an isometry on &7, .

Proof It is clear that [2[ implies

Let a € o be given. Note that —A < a < A iff =X\ < f(a) < A for
all A > 0, because f is bipositive and unital. In particular, since —|a|| < a <
lall, we have —|la|| < f(a) < ||la||, and so ||f(a)|| < |la]|. On the other hand,
—1F@)l < £(a) < |F(@)] implies —[|f(a)]| < a < |f(a)]], and so [lal] < [1f(a)]].
Thus |la]] = || f(a)]|, and f is an isometry on <.

Let a € o be given. We must show that f(a) > 0 iff @ > 0. Since f
is involution preserving a is self-adjoint iff f(a) is self-adjoint, and so
we might as well assume that a is self-adjoint to start with. Since f is an
isometry on &, ||a|| — @ is positive, and f is unital, we have ||||al — a|| =
[f(lall = a)ll = [Hall = f(a)|l. Now, observe that 0 < a iff [|||al| — a|| < [la],
and that | [|lal| — f(a)[| < [|al| iff 0 < f(a), by because 3 lal| < [lal| and
sllf @) < llall (by ). O
Warning Such a map f need not preserve the norm of arbitrary elements: the
map A — %A + %AT: My — My is bipositive and unital, but

G o)l =72 =G ) Gho)l

(Even if f is completely positive, it might still only preserve the norm of
self-adjoint elements cf. 21 IX})

We just saw in that a map on a C*-algebra . that preserves and reflects
the order determines the norm of the self-adjoint — but not all — elements of o7
This theme, to what extend a linear map (or a collection of linear maps) on a
C*-algebra determines its structure, while tangential at the moment, will grow
ever more important until it is essential for the theory of von Neumann algebras.
That’s why we introduce the four levels of discernment that a collection of maps
on a C'*-algebra might have already here.

Definition A collection {2 of maps on a C*-algebra .« will be called
1. order separating if an element a of <7 is positive iff 0 < w(a) for all w € Q;

2. separating if an element a of &7 is zero iff w(a) =0 for all w €



3. faithful if an element a of &7, is zero iff w(a) =0 for all w € Q; and

4. centre separating if a € &7, is zero iff w(b*ab) = 0 forallw € Q and b € 7.
(The “centre” in “centre separating” will be explained in |69 IX!)

Examples We'll see later on that the following collections are order separating. Il
1. The set of all pu-maps w: &/ — C on a C*-algebra (see [22 VIII|).
2. The set of all miu-maps w: &/ — C on a commutative C*-algebra (see[27 XVIII)).

3. The set of functionals on #(5°), where 2 is a Hilbert space, of the form
(x,()x) : B(H) — C where x € H (see|2511l]).

We'll call these functionals vector functionals. (They are clearly bounded
and involution preserving linear maps, and once we know that each pos-
itive element of a C*-algebra is a square, in R3VII| it’ll be obvious that
vector functionals are positive t0o.)

None of the four levels of separation coincides. This follows from the following IV
examples, that we’ll just mention here, but can’t verify yet.

1. A single non-zero vector z from a Hilbert space JZ gives a vector functional
(x, (- )x) on B() that is centre separating on its own, but is not faithful
when 7 has dimension > 2.

2. Given an orthonormal basis & of a Hilbert space % the collection
{{e,(-)e): e€ &}

of vector functionals on Z(.5) is faithful, but not separating when & has
more than one element.

3. Given Hilbert spaces s and £ the set of vector functionals
{{z®y, (Ney): zeH, ye X}

on B(H ® H') is separating, but not order separating when both 57
and ¢ are at least two dimensional.

.20, 21..
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Exercise One use for a separating collection €2 of involution preserving maps
on a C*-algebra ./ is checking whether an element a € &7 is self-adjoint: show
that a € & is self-adjoint iff w(a) is self-adjoint for all w € Q.

An order separating collection senses the norm of a self-adjoint element:

Proposition For a collection € of pu-maps on a C*-algebra o7 the following are
equivalent.

1. Q is order separating;
2. |la|| = sup,eq ||w(a)|| for all a € o;

3. |la|| = sup,eq [|w(a)|| for all a € <.

Proof Denoting the codomain of w € Q by %, (so that w: & — %,), ap-
plyto the pu-map (w),,cq : & = D, cq B (see . O
Warning The formula ||a|| = sup,,cq ||w(a)|| need not be correct for an arbitrary
(not necessarily self-adjoint) element a. Indeed, consider the matrix A := (8 (1)),
and the collection Q = {(z,(-)z): x € C?, ||z|| = 1}, which will turn out to
be order separating. We have ||A|| = 1, while |(z,w(A)x)| = |z1]||x2| never
exceeds 1/2 for x = (21, x2) € S with 1 = ||z

Exercise Show that any operator norm dense subset Q' of an order separating
collection 2 of positive functionals on a C*-algebra &7 is order separating too.

We'll useto show that the pu-maps w: & — C on a C*-algebra o (called
states of &7 for short) are order separating by showing that for every self-adjoint
element a € &7 there is a state w of &/ with w(a) = ||a| or w(a) = —|ja]|. To
obtain such a state we first find its kernel, which leads us to the following
definitions.

Definition An order ideal of a C*-algebra 47 is a linear subspace I of & with
bel = b elandbelna, = [-b,b] CI. It is called proper if 1 ¢ I,
and maximal if it is maximal among all proper order ideals.

Exercise Let o/ be a C*-algebra.
1. Show that the kernel of a state is a maximal order ideal.

(Hint: the kernel of a state is already maximal as linear subspace.)

2. Let I be a proper order ideal of /. Show that there is a maximal order
ideal J of &/ with I C J. (Hint: Zorn’s Lemma may be useful.)



3. Let a € a&. Show that there is a least order ideal (a) that contains a, and
that given b € @& we have b € (a) iff there are A\, u € R with Aa < b < pa.

Show that (a) = Ca when 0 £ a £ 0.
Show that 1 € (a) if and only if a is invertible and either 0 < @ or a < 0.

4. Let a be a self-adjoint element of &7 which is not invertible. Show that
there is a maximal order ideal J of &7 with a € J.

5. Let a be a self-adjoint element of 7. Show that ||a|]| — a or ||a|| + a is not
invertible (perhaps by considering the spectrum of a.)

Lemma For every maximal order ideal I of a C*-algebra <7, there is a state
w: & — C with ker(w) = I.

Proof Form the quotient vector space <7 /I with quotient map ¢: & — &//I.
Note that since 1 ¢ T we have ¢(1) # 0 and so we may regard C to be a linear
subspace of &/ /I via A — q(\). We will, in fact, show that C = &7 /I.

But let us first put an order on 7 /I: we say that a € &/ /I is positive if
a = g(a) for some a € &7, and write a < b if b — a is positive for a,b € o7/I.
Note that the definition of “order ideal” is such that if both a and —a are
positive, then a = 0. We leave it to the reader to verify that </ /I becomes a
partially ordered vector space with the order defined above. There is, however,
one detail we’d like to draw attention to, namely that a scalar A is positive
in o/ /I iff A is positive in C. Indeed, if A > 0 in C, then A > 0 in </, and
so A > 0in &//I. On the other hand, if A > 0 in «//I, but A < 0 in C, then
A< 0in /I, and so A = 0. This detail has the pleasant consequence that once
we have shown that &7 /T = C, we automatically get that ¢: &7 — C is positive.

Let a € @& be given. Define a := inf{ A € R: ¢(a) < A}. Note that —||a|| <
a < ||a||. We will prove that ¢(a) = a by considering the order ideal

J = {bed: INpeR[MNa—q(a) < b < pla—qa)]A
I peR[Ma—q(a) < b < pla—q(a) ]}

We claim that 1 ¢ J. Indeed, suppose not—towards a contradiction. Then
there is p € R with 1 < p(a — ¢(a)). What can we say about u? If p < 0,
then 0 > /u > a — q(a), so @ — /u < ¢(a), but ¢(a) < a + ¢ for every e > 0,
and so a — I/ < ¢(a) < a — /24, which is absurd. If g = 0, then we get
1 < pla—g(a)) =0, which is absurd. If g > 0, then 1/u < o — ¢(a), or in other

/A
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words, ¢(a) < a — 1/u, giving a < a — 1/u by definition of «, which is absurd.
Hence 1 ¢ J.

But then since I C J, we get I = J, by maximality of I. Thus, asa—a € J,
we have oo — a € I, and so ¢(a) = «, as desired.
Let a € & be given. Then a = ag + ia;. By there are o, 3 € R with
q(ar) = a, and g(ag) = B. Thus ¢(a) = a + . Hence &//I = C. Since the
quotient map ¢q: &/ — &7 /I = C is pu, and ker(q) = I, we are done. O

Exercise Show using [[V|that given a self-adjoint element a of a C*-algebra </
there is a state w with |w(a)] = [la||. Conclude that the set of states of a
C*-algebra is order separating (see [211]).

2.3.3 The Square Root

The key that unlocks the remaining basic facts about the (positive) elements
of a C*-algebra is the existence of the square root y/a of a positive element a,
and its properties. For technical reasons, we will assume ||a|| < 1, and construct

1 —+/1 — a instead of 1/a.

Lemma Let a be an element of a C*-algebra &7 with 0 < a < 1. Then there is
a unique element b € & with, 0 < b < 1, ab = ba, and (1 —b)2 =1 —a. To be
more specific, b is the norm limit of the sequence by < by < -+ given by by =0
and b,41 = (a4 b2). Moreover, if ¢ € & commutes with a, then ¢ commutes
with b, and if in addition a < 1 — ¢? and ¢* = ¢, we have b < 1 —c.

Proof When discussing b,, it is convenient to write b,, = g, (a) where qo, q1, ...
are the polynomials over R given by qo = 0 and ¢, +1 = %(x +¢2). For example,

we have b,, > 0, because all coefficients of ¢,, are all positive, and a, a?,a?,... are

positive by With a similar argument we can see that by < by < by <
Indeed, the coeflicients of ¢,+1 — ¢, are positive, by induction, because

Gnt2 —nr1 = 3@+ aiy) — 3(@+q2)
= Yy — )
%(qnﬂ + @n) (@ns1 — Gn)
(qn

(CIn-i-l - Qn))(Qn-‘rl - Qn)a

has positive coefficients if ¢,+1 — ¢, has positive coefficients, and ¢; — qo = %x

clearly has positive coefficients. Hence b, 11 — by, = gn+1(a) — gn(a) is positive.



(Note that we have carefully avoided using the fact here that the product of
positive commuting elements is positive, which is not available to us until )

Let us now show that by < b7 < --- converges. Let n > N from N be
given. Since the coefficients of g, — gy are positive, and |la|| < 1, the triangle
inequality gives us [[by — byl = [|(@n — av)(@)]| < ga(1) — gy (1), and so it
suffices to show that the ascending sequence ¢o(1) < ¢1(1) < - -+ of real numbers
converges, c.q. is bounded. Indeed, we have ¢,(1) < 1, by induction, because
Gn1(1) = 3(1 4+ ¢a(1)%) < 1if go(1) < 1, and clearly 0 = go(1) < 1.

Let b be the limit of by < by < ---. Then b being the limit of positive elements
is positive (see 7 and if ¢ € &/ commutes with a, then ¢ commutes with
all powers of a, and therefore with all b,,, and thus with b. Further, from the
recurrence relation gn 41 = £(a+¢2) we get b = (a+b?), and so —a = —2b+b?,
givingus (1—-6)2=1-2b+b*=1—a.

Let us prove that b < 1. To begin, note that ||b,|| < 1 for all n, by induction,
because 0 = ||bo|| < 1, and if ||b, || < 1, then |[by11 | < F(|lal| + [|b,]1?) < 1, since
la]] < 1. Since b, > 0, we get —1 < b, < 1 for all n, and so b < 1.

Let us take a step back for the moment. From what we have proven so far we
see that each positive ¢ € & is of the form ¢ = d? for some positive d € o7
which commutes with all e € & that commute with c.

From this we can see that cyco > 0 for ¢1, ¢y € &7, with ¢1co = cacy. Indeed,
writing ¢; = d? with d; as above, we have djca = cad; (because cica = cacy),
and thus dyds = dad;. It follows that dids is self-adjoint, and cjea = (dida)?.
Hence c¢1c9 > 0.

We will also need the following corollary. For ¢,d € &, with ¢ < d and
cd = dc, we have ¢? < d?. Indeed, d* — ¢? = d(d — ¢) + ¢(d — ¢) is positive by
the previous paragraph.

Let ¢ € % be such that ca = ac and a < 1 — ¢?. We must show that b < 1 —c.
Of course, since b is the limit of by, bs, . . ., it suffices to show that b,, < 1—¢, and
we’ll do this by induction. Since 0 < ¢ < 1 — a, we have ||c[|? < ||[1 —a| < 1,
and so —1 < ¢ < 1. Thus b =0 < 1 — ¢. Now, suppose that b, < 1 — ¢ for
some n. Then byy1 = 2(a+b2) < 1((1—¢?) + (1 —c)?) =1 —c, where we have
used that b2 < (1 — ¢)?, because b, < 1 —c by

We'll now show that b is unique in the sense that b = V' for any V' € & with
0<V <1,0a=ab and (1—b')%? = 1—a. Note that b’ < 1, because |1 -V||* =
I1—al <1, Froma =1~ (1-"¥)2, we immediately get b <1— (1 —-0) =1V
by [M For the other direction, note that (1—b)2 = (1-b)? = (1-b'+ (b~ b))% =
(1—=0)24+2(1=b") (b —b) + (b’ —b)?, which gives 0 = 2(1—')(y' —b) + (V' —b)*.
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Now, since 1 —b' and b’ — b are positive, and commute, we see that (1—5")(b' —b)
is positive by [Vl and so 0 = 2(1 —&')(' — b) + (b’ —b)? > (' — b)? > 0, which
entails (' —b)? =0, and so ||()' — b)?|| = || — b||*> = 0, yielding b =1¥'. O
VIl Exercise Let a be a positive element of a C*-algebra o/. Show that there is a
unique positive element of &/ denoted by v/a (and by a'/?) with \/52 = a and

av/a = /aa. Show that if ¢ € & commutes with a, then ¢y/a = v/ac, and if in
addition ¢* = ¢ and ¢ < a, then ¢ < \/a. Using this, verify:

1. If a,b € &7 are positive, and ab = ba, then ab > 0.
2. Let a € &;. If b, ¢ € /g commute with a, then b < ¢ implies ab < ac.
3. If a,b € oz commute, and a < b, then a? < b2

4. The requirement in the previous item that a and b commute is essential:
there are positive elements a, b of a C*-algebra &7 with a < b, but a® € b?.

In other words, the square a +—+ a? on the positive elements of a C*-algebra
need not be monotone, (but a — /a is monotone, see 28 I11]).

(Hint: take a = (3) and b=a+ 1(}1) from M>.)

24  Definition Given a self-adjoint element a of a C*-algebra o/, we write

la| == Va2 ar = %(la]+a) a_ = 3(la] —a).
We call ay the positive part of a, and a_ the negative part.
Il Exercise Let a be a self-adjoint element of a C*-algebra <.
1. Show that — |a| < a < |al, and || |a| || = ||a]|-
2. Prove that a4 and a_ are positive, a = a4 —a_ and ara_ =a_ay =0.

3. Omne should not read too much into the notation | - | in the non-commutative
case: give an example of self-adjoint elements a and b of a C*-algebra with
la +b| £ |a| + [b].

(Hint: one may takeaz%(% Dandb=—-(49).)

I The existence of positive and negative parts in a C*-algebra has many pleasant
and subtle consequences of which we’ll now show one.



Lemma Given an element a of a C*-algebra <7, we have a*a > 0.

Proof Writing b := a((a*a)_)"?, we have b*b = ((a*a)_)"?a*a((a*a)_)"? =
(a*a)_a*a = —((a*a)_)? < 0, and so b = 0 by [1911]| Hence (a*a)_ = 0 giving
us a*a = (a*a); > 0. O

Exercise Round up our results regarding positive elements to prove that the
following are equivalent for a self-adjoint element a of a C*-algebra <.

1. a is positive, that is, [la — t|| < t for some ¢ > 1|al|;
2. [la—t|| <tforallt>1|al;

3. a = b? for some self-adjoint b € &/;

4. a = c*c for some ¢ € &;

5. sp(a) C [0, 00).

Exercise The fact that a*a is positive for an element a of a C*-algebra o7 has
some nice consequences of its own needed later on.

1. Show that b < ¢ = a*ba < a*ca for all b,c € o and a € .
2. Show that every mi-map and cp-map is positive.

3. Show that a < b~ iff Vbavb < 1 iff ||\/avb| < 1iff b < a™' for positive
invertible elements a, b of &7 (and so a < b entails b= < a™1).

4. Prove that (14+a)"ta < (1+b)7"tbfor 0 < a < b from <.
(Hint: add (1 +a)~! + (1 +b)~! to both sides of the inequality.)

Proposition The vector states of Z(5) are order separating (see 211 for
every Hilbert space 2.

Proof Byj21 VII|tt suffices to show that || T'|| = sup,e (), [(x, Tz)| for given T' €
B(A). Since |(z,Tz)| = (T"x,T"?z) = ||T"/*z|? for all z € H#, we have
TN = IT2]? = (supeoey, [|T722]])? = sup,e e, 14w, T 0

Corollary For a bounded operator T on a Hilbert space ., we have

1. T is self-adjoint iff (z,Tz) is real for all = € (J€)1;
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2.0<Tiff 0 < (2, Tx) for all z € (H)y;

3. T\ = sup ey, [(, Tz)| when T'is self-adjoint.

Proof This follows from and |21 Vll|because the vector states on B(#) are
order separating by [T} O

The interaction between the multiplication and order on a C*-algebra can be
subtle, but when the C*-algebra is commutative almost all peculiarities disap-
pear. This is to be expected as any commutative C*-algebra is isomorphic to a
C*-algebra of continuous functions on a compact Hausdorff space (as we’ll see

in P7XXVII).

Exercise Let o/ be a commutative C*-algebra. Let a,b,c € <.
1. Show that |a| is the supremum of ¢ and —a in .

2. Show that if @ and b have a supremum, a V b, in 7, then ¢ + a Vb is the
supremum of a + ¢ and b + c.

3. Show that & is a Riesz space, that is, a lattice ordered vector space.
(Hint: prove that £ (a+ b+ |a — b|) is the supremum of a and b in .)

4. Show that a miu-map f: & — £ between commutative C*-algebras pre-
serves finite suprema and infima.

Exercise Prove the Riesz decomposition lemma: For positive elements a, b, ¢ of
a commutative C*-algebra o/ with ¢ < a+b we have ¢ = a’+b where 0 < d’ < a
and 0 <& <b.

2.4 Representation

2.4.1 ...by Continuous Functions

Now that we have have a firm grip on the positive elements of a C*-algebra
we turn to what is perhaps the most important fact about commutative C*-
algebras: that they are isomorphic to C*-algebras of continuous functions on a
compact Hausdorff space, via the Gelfand representation.



Setting </ is a commutative C*-algebra. [l

Definition The spectrum of o7, denoted by sp(«7), is the set of all miu-maps Il
f+ o — C. We endow sp(«) with the topology of pointwise convergence.
The Gelfand representation of &7 is the miu-map v: & — C(sp(«)) given

by y(a)(f) = f(a).
Exercise Verify that the map sp(«/) — C, f +— f(a) is indeed continuous for IV
every a € o/, and that v is miu.

Remark One might wonder if there is any connection between the spectrum sp(«?) V
of a commutative C*-algebra, and the spectrum sp(a) of one of «7’s elements

(from [11 XIX)); and indeed there is as we’ll see in [XVII| (and [28 11]).

Our program for this paragraph is to show that the Gelfand representation yisa VI
miu-isomorphism. In fact, we will show that it gives the unit of an equivalence
between the category of commutative C*-algebras (with miu-maps) and the
opposite of the category of compact Hausdorff spaces (with continuous maps).

The first hurdle we take is the injectivity of 7 — that there are sufficiently
many points in the spectrum of a commutative C*-algebra, so to speak —, and
involves the following special type of order ideal.

Definition A Riesz ideal of 2/ is an order ideal I such that a € I Nk — VIl
la| € I. A maximal Riesz ideal is a proper Riesz ideal which is maximal among
proper Riesz ideals.

Lemma Let I be a Riesz ideal of &7. For all a € & and x € I we have az € I. VIII

Proof Since x = zg + iz, it suffices to show that axg € I and ax; € I. Note X
that zg,zr € I, so we might as well assume that z is self-adjoint to begin
with. Similarly, using that =, € I (because 2 = i(|z| + z) and |z| € I) and
x_ € I, we can reduce the problem to the case that z is positive. We may also
assume that a is self-adjoint. Now, since > 0 and —||a|| < a < ||a||, we have

—lla]|z < az < ||a||x by 23 VI, and so ax € I, because ||a||z € I. O
Exercise Verify the following facts about Riesz ideals. X

1. The least Riesz ideal that contains a self-adjoint element a of <7 is
(a)m = {be /. IneNJ[|bgl, |bi] < nla|]}.
Moreover, (a),, = & iff a is invertible, and we have (a) = (a),, when a > 0

(where (a) is the least order ideal that contains a, see [22ll)). For non-
positive a, however, we may have (a) # (a)m,.
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2. I+J is a Riesz ideal of &7 when I and .J are Riesz ideals. (Hint: use[26111})
But I + J might not be an order ideal when I and J are order ideals.

3. Each proper Riesz ideal is contained in a maximal Riesz ideal.

Lemma A maximal Riesz ideal I of & is a maximal order ideal.

Proof Let J be a proper order ideal with I C .J. We must show that J = I.
Let a € J be given; we must show that a € I. Since ag,ar € J, it suffices to
show that ag,ay € I, and so we might as well assume that a is self-adjoint to
begin with. Similarly, since |a| € J, and it suffices to show that |a| € I, because
then — |a| < a < |a| entails a € I, we might as well assume that a is positive.
Note that the least ideal (a) that contains a is also a Riesz ideal by Hence
I+ (a) is a Riesz ideal by [X| Since a € J, we have (a) C J, and so I + (a) C J
is proper. It follows that a € I + (a) = I by maximality of I. O

Lemma Let I be a maximal Riesz ideal of /. Then there is a miu-map
f: o — C with ker(f) = 1.

Proof Since I is a maximal order ideal by there is a pu-map f: & — C
with ker(f) = I by It remains to be shown that f is multiplicative.
Let a,b € &7 be given; we must show that f(ab) = f(a)f(b). Surely, since f
is unital, we have f(b— f(b)) = f(b) — f(b) =0, an so b — f(b) € ker(f) = I.
Now, since I is a Riesz ideal, we have a(b — f(b)) € I = ker(f) by and
so 0= f(ab— f())) = f(ab) — f(a)f(b). Hence f is multiplicative. O

Proposition Let a be a self-adjoint element of a C*-algebra. Then a is not
invertible iff there is f € sp(«7) with f(a) = 0.

Proof Note that if a is invertible, then f(a~!) is the inverse of f(a)—and
so f(a) # 0—for every f € sp(«). For the other, non-trivial, direction, assume
that @ is not invertible. Then by [X| the least Riesz ideal (a),, that contains a
is proper, and can be extended to a maximal Riesz ideal I. By [XITI| there is a
miu-map f: &/ — C with ker(f) = I. Then f € sp(«#) and f(a) = 0. O

Exercise Show that sp(a) = {f(a): f € sp(«/)} for each self-adjoint a € <.

Exercise Prove that ||y(a)|| = ||a| for each a € & where v is from [XXVII
(Hint: first assume that a is self-adjoint, and use m and (1611l For the
general case, use the C*-identity.)
Conclude that the Gelfand representation v: &/ — C(sp(&/)) is injective,
and that its range {vy(a): a € &7} is a C*-subalgebra of C(sp()).




To show that « is surjective, we use the following special case of the Stone— XIX
Weierstrafl theorem.

Theorem Let X be a compact Hausdorff space, and let . be a C*-subalgebra XX
of C'(X) which ‘separates the points of X', that is, for all z,y € X with = # y
there is f € . with f(x) # f(y). Then . = C(X).

Proof Let g € C(X)4 and € > 0. To prove that .7 = C(X), it suffices to show XXI
that g € ., and for this, it suffices to find f € . with || f — g|| < &, because .

is closed. It is convenient to assume that g(z) > 0 for all x € X, which we may,
without loss of generality, by replacing g by 1 + g.

Let x,y € X with 2 # y be given. We know there is f € . with f(z) # f(y).
Note that we can assume that f(x) = 0 (by replacing f by f— f(z)), and that f
is self-adjoint (by replacing f by either fg or fi), and that f is positive (by
replacing f by f4 or f_), and that f(y) = g(y) > 0 (by replacing f by %f%
and that f < g(y) (by replacing f by f A g(y)).
Let y € X be given. We will show that there is f € . with 0 < f < g+¢
and f(y) = g(y). Indeed, since g is continuous there is an open neighborhood V'
of y with g(y) < g(x)+e forallz € V. For each € X\V thereis f, € [0, f(y)].»
with f,(z) = 0 and f.(y) = g(y) by Since the open subsets U, = {z €
X: fo(2) < e} with 2 € X\V form an open cover of the closed (and thus
compact) subset X\V, there are z1,...,zy € X\U with U,, U---UU,, 2 X\V.
Define f := fo;, A+ A for. Then f € %, 0 < f < g(y), fly) = g(y), and
f(z) < e for every x € X\V.

We claim that f < g+ . Indeed, if z € X\V, then f(z) < e < g(x) + &
If x € V, then f(z) < g(y) < g(z) + € (by definition of V). Hence f < g +e.
Thus for each y € X there is f, € & with 0 < f, < g+ ¢ and f,(y) = g(y).
Since f, is continuous at y, and f,(y) = g(y), there is an open neighborhood U,
of y with g(y) — e < fy(z) for all z € U,. Since these open neighborhoods
cover X, and X is compact, there are y1,...,yxy € X with Uy, U---UU,, = X.
Define f := fy,, V---V fyy. Then f € &, and g —¢ < f < g+ ¢, giving
If —gll <e. O

Lemma The spectrum sp(&) of &/ is a compact Hausdorff space. XXV

Proof Since for each a € & and f € sp(«/) we have || f(a)| < |a| by XXVI
we see that f(a) is an element of the compact set {z € C: |z| < |la| }, and
so sp(&) is a subset of

[loewr {2 €C: 2] < o]},
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which is a compact Hausdorff space (by Tychonoff’s theorem, under the product
topology it inherits from the space of all functions & — C). So to prove
that sp(«7) is a compact Hausdorff space, it suffices to show that sp(&/) is
closed. In other words, we must show that if f: & — C is the pointwise limit of
a net of miu-maps (f;);, then f is a miu-map as well. But this is easily achieved
using the continuity of addition, involution and multiplication on C, because,
for instance, for a,b € 7, we have f(ab) = lim; f;(ab) = lim; fi(a)fi(b) =
(lim; fi(a)) (lim; fi (b)) = f(a) f(b). 0
Gelfand’s Representation Theorem For a commutative C*-algebra <7, the
Gelfand representation, y: & — C(sp(«/)) defined in[Ill]is a miu-isomorphism.

Proof We already know that v is an injective miu-map (see|IV|and [XVIII). So to
prove that 7 is a miu-isomorphism, it remains to be shown that v is surjective.
Since sp(#) is a compact Hausdorff space (by [XXV]), and v(#) = {y(a): a €
'} is a C*-subalgebra of C(sp(«/)) (by [XVIII), it suffices to show that (&)
separates the points of sp(X) by This is obvious, because for f, g € sp(<)

with f # g there is a € & with f(a) = v(a)(f) # v(a)(g) = g(a). O

While Gelfand’s representation theorem is a result about commutative C*-
algebras, it tells us a lot about non-commutative C*-algebras too, via their
commutative C*-subalgebras.

Exercise Let a be an element of a (not necessarily commutative) C*-algebra 7.
We are going to use Gelfand’s representation theorem to define f(a) for every
continuous map f: sp(a) — C whenever a is contained in some commutative
C*-algebra. This idea is referred to as the continuous functional calculus.

1. Show that there is a least C*-subalgebra C*(a) of &/ that contains a.

Given b € C*(a) show that bc = ¢b for all ¢ € & with ac = ca.
2. We call a € & normal when C*(a) is commutative.
Show that a is normal iff aa* = a*a iff aga; = arag.
3. From now on assume a is normal so that C*(a) is commutative.
Show that j: o — g(a), sp(C*(a)) — sp(a) is a continuous map.

Denoting the composition of the miu-maps

frfoj = RTXXV
_—

C(Sp(a)) C* (a) inclusion o

by ®, we write f(a) := ®(f) for all f € C(sp(a)).

C(sp(C(4)))



We have hereby defined, for example, a® when a > 0 and « € (0, c0).

From the fact that ® is miu some properties of f(a) can be derived. Show,
for example, that a®a® = a®*# for all a, B8 € (0,00) when a > 0.

4. Given f € C(sp(a)), show that f(a) is the unique element of C*(a) with

for all ¢ € sp(C*(a)).
5. (Spectral mapping thm.) Show that sp(f(a)) = f(sp(a)) for f € C(sp(a)).

6. Show that sp(e(a)) C sp(a) and o(f(a)) = f(e(a)) for every f € C(sp(a))
and miu-map ¢: &/ — A into a C*-algebra A.

7. Given f € C(sp(a)) and g € C(f(sp(a))) show that g(f(a)) = (go f)(a).
Show that (a®)? = a®? for a, 8 € (0,00) and a € 7, .

Theorem We have 0 < a <b = a® < b” for all positive elements a and b of
a C*-algebra &/, and « € (0,1].
Proof (Based on [56].) Note that the result is trivial if ¢ and b commute.

It suffices to show that (a+ +)* < (b+ £)* for all n, because (a+ =)* norm
converges to a® as n — o0o. In other words, it suffices to prove a® < b under
the additional assumption that ¢ and b are invertible. Note that a® and 8° are
defined for such invertible a and b, because the function (-)°: [0,1] — C is only
discontinuous at 0. Writing E for the set of all o € [0, 1] for which b — b is
monotone on positive, invertible elements of &7 we must prove that E = (0, 1],
and we will in fact show that £ = [0,1]. Since clearly 0,1 € E it suffices
to show that E is convex. We'll do this by showing that E is closed, and
o,BEE = fa+3iBEE.

Let b be a positive and invertible element of «/. A moment’s
thought reveals it suffices to prove that a +— 0%, [0,1] — & is continuous. And
indeed it is being the composition of the map a + b*: [0,1] — C(sp(b)), which
is norm continuous, and the functional calculus f — f(b): C(sp(b)) —
which being a miu-map is norm continous as well.

Let a,8 € E. Let a,b € &/ be positive
and invertible with ¢ < b. We must show that a2 < v*7%/2. Since the map
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atB , _a+B
2 4

b4 )b/ is positive (by 25 11), it suffices to show that b~ 5" a2 b

1, that is, ||b_aT+ﬁ a5 b_|| <1

For this, it seems, we must take a look under the hood of the theory of
C*-algebras: writing o(c) 1= supjeqp(e) |Al for ¢ € &7, we know that o(c) < [|c]|
for any ¢, and o(c) = ||¢|| for self-adjoint ¢ by Moreover, recall from [19]]
that sp(cd)\{0} = sp(dc)\{0}, and so p(cd) = o(dc) for all ¢,d € o/. Hence

b5 ™ b5 || = o(bF " )
= (b= Ay T )
= o(b"F b T )
— o0~ a2 a2 b0
< o | [a 0|
= |6 aP o | b > b ||
Sl K Lt Al KRS

and so we're done. 0

As a cherry on the cake, we use Gelfand’s representation theorem W to
get an equivalence between the categories (cCy,,)°° and CH of continuous maps
between compact Hausdorff spaces.

To set the stage, we extend X +— C(X) to a functor CH — (cCj,)°" by
sending a continuous function f: X — Y to the miu-map C(f): C(Y) — C(X)
given by C(f)(g) = go f for g € C(Y), and we extend &7 — sp(«/) to a functor
sp: (cC},,)°® — CH by sending a miu-map ¢: & — £ to the continuous
map sp(): sp(%#) — sp(#) given by sp(p)(f) = fo .

The Gelfand representations vy : &/ — C(sp(«)) form a natural isomor-
phism from C'osp to the identity functor on (cC3,,,)°P. So to get an equivalence,
it suffices to find a natural isomorphism from the identity on CH to spoC, which
is provided by the following lemma.

Lemma Let X be a compact Hausdorff space, and let 7: C(X) — C be a
miu-map. Then there is z € X with 7(f) = f(z) for all f € C(X).

Proof Define Z = {z € X: h(z) # 0 for some h € C(X); with 7(h) =0}.
We'll prove X\ Z contains exactly one point, xo, and 7(f) = f(zo) for all f.

To see that X\Z contains no more than one point, let z,y € X with  # y
be given; we will show that either x € Z or y € Z. By the usual topological



trickery, we can find f,g € C(X)y with fg = 0, f(z) = 1 and g(y) = 1.
Then 0 = 7(fg) = 7(f)7(g), so either 7(f) = 0 (and z € Z), or 7(g) = 0
(and y € Z).

That X\ Z is non-empty follows from the following result (by taking f = 1).
For f € C(X)4 with f(z) >0 = «x € Z for all z € X we have 7(f) = 0.
Indeed, for each z € X with f(z) > 0 (and so z € Z) we can find h € C(X)4
with 7(h) = 0 and h(z) # 0. Then f(z) < g(z) and 7(g) = 0 for g := (%—kl)h.
By compactness, we can find g1, ...,gn € C(X)4 with 7(g,) = 0, such that for
every © € X there is n with g(x) < f,(z). Writing g :==¢1 V --- V gn, we have
0 < f < gand 7(g9) =0 (because by 7 preserves finite infima). It follows
that 7(f) = 0.

We now know that X\ Z contains exactly one point, say zo. To see that 7(f) =
f(zo) for f € C(X), write g := (f — f(z0))*(f — f(x0)) and note that g(z) >
0 = x#x9 = z € Z. Thus by we get 0 =7(g) = |7(f) — f(x0)|?, and
so 7(f) = f(xo). O

Exercise Let X be a compact Hausdorff space. Show that for every z € X the
map 0, : C(X) = C, f+— f(x) is miu, and that the map X — sp(C(X)), = —
d, is a continuous bijection onto a compact Hausdorff space, and thus a home-
omorphism.

Exercise As an application of the equivalence between (cCyyy)°P and CH, we
will show that every injective miu-map between C*-algebras is an isometry.

Show that an arrow f: X — Y in CH is mono iff injective, and epi iff
surjective (using complete regularity of Y'). Conclude that f is both epi and
mono in CH only if f is an isomorphism (c.q. homeomorphism).

Let 0: @ — 9% be an injective miu-map between C*-algebras. Let a be
a self-adjoint element of /. Show that o can be restricted to a miu-map
o: C*(a) = C*(p(a)), which is both epi and mono in cCyyy. Conclude that o
is an isomorphism, and thus ||g(a)|| = ||a||. Use the C*-identity to extend the
equality ||o(a)]| = ||la|| to (not necessarily self-adjoint) a € <.

Exercise Let o: &/ — 9% be an injective miu-map. Show that o() is closed
(using [VII)). Conclude that o(«7) is a C*-subalgebra of % isomorphic to <.

2.4.2 Representation by Bounded Operators

Let us prove that every C*-algebra &7 is isomorphic to a C*-algebra of bounded
operators on some Hilbert space. We proceed as follows. To each p-map w: &/ —
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C (see[1011)) we assign a inner product [-, -], on &, which can be “completed”
to a Hilbert space J7,,. Every element a € o7 gives a bounded operator on .77,
via the action b — ab, which in turn gives a miu-map g,: & — B(J%,). In
general g, is not injective, but if 2 is a set of p-maps which separates the points
of «, then the composition

<9w>wen

o ®we§2 ‘@(%)

B(Doea o)

does give an injective miu-map p, which restricts to an isomorphism (29 X))
from &/ to the C*-algebra (/) of bounded operators on ., ., see (6]

The creation of g, from w is known as the Gelfand—Naimark—Segal (GNS)
construction and will make a reappearance in the theory of von Neumann alge-
bras (in |72 V).

We take a somewhat utilitarian stance towards the GNS construction here,
but there is much more that can be said about it: in the first chapter of my
twin brother’s thesis, [74], you’ll see that the GNS construction has a certain
universal property, and that it can be generalized to apply not only to maps of
the form w: & — C, but also to maps of the form ¢: o — A.

Lemma For every p-map w: &/ — C on a C*-algebra 7, [a,b], = w(a*b)
defines an inner product [-, -], on <7 (see [4 VIII).

Proof Note that [a,al, = w(a*a) > 0 for each a € 7, because a*a > 0
(by [241V)); and [a,b] , = [b,a]., for a,b € &7, because w is involution preserving
(by [LO1V). Finally, it is clear that [a, -], = w(a*-) is linear for each a € &7. O

Exercise Let w: &/ — C be a p-map on a C*-algebra. Let us for a mo-
ment study the semi-norm || - ||, on & induced by the inner product [-, -],
(so ||a||. = w(a*a)"?), because it plays an important role here, and all through-
out the next chapter.

1. Use Cauchy-Schwarz (4 XV]) to prove Kadison’s inequality: for all a,b €
o

’ w(@d)? < wla*a) w(b™b).

2. Show that ||abll, < ||w|| [|a]| ||b||. for all a,b € & (using a*a < ||a||?).
Show that we do not always have ||ab|, < |lwl|||allw||b]-
(Hint: take a = (§9) and b= 3(11) from & = My, and w((£¢)) =c.)
Show that neither always ||abl, < ||la|lw||b]lw, or |la*all, = |lal?-
(Hint: take a =b= (1 1) from & = M, and w(((£¢)) =c.)



Give a counterexample to ||a*|, = ||a||w-

Exercise Let us begin by showing how a complex vector space V' with inner
product [-, -] can be “completed” to a Hilbert space 5.

We will take for .7 the set of Cauchy sequences on V' modulo the following
equivalence relation. Two Cauchy sequences (a, )y, and (by,), in V are considered
equivalent iff lim,, ||a, —b,| = 0. We “embed” V into J# via the map n: V —
which sends a to the constant sequence a,a,a,.... Note, however, that 1 need
not be injective: show that n(a) = n(b) iff ||a — b|| =0 for all a,b € V.

Show that d( (an)n, (bn)n ) = limy, ||a, — by, || defines a metric on 5, that ¢
is complete with respect to this metric, and that if (a,), is a Cauchy sequence
in V, then (n(ay)), converges to the element (a,), of S (so V is dense in J).

Show that every uniformly continuous map f: V — X to a complete metric
space X can be uniquely extended to a uniformly continuous map g: 5 — X.
(We say that g extends f when f =gon.)

Show that addition, scalar multiplication, and inner product on V (being
uniformly continuous) can be uniquely extended to uniformly continuous oper-
ations on 7, and turn 7 into a Hilbert space. (Also verify that the extended
inner product agrees with the complete metric we’ve already put on 2.)

Show that every bounded linear map f: V — % to a Hilbert space £ can
be uniquely extended to a bounded linear map g: 5 — JZ .

(Categorically speaking, Hilbert spaces form a reflexive subcategory of the
category of bounded linear maps between complex vector spaces with an inner
product.)

Definition (Gelfand—Naimark—Segal construction)
Let w: & — C be a p-map on a C*-algebra <.

Let 7%, denote the completion of &/ endowed with the inner product [-, -],
(seeﬂ[) to a Hilbert space as discussed in Recall that we have an “embedding”
Nw: A — J€, with (n,(a),n, (b)) = [a,bl, for all a,b € &.

Since given a € & the map b — ab, &/ — & is bounded with respect
to || - [l (because ||abl|., < [lwl[|lall|[b]l. by [[V], it can be uniquely extended to a
bounded linear map 7, — 5%, (by the universal property of 7, see , which
we’ll denote by g, (a). So g,(a) is the unique bounded linear map 5, — 7,
with g, (a)(n, (b)) = n,(ab) for all b € .

Proposition The map g, : &/ — B(H,) given by |Vl|is a miu-map.

Proof Let a1,a2 € & be given. Since g, (a1 + a2) nw(b) = n,((a1 + a2)b) =
Nw(a1b) + n,(agd) = (0,(a1) + 0w (az)) N, (b) for all b € &7, and {n,(b): b € &}
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is dense in 7, we see that g, (a1 + a2) = o,(a1) + 0, (az). Since similarly
ow(Aa) = Aoy (a) for A € C and a € &7, we see that g, is linear.

Since 9,,(1) 7, (b) = 1, (b) for all b € o7, we have g, (1) x = x for all z € J,,
and so g, is unital, g, (1) = 1.

To see that g, is multiplicative, note that (9w (a1) 0., (a2)) Nw(b) = N (arazd) =
ow(araz) n, () for all a1, aq9,b € 7.

Let a € & be given. To show that g, is involution preserving it suffices
to prove that g, (a*) is the adjoint of g,(a). Since (g, (a*)n,(b),n.(c)) =
[a*b, ], = w(b*ac) = [b,acl, = (Nw(b), 0u(a) N, (c)) for allb, c € o, and {n,(b): b €
o/} is dense in JZ,, we get (o,(a*)x,y) = (x,0,(a)y) for all x,y € H,, and
80 0u(a*) = ou(a)*. O

Definition Given a collection Q of p-maps w: & — C on a C*-algebra &7,
let oq: & — %B(Ha) be the miu-map given by oq(a)r = > cq ow(a)z(w),
where 7 = @, H, (and g, is as in .

Proposition For a collection 2 of positive maps &/ — C on a C*-algebra <7,
the following are equivalent.

1. oq: o — B(Hq) is injective;
2. Q is center separating on &7 (see [211));
3. ={w®*(-)b): be o, we N} is order separating on 7.

In that case, po(7) is a C*-subalgebra of #(7%,), and pq restricts to a miu-
isomorphism from & to o ().

Proof It is clear that |3| entails

Let a € o with pq(a) = 0 be given. We must show that a = 0 (in order
to show that o is injective), and for this it is enough to prove that a*a = 0.
Let b € & and w € Q be given. Since (2 is center separating, it suffices to
show that 0 = w(b*a*ab) = ||ab||?. Since oo (a) = 0, we have g,(a) = 0, thus
0 = ow(a) n,(b) = n,(ad), and so ||ab||, = 0. Hence ogq is injective.

Let a € & with w(b*ab) > 0 for all w € Q and b € & be given. We
must show that ¢ > 0. Since pq is injective, we know by that oo (%)
is a C*-subalgebra of A(.#5), and pq restricts to a miu-isomorphism from &7
t0 0o (&7). So in order to prove that a > 0, it suffices to show that oo (a) > 0, and
for this we must prove that g, (a) > 0 for given w € Q. Since the vector states
on S, are order separating by it suffices to show that (z, g, (a)x) > 0
for given z € J#,. Since {n,(b): b € &/} is dense in #,, we only need to prove



that 0 < (n,(D), 0w(a)n, (b)) = w(b*ab) for given b € &, but this is true by
assumption. O

Theorem (Gelfand—Naimark) Every C*-algebra 7 is miu-isomorphic to a C*-
algebra of operators on a Hilbert space.

Proof Since the states on o/ are separating (22 VIII|), and therefore center sep-
arating, the miuv-map pq: & — (%) (defined in restricts to a miu-
isomorphism from 7 onto the C*-subalgebra o(<7) of #(7,) by O

2.5 Matrices over C*-algebras

We have seen (in that the N x N-matrices (N being a natural number) over
the complex numbers C form a C*-algebra (denoted by My) by interpreting
them as bounded operators on the Hilbert space CV, and proving that the
bounded operators #(.7) on any Hilbert space # form a C*-algebra.

In this paragraph, we’ll prove the analogous and more general result that the
N x N-matrices over a C*-algebra o/ form a C*-algebra by interpreting them
as adjoinable module maps on the Hilbert o/ -module </~ | see and

Definition An («/-valued) inner product on a right &7-module X (& being a C*-
algebra) isamap (-, -) : XxX — & such that, forallz,y € X, (z, ) : X - &
is a module map, (z,z) > 0, and (z,y) = (y,z)". We say that such an inner
product is definite if (z,2) =0 = x =0 for all z € X.

A pre-Hilbert «7-module X (where & is always assumed to be a C*-algebra)
is a right @/-module endowed with a definite inner product. Such X is called
a Hilbert «/-module when it is complete with respect to the norm we’ll define
in

Xl

Let X and Y be pre-Hilbert o/-module. We say that a map T: X — Y is

adjoint to a map S: Y — X when

(Tz,y) = (z,Sy) foralze X andy €Y.

In that case, we call T' adjointable. It is not difficult to see that T must be linear,
and a module map, and adjoint to exactly one S, which we denote by T*.
(Note that we did not require that T is bounded, and in fact, it need not be,
see However, if T is bounded, then so is T, see [X] and if either X or Y’
is complete, then T is automatically bounded, see )
The vector space of adjoinable bounded module maps 7: X — Y is denoted
by #%(X,Y), and we write (X ) = #*(X, X).
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Example We endow &7V (where 7 is a C*-algebra and N is a natural number)
with the inner product (z,y) =" }y,, making it a Hilbert &/-module.

Exercise Let S and T be adjoinable operators on a pre-Hilbert .o/-module.

1. Show that T* is adjoint to T (and so T** = T).
2. Show that (T'+ S)* =T* + S* and (AS)* = AS* for \ € C.

3. Show that ST is adjoint to T*S* (and so (ST)* = T*S*).

Exercise Although a bounded linear map between Hilbert spaces is always
adjoinable (see , a bounded module map between Hilbert «/-modules might
have no adjoint as is revealed by the following example (based on [54], p. 447).

Prove that J := { f € C[0,1]: f(0) = 0} is a closed right ideal of C[0, 1],
and thus a Hilbert C[0, 1]-module.

Show that the inclusion T': J — (0, 1] is a bounded module map, which has
no adjoint by proving that there is no b € J with (b,a) = Ta =a for all a € J
(for if T had an adjoint T*, then (T*1,a) = (1,Ta) = a for all a € J).

Remark Note that part of the problem here is the lack of the obvious analogue
to Riesz’ representation theorem for Hilbert «/-modules. One solution
(taken in the literature) is to simply add Riesz’ representation theorem as ax-
iom giving us the self-dual Hilbert «/-modules. For those who like to keep
Riesz’ representation theorem a theorem, I’d like to mention that it is also pos-
sible to assume instead that the Hilbert .o/-module is complete with respect to
a suitable uniformity, as in done in my twin brother’s thesis, [74], see

Proposition (Cauchy-Schwarz) We have (z,y) (y,z) < |{y,y)| {(z,z) for ev-
ery inner product (-, -) on a right &/-module X, and z,y € X.

LL||77

Remark The symmetry-breaking norm symbols cannot simply be removed
from this version of Cauchy—Schwarz, because 0 < (z,y) (y,z) < (y,y) (z,x)
would imply that (y,y) (x,z) is positive, and self-adjoint, and thus that (y,y)
and (x,x) commute, which is not always the case.

Proof Let w: @/ — C be a state of &. Since the states on &7 are order separating
(22 V1), it suffices to show that w( (z,y) (y,2)) < |[{y,v)|| w({z,z)). Noting



that (u,v) — w((u,v)) is a complex-valued inner product on X, we compute

w((z,y) (y,2))°

= w({z, y(y,2)))”

< w((z,z)) w({y{y,z), y{y,x))) by Cauchy—Schwarz,
= w({z,2)) w((z,y) (,y) (v, 2))

< w({z,2)) w{z,9) (y,2)) Ky, )l since {y,y) < [y, )|

It follows (also when w( (z,y) (y,z)) = 0), that

w((z,y) (v, 2)) < [y v)ll w((z, ),

and so we're done. [l

Exercise Let X be a pre-Hilbert «/-module. Verify that

1. Jjz|| = ||(x,nlc>||1/2 defines a norm || - || on X, and

2. [lzbll < N[l o]l and [[¢z, )| < [l ly]| for all 2,y € X and b € <.

Lemma For a linear map T: X — Y between pre-Hilbert .«7-modules, and
B > 0, the following are equivalent.

1. |Tz|| < B||z|| for all x € X (that is, T is bounded by B);
2. [[{y; T)|| < Bllylll|«| for all z € X, y € Y.

Moreover, if T' is adjoinable, and bounded, then ||T*|| = ||T.

Proof If ||Tz| < B||z| for all z € X, then T is bounded, ||T|| < B, and therefore
Iy, T2} | < llyll 72 < Blylllle] for all € X and y € Y using [V]]

On the other hand, if holds, and = € X is given, then we have |[Tz|]? =
{(Tz,Tx)|| < B||Tz||||x|, entailing ||Tx| < Bl|z|| (also when ||Tx| = 0).

If T is adjoinable, and bounded, then ||(z, T*y)|| = |[{y, Tz)|| < || T|||lyll||z]
forallz € X, y €Y, so [|[T*|| < ||T]|, giving us that T* is bounded. Since by a
similar reasoning ||T|| < ||T*||, we get |T]| = ||T*] O

Exercise Show that | T*T| = ||T||? for every adjoinable bounded map T on a
pre-Hilbert 7-module. (Hint: adapt the proof of [4 XVI|)
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Proposition The adjoinable bounded module maps on a Hilbert «/-module form
a C*-algebra %% (X) with composition as multiplication, adjoint as involution,
and the operator norm as norm.

Proof Considering |4 VII| and @ the only thing that remains to be shown is

that 2%(X) is closed (with respect to the operator norm) in the set of all
bounded linear maps Z(X). Solet T: X — X be a bounded linear map which

is the limit of a sequence T7,T5, ... of adjoinable bounded module maps.
To see that T has an adjoint, note that |70 — T | = (T, — Twm)*|| =
|75 — Ton|| for all n,m, and so T5, Ty, ... is a Cauchy sequence, and converges

to some bounded operator S on X. Since for z,y € X and n,

1(Sz,y) — (=, Ty)| < [{(S =Tz, y)ll + [[{z, (Tn = T)y)l

<
< IS =Tyl + [1Tn = Tlll2[llyll,

we see that (Sx,y) = (x,Ty), so S is the adjoint of T, and T is adjoinable. O

Exercise Let X be a Hilbert «7-module. Show that the vector states of Z%(X)
are order separating (see[21 1l)). Conclude that for an adjoinable operator T on X

1. T is self-adjoint iff (z,Tz) is self-adjoint for all z € (X)1;
2.0<Tiff 0 < (2, Tx) for all z € (X)y;
3. T\ = sup,e(x), | {z, Tx) || when T is self-adjoint.

(Hint: adapt the proofs of [25 11| and )

Corollary The operator T*T is positive in %%(X) for every adjoinable opera-
tor T: X — Y between Hilbert &/-modules.

Proof (z,T*Tx) = (Tz,Tx) >0 for all x € X, and so T*T > 0 by O
Exercise Let us consider matrices over a C*-algebra 7.

1. Show that every N x M-matrix A (over &) gives a bounded module
map A: &V — &M via A(ay,...,an) = A(ay,...,an), which is adjoint
to A* (where A* = (A7;); is conjugate transpose).

2. Show that A — A gives a linear bijection between the vector space of N x
M-matrices over &/ and the vector space of adjoinable bounded module
maps B (N, 7 M).

3. Show that Ao B = AB when Ais an N x M and B an M x K matrix.



4. Conclude that the vector space My« of N x N-matrices over & is a C*-
algebra with matrix multiplication (as multiplication), conjugate trans-
pose as involution, and the operator norm (as norm, so ||A] = ||A]]).

Exercise Let us describe the positive N x N matrices over a C*-algebras o7

1. Show that an N x N matrix A over &/ is positive iff 0 < 3, ; afA;ja; for
all a1,...,any € o. (Hint: use [2511I})

2. Show that the matrix ((z;,z;));; is positive for all vectors z1,...,zn
from a pre-Hilbert «/-module X.

3. Show that the matrix (afa;);; is positive for all a1,...,an € &.

Exercise Let f: &/ — % be a linear map between C*-algebras.

1. Show that applying f entry-wise to a N x N matrix A over &/ (yield-
ing the matrix (f(A;;)):; over %) gives a linear map, which we’ll denote
by MNfZ MNJ% — MN%

2. The map My f inherits some traits of f: show that if f is unital, then My f
unital; if f is multiplicative, then My f is multiplicative; and if f is invo-
lution preserving, then so is My f.

3. However, show that M, f need not be positive when f is positive, and
that M, f need not be bounded, when f is.

Let us briefly return to the completely positive maps (defined in , to show
that a map f between C*-algebras is completely positive precisely when My f
is positive for all N, and to give some examples of completely positive maps.

We also prove two lemmas stating special properties of completely positive
maps (setting them apart from plain positive maps), that’ll come in very handy
later on. The first one is a variation on Cauchy—Schwarz , and the second
one concerns the points at which a cpu-map is multiplicative .

Completely positive maps are often touted as a good models for quantum
processes (over plain positive maps) with an argument involving the tensor
product, and while we agree, we submit that the absence of analogues of [XIV]
and [XVIT| for positive maps is already enough to make complete positivity in-
dispensable.
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Lemma For a linear map f: &/ — % between C*-algebras, and natural num-
ber N, the following are equivalent.

1. Mnf: My — MynZB is positive;
2. 3207 f(aja;)b; >0 for all a = (a1,...,ay) € @Y and b € BY;

3. the matrix ( f(a}a;));; is positive in My 2 for all a € &/ .

Proof Recall that My f is positive iff (My f)(C) is positive for all C € (My <)+ .
The trick is to note that such C' can be Written as C = A* A for some A € My <,
and thus as C = (af)*aT +- - -+ (ak)*ak;, where a, = (An1, ..., Apy) is the n-th
row of A. Hence My f is positive iff (My f)( (aT)*a™) = ( f(a}a;) )i ; is positive
for all tuples a € &/V. Since B € My % is positive iff (b, Bb) > 0forallb e BV,
we conclude: My f is positive iff 0 < (b, (My f)((a™)*a™ )b) = > bi f(aia;)b;
for all a € & and b € V. (]

Exercise Conclude from |E| that a linear map f between C*-algebras is com-
pletely positive iff My f is positive for all N iff for all N and a € @/ the matrix
(f(afa;)):,; is positive in My 2.

Deduce that the composition of cp-maps is completely positive.

Show that a mi-map f is completely positive. (Hint: My f is a mi-map too.)

Exercise Show that given a C*-algebra o7, the following maps are completely
positive:
1. b— a*ba: o/ — o for every a € o

2. T S*TS: B*(X) — $B*(Y) for every adjoinable operator S: Y — X
between Hilbert 7-modules;

3. T (x,Tz)y, B*(X) — o for every element z of a Hilbert «/-module X.

Exercise Show that the product of a family of C*-algebras (%); in the cate-
gory CfLq, (see is given by €, 7 with the same projections as in

Show that the equaliser of miu-maps f,g: & — £ in C¥,, is the inclusion
of the C*-subalgebra {a € &7: f(a) = g(a)} of & into .

Lemma Let &/ be a commutative C*-algebra, and let N be a natural num-
ber. The set of matrices of the form ), axBy, where ai,...,ax € &/ and
Bi,...,Bg € My(C)y4, is norm dense in (My /) 4.



Proof Since .« is isomorphic to C(X) for some compact Hausdorff space X VI
(by RTXXVII)), we may as well assume that & = C(X).

Let A € Mn(C(X))+ and € > 0 be given. We're looking for ¢1,...,9x €
C(X)4+ and By,...,Bg € (My)y with [|[A = 3", gxBi|| < €. Since A(z) =
(Aij(z))i; gives a continuous map X — My, the sets U, = {y € X: ||A(z) —
A(y)|| < €} form an open cover of X. By compactness of X this cover has a
finite subcover; there are x1,...,2x € X with Uy, U--- U U, = X.

Let y € X be given. Since y € U,, for some k, there is, by complete
regularity of X, a function f, € (C(X))+ with f,(y) > 0 and supp(f,) C Us,.
Since the open subsets supp( f,) cover X there are (by compactness of X) finitely
many yi,...yr with X = supp(fy,)U---Usupp(fy,), and so >, f,, > 0. Let
us group together the f,,s: pick for each ¢ an k, with supp(fy,) C Urkz, and
let g := > _{fe: ke = k}. Then g € (C(X))+, supp(gx) € Uk, and 32, gr > 0.
Upon replacing g with (3, g¢) "'gs if necessary, we see that Y, gr = 1.

Since supp(gi) C Uy, , we have —¢ < A(zx) — A(zy) < € for all x € supp(gx),
and so —gr(r)e < gr(x)A(x) — gr(z)A(rr) < gr(z)e for all z € X, that is,
—gre < grA — grA(xr) < gre. Summing yields —e < A — )", grA(zr) < &,
and so |A— >, grA(zr)|| <e. O

Proposition Let f: &/ — % be a positive map between C*-algebras. If either &#  IX
or # is commutative, then f is completely positive.

Proof Suppose that £ is commutative, and let aq,...,ay € &, by,...,by € B X
be given. We must show that ), . b7 f(aja;)b; is positive. This follows from

the observation that w(}_, ; bff(afaj)bj ) =w(f(X2; (aiw(bi))" ajw(b;))) = 0

for every w € sp(&).

Suppose instead that <7 is commutative, and let A € (My 7). be given for some
natural number N. We must show that (My f)(A) is positive in My 2. By

the problem reduces to the case that A = aB where a € &/, and B € (My)+.
Since (My f)(aB) = f(a)B is clearly positive in My %, we are done. O

Lemma For a positive matrix A = (all Z) over a C*-algebra </ we have Xl
a*a < [jpllg  and  aa” < |lq|p-

In particular, if p =0 or ¢ = 0, then a = a* = 0.

Proof Since (x,y) + (z, Ay) gives an &/-valued inner product on 272, XIII
aa® = ((5), A(})) ((9), A(5))
< IR, AN ((5), A(5)) = llall p
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by Cauchy—Schwarz (see |32 VI).

By a similar reasoning, we get a*a < ||p||g. O

Lemma We have f(a*b)f(b*a) < ||f(b*D)| f(a*a) for every p-map f: o — B
between C*-algebras and a,b € 7, provided that M f is positive.

Proof Since writing # = (a,b) € &/, the 2 x 2 matrix (z7)*2” = (%2 @b)
in Mg/ is positive, the 2 x 2 matrix T : f(a @) J;c((‘;*g in My % is positive.
oo e gt T80y < 110 F0-0) e .

Corollary || f]| = || f(1)] for every cp-map f: o — B between C*-algebras.

Proof Let a € & be given. It suffices to show that ||f(a)|| < [|f(1)|]la| so
that [|f]| < [If(1)]|, because we already know that [|f(1)[| < [[fI[ L[} = [/l
Since || f(a”a)| < [[f(1)I[la*all by we have | f(a)]* = [|f(a )y il =
(@ 1) f(1a)|l < [IF@D] I f(@*a)| < [FOIHF@)la*all = [ £ ()] (lal? by-
and so |[f(a)|| < [ ()] llall.

Lemma (Choi [10]) We have f(a)* f(a) < f(a*a) for every cpu-map f: o — B
between C*-algebras, and a € &/. Moreover, if f(a*a) = f(a)* f(a) for some a €
o, then f(ba) = f(b)f(a) for all b € &

Proof By [XIV]we have f(a)*f(a) = f(a*1)f(1%a) < [|f(1"1)] f(a*a) = f(aa),
where we used that f is unital, viz. f(1) = 1.

Let a,b € & be given, and assume that f(a*a) = f(a)*f(a). Instead
of f(ba) = f(b)f(a) we'll prove that f(a*b) = f(a)*f(b) (but this is nothing

more than a reformulation). Since M f is cp, we have, writing A = (g 8),

fla) f(a) fla)f(b)\ _ .
f(a*a) f(a*b)) |

< (M2f)(A*A) = (f(b*a) £(b*b)
Hence (using that f(a*a) = f(a)*f(a)) the following matrix is positive.

( 0 fa™b) — f(a)*f(b)>
fb*a) = f(0)" f(a) f(b"b) — f(b)"f(b)
But then by [XIl| we have f(a*b) — f(a)*f(b) = 0. O

2.6 Towards von Neumann Algebras

Let us work towards the subject of the next chapter, von Neumann algebras, by



pointing out two special properties of () on which the definition of a von
Neumann algebra is based, namely that

1. any norm-bounded directed subset of self-adjoint operators on . has a
supremum (in Z(H)r), and

2. all vector functionals (x, (-)x) : B(H#) — C preserve these suprema.

We’ll end the chapter by showing in that every functional on #(7¢) that
preserves the aforementioned suprema is a (possibly infinite) sum of vector func-
tionals.

2.6.1 Directed Suprema

Theorem (Uniform Boundedness) A set % of bounded linear maps from a
complete normed vector space 2 to a normed vector space % is bounded in the
sense that suppc o ||T]| < oo provided that suppe g [|[T2|| < oo for all z € 2.
Proof Based on [66].

Let » > 0 and T € # be given. Writing B,(z) = {y € Z: ||z —y| < r}
for the ball around z € 2 with radius r, note that 7(|7(| = supecp, (o) |T€||
almost by definition of the operator norm. We will need the less obvious fact
that ||| < supgep, (o) [|T€]| for every z € 2.

To see why this is true, note that for £ € B,.(0) either ||T¢| < ||T(z + &)
or |[T¢|| < ||T(x — €)]|, because we would otherwise have 2||T¢|| = ||T(x + &) —
T(z=OI < [T+l + T (=) < 2|T¢|. Hence r|| T = supeep, (o) 1€ <
SUP¢eB, (z) IT¢]-

Suppose towards a contradiction that suppc gz [|T|| = oo, and pick T1,T,. ..
with [|7,,|| > n3". Using[I[V} choose x1,z2,... in 2 with ||z, — z,_1] < 37"
and | Tz, > 237" T, so that (z,), is a Cauchy sequence, and therefore

converges to some z € 2. Note that ||z — xn|| 137" (because Y_p- 3 k=3,
and so || Tzl > | Taan || = 1Tn(2n — 2)]| = 337" |T0l| — 337 "I|T0ll > g, which
contradicts the assumption that sup;c HT:E|| < 0. O

Theorem Let T: X — Y be an adjoinable map between pre-Hilbert .o7-
modules. If either X or Y is complete, then T" and T™* are bounded.

Proof We may assume without loss of generality that X is complete (by swap-
ping T for T* and X with Y if necessary).
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Note that for every y € Y, the linear map (y,T-) = (T™y, -): Y — & is
bounded, because [[(T™*y, z)|| < || T*y| ||| for all z € X (see[B2VI).

Since on the other hand, |[{(y,Tz)|| < ||y||||Tz|| < ||[Tz| for all z € X
and y € Y with [|y|| < 1, we have sup, < || (v, T2) || < [|[Tz|| < oo forallz € X,
and thus B 1= sup <1 || (v, T ) || < oo by

It follows that || (y, Tz) || < Blly||||z|| for all y € Y and = € X, and thus T
and T* are bounded, by O

Remark As a special case of the preceding theorem we get the fact, known as the
Hellinger-Toeplitz theorem, that every symmetric operator on a Hilbert space
is bounded.

Example The condition that either X or Y be complete may not be dropped: the
linear map T': coo — coo given by Ta = (nay,), for a € ¢ is self-adjoint, but
not bounded, because T' maps (1, %, ceey %, 0,0,...) having 2-norm below % to

(1,1,...,1,0,0,...), which has 2-norm equal to /n.

Definition A Hilbert &/-module X is self-dual when every bounded module
map r: X — & is of the form r = (y,(-)) for some y € X.

Example By Riesz’ representation theorem 1’ every Hilbert space is self-
dual.

Exercise Show that given a C*-algebra <7 the Hilbert «/-module &V of N-
tuples is self dual.

Definition Let us say that a (bounded) form on Hilbert 27-modules X and Y
isamap [-,-]: X XY — & such that [z, -]: Y — & and [-,y]*: X — & are
(bounded) module maps for all x € X and y € Y.

Proposition For every bounded form [, -]: X xY — & on self-dual Hilbert «7-
modules X and Y there is a unique adjoinable bounded module map 7': X — Y.
with [z,y] = (Tz,y) forallz € X and y € Y.

Proof Let z € X be given. Since [z, -]: Y — & is a a bounded module map,
and Y is self-dual, there is a unique Tz € Y with [z,y] = (Tx,y) forally € Y,
giving a map T: X — Y. For a similar reason we get a map S: Y — X with
(Sy,z) = [z,y]* for all z € X and y € Y. Since S and T are clearly adjoint,
they are bounded module maps by O

Another consequence of [3511|is this:
Proposition Given a net (y, ), in a Hilbert space 2 for which (y,, ) is Cauchy



and bounded for every x € J, there is a unique y € S with (y, z) = lim, (Yo, x)
for all y € 2.

Proof To obtain x, we want to apply Riesz’ representation theorem to the
linear map f: . — C defined by f(x) = lim, (Yo, x), but must first show that f
is bounded. For this it suffices to show that sup, |[{(¥a,(-))]| < oo, and this
follows by from the assumption that sup,, [(ya, )| < oo for every z € .
By Riesz’ representation theorem , there is a unique x € 7 with
(y,z) = f(x) = lim, (ya, z) for all z € H#, and so we're done. O

Remark The condition in [ll{ that the net ( (ya, ) )o be bounded for every x may
not be omitted (even though ((ya,) )a being Cauchy is eventually bounded).

To see this, consider a linear map f: 5 — C on a Hilbert space 4 which is
not bounded. We claim that there is a net (yqo)qo in S with f(x) = limg (Yo, )
for all € 52, and so there can be no y € S with (y,z) = lim, (ya,z) for
all x € 5, because that would imply that f is bounded.

To create this net, note that f is bounded on the span (F') of every finite
subset F' = {x1,...,x,} of vectors from s, and so by Riesz’ representation
theorem applied to f restricted to closed subspace (F) of ¢ there is a
unique yp € (F) such that f(z) = (yp,x) for all x € (F).

These yp’s form a net in 5 (when we order the finite subsets F of 5%
by inclusion), which approximates f in the sense that f(x) = limg (yp,xz) for
every x € J, (because f(x) = (yp,x) for every F with {z} C F).

Definition Let 57 be a Hilbert space.

1. The weak operator topology (WOT) on Z(5) is the least topology with
respect to which T'— (z,T'x) , () — C is continuous for every x € 7.
So a net (T, )q converges to T in B(S) with respect to the weak operator
topology iff (z, Tox) — (x,Tz) as a — oo for all x € H.

2. The strong operator topology (SOT) on A(5) is the least topology with

1

respect to which T — [|Tz|| = (z, T*Tz) /2 is continuous for every x € .

So anet (T, ) converges to T in B () with respect to the strong operator
topology iff ||Towx — Tz|| — 0 as a — oo for all z € 7.

Remark Although we’ll only make use of the weak operator topology we have
nonetheless included the definition of the strong operator topology here for
comparison with the ultrastrong topology that appears in the next chapter.
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Lemma Let (T, )n be a net of bounded operators on a Hilbert space J# such
that ({x,T,z)) is Cauchy and bounded for every = € 7.
Then (T,)o WOT-converges to some bounded operator T" in ZB(.).

Proof Let x,y € S be given. Since by a simple computation

(y, Taz) = L300 _oi* (iFy + o, To(iFy +2) ),

({y, Tu) ) is bounded for every y € 5, and so by |E| there is Tx € J with
(y, Tx) = lim, (y, Tnx) for all y € 2, giving us a linear map T: S — . It
is clear that (T, )q WOT-converges to T', provided that 7" is bounded.

So to complete the proof, we must show that T" is bounded, and we’ll do this
by showing that 7" has an adjoint (see 35 V). Note that (z, Tz) = (x, Tox) is
Cauchy and bounded (with o running), so by a similar reasoning as before (but
with T instead of T, ) we get a map S: S —  with (z, Sy) = lim, (z, T y)
for all z,y € 5, which will be adjoint to 7', which is therefore bounded. O

Proposition Let J# be a Hilbert space, and 2 an upwards directed subset
of B(H)r with suppcqy (x, Tx) < oo for all z € 7. Then

1. (T)recg converges in the weak operator topology to some T” in (ZB(H))r,
2. T" is the supremum of Z in (B(H))r, and

3. (z,T'x) = suppeqy (x, Tx) for all z € 2.

Proof Let x € J#. Since (z,(-)z): B(H#) — C is positive we see that
({z,Tx))recy is an increasing net in R, bounded from above (by assumption),
and therefore converges to suppcg (z,Tz). In particular, (T)reqp is WOT-
Cauchy, and “WOT-bounded”, and thus (by @[) WOT-converges to some self-
adjoint T" from AB().

Since ((z,Tz))recy converges both to (z,T"x), and to suppeqy (z,Tx), we
conclude that (x,T'z) = suppcq (z,Tx) for every x € J. In particular,
(x,Txy < {x,T'z) forallz € # and T € P, and thus T < T’ for all T € 2.

Let S be a self-adjoint bounded operator on 7 with T' < S for all T' € 2.
To prove that T” is the supremum of 2, we must show that TV < S. Let v € J7
be given. Since (z,Txz) < (x,Sx) for each T € Z (because T < §), we have
(x,T'z) = supreqy (x,Tx) < (z,Sz), and therefore T/ < S by O

Definition Let # be a Hilbert space. The supremum of a (norm) bounded
directed subset 2 in (#(H))r (which exists by is denoted by \/ 2.



2.6.2 Normal Functionals

Definition Given a Hilbert space 2 a p-map w: B(°) — C is called normal
when w(\/ 2) = \/ pcqw(T) for every bounded directed subset 2 of B(H ).

Example All vector functionals (z, (- )x) are normal by |37 IX

Exercise To show that a positive linear functional is normal, it suffices to show
that it preserves directed suprema of effects: show that given a Hilbert space ¢
a positive map w: B(H#) — C is normal provided that w(\ 2) = /ey w(T)
for every directed subset 2 of [0, 1]z

Lemma Every sequence x1, s, ... in a Hilbert space 5 with > |lz,]|? < oo
gives a np-map w: B(A’) — C defined by w(T) = >, (zn, Tzy).

Proof Given T' € B(H#) we have |(z,,, Tz,)| < ||z,|/?||T|| by Cauchy—Schwarz
EXY), so 3, 1w Tan)l < [T, 2], which means that 3, (e, Tr,)

converges, and so we may define w as above.

It is easy to see that w is linear and positive, so we’ll only show that w
is normal. We must prove that w(\/ 2) = \/ ¢y w(T) for every bounded di-
rected subset of (%())r. By [l we may assume without loss of generality
that 2 C [0,1] ). This has the benefit that (z,,Tx,) is positive for all n
and T € 2, so that their sum (over n) is given by a supremum over partial

sums, viz. Y (xn, T2n) = ij:l (Tn, Txy). Completing the proof is now
simply a matter of interchanging suprema,

Vregw(T) = Vreo Vi 25:1 (Tn, Txy)
= \/N \/T69 ZnN:1 (T, Tzn)
= Vi Xt (@ (V D) 20) = w(V 2),

where we used that 2521 (@, (+)2p) is normal. O

Exercise The following observations regarding a net (x,),, in a Hilbert space 5
will be useful later on.

1. Show that Y ||za]/* < oo if and only if > (za, (- )za) converges with
respect to the operator norm to some bounded functional on ().

2. Given some z € S, show that x, converges to x if and only if (z,, (- )za)
operator-norm converges to (z, (-)x).

(For the “if” part it may be convenient to first prove that (z,,z) — (z,x)
by considering the bounded operator |z)(z| on B(H).)
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The final project of this chapter is to show that each normal positive func-
tional w on a HB(H) is of the form w = Y7 (zy, (- )zy) for some 1, za, . ..
with 3" ||z, [|> < oco. For this we’ll need some more nuggets from the theory of
Hilbert spaces.

Definition A subset & of a Hilbert space is called orthonormal if (e, e’) = 0 for
all e,e’ € & with e £ ¢/, and (e,e) =1 for all e € &. We say that & is maximal
when & is maximal among all orthonormal subsets of .7 ordered by inclusion,
and in that case we call & an orthonormal basis for 7 for reasons that will be
become clear in [Vl below.

Remark Clearly, by Zorn’s lemma, each Hilbert space has an orthonormal basis.

Proposition Given an orthonormal subset & of a Hilbert space ¢, and x € 5,
1. (Bessel’s inequality) > .. e, ) < ||=)12;
2. Y .ce (e,x) e converges in H,
3. D ece (e,x) e = x if & is maximal, and

4. (Parseval’s identity) 3,z |(e, z)|* = [|z[|? if & is maximal.

Proof [1] Since for finite subset .# of & we have 0 < ||z — Y. .5 (e,z)e|® =
212 =2 c 5 (€, 2) (@, )+ 3, ez (2,€) (€ €) (e, 2) = |22 =3 e 5 |(es ) %,
and s0 3,¢ 5 (e, 2)|* < [|z]?, we get 3 ,cp (e, 0)[* < [l

From the observation that | > .. (e,z)el* = Y .c» (e, z)|? for any fi-
nite .7 C &, and the fact that ) . |(e, x)|2 converges (by the previous point),
one deduces that (}_ . 5 (e, ) e)# is Cauchy, and so ) . (e, x) e converges.

Writing y := ) s (e,7) e we must show that » = y. If it were not so,
if z # y, then €' := ||z — y[| "} (z — y) satisfies (¢/,e’) = 1 and (¢,e) = 0 for
all e € &, and so may be added to & to yield an orthonormal basis & U {e’}
extending & contradicting &s maximality.

Finau}’a HIHQ = <I,l‘> = Ze,ele(g’ <$,6/> <€/76> <€,I> = Zeeé’ |<6,5€>‘2. D

Exercise Let & be an orthonormal basis of a Hilbert space 2.

1. Show that ) .. |e)(e| converges to 1 in the weak operator topology.



2. Show that ) . |e)(e| = 1 also in the sense that the directed set of partial
sums ) . 5 |e)(e|, where .7 is a finite subset of &, has 1 as its supremum.

3. Conclude that w(1) = > ., w(|e)(e]) for every np-map w: %(#) — C.

Lemma Given a Hilbert space # with orthonormal basis &, we have
wd) = Y (e, Ae) w(le)(e]).
e,/ €&

for every normal p-map w: #(#) — C and A € B(H).

Proof Let .# be a finite subset of &, and write P = }_ _ |e){(e[. Since

PAP =3, ez (e, A€) |e)(€/| it suffices to show that w(A — PAP) vanishes

as .7 increases. Note that P*P = P and (P1)*PLt = PL. Further, since

|P|| <1, and A — PAP = P+ A+ PAP*, we have, by Kadison’s inequality,
Ww(A — PAP)| < |w(PTA)| + |w(PAP")]

w(PH)2w(A*A)? + w(PAA*P)"? w(P)?

2| Allw(1)7? w(PH)".

/

NN

But since ), ., w(|e)(e]) = w(1) bywe see that w(P+) = 0 as .# — co. O

Theorem Let 5% be a Hilbert space. Every normal p-map w: #(5) — C is
of the form w =", (2, (- )z,) where z1,2a,... € # with > [z, [|* = [Jw].

Proof By |36 V|there is a unique ¢ € Z() with w(|y)(z|) = (z, oy) for all z,y €
H, because (z,y) — w(|y)(z|), # x # — C is a bounded form in the sense

of Note that o is positive by because (z, px) = w(|z)(zx|) > 0 for
all z € . Now, let & be an orthonormal basis for . Since w is normal,

gives s w(1) = 3, s (le)lel) = Yoes (0100) = Yoes /2l 50 that ' =
> ece (Voe, (+),/0e) defines a normal positive functional on %(#) by
Thus, we are done if can show that w’ = w, (because ,/ge is non-zero for at
most countably many e € &). To this end, note that w(|z)(x|) = (\/oz, \/or) =
Yecs (Vom,e) (e, \/or) = Y .cr (VOe, |2) (x| \Joe) = ' (|z)(x]) for each z €
2, and so w(|z)(y|) = w'(|z)(y|) for all z,y € S by polarization, and thus w =
w' by O

In this chapter we’ve studied the algebraic structure of the space B(J) of
bounded operators on a Hilbert space . abstractly via the notion of the C*-
algebra. We've seen not only that every C*-algebra is miu-isomorphic to a
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C*-subalgebra of such a Z(#) (in[30XIV)), but also that any commutative C*-
algebra is miu-isomorphic to the space C'(X) of continuous functions on some
compact Hausdorff space (in 27 XXVII). But there’s more to Z(#) than just
being a C*-algebra: it has the two additional properties of having suprema of
bounded directed subsets (see , and having a faithful collection of normal
functionals (viz. the vector functionals, [25 Ill). This leads us to the study of von
Neumann algebras—the topic of the next chapter.



Chapter 3

Von Neumann Algebras

We have arrived at the main subject of this thesis, the special class of C*-
algebras called von Neumann algebras (see definition [42| below) that are char-
acterised by the existence of certain directed suprema and an abundance of
functionals that preserve these suprema. While all C*-algebras and the cpsu-
maps between them may perhaps serve as models for quantum data types and
processes, respectively, we focus for the purposes of this thesis our attention on
the subcategory W, of von Neumann algebras and the cpsu-maps between
them that preserve these suprema (called normal maps, see , because

s

1. W¥,. is a model of the quantum lambda calculus (in a way that C¥,, i

not, see [125 X|), and

2. we were able to axiomatise the sequential product (b — y/aby/a) in Wi,

(but not in Cf,q,) see (1061

Both these are reserved for the next chapter; in this chapter we’ll (re)develop
the theory we needed to prove them.

The archetypal von Neumann algebra is the C*-algebra Z(¢) of bounded
operators on a Hilbert space J#. In fact, the original [50170] and common [12/43]
definition of a von Neumann algebra is a C*-subalgebra 7 of a Z () that is
closed in a “suitable topology” such as the strong or weak operator topology
(see . Most authors make the distinction between such rings of operators
(called von Neumann algebras) and the C*-algebras miu-isomorphic to them
(called W*-algebras), but we won’t bother and call them all von Neumann
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algebras. Partly because it seems difficult to explain to someone picturing a
quantum data type the meaning of the weak operator topology and the Hilbert
space ¢, we’ll use Kadison’s characterisation [42] of von Neumann algebras
as C*-algebras with a certain dcpo-structure (c.f. [37 IX)) and sufficiently many
Scott-continuous functionals (c.f. as our definition instead, see

But we also use Kadison’s definition just to see to what extent the repre-
sentation of von Neumann algebras as rings of operators (see can be
avoided when erecting the basic theory. Instead we’ll put the directed suprema
and normal positive functionals on centre stage. All the while our treatment
doesn’t stray too far from the beaten path, and borrows many arguments from
the standard texts [4362]; but most of them had to be tweaked in places, and
some demanded a complete overhaul.

The material on von Neumann algebras is less tightly knit as the theory of
C*-algebras, and so after the basics we deal with four topics more or less in
linear order (instead of intertwined.)

The great abundance of projections (elements p with p*p = p) in von Neu-
mann algebras—a definite advantage over C*-algebras—is the first topic. We’ll
see for example that the existence of norm bounded directed suprema in a von
Neumann algebra o/ allows us to show that there is a least projection [a] above
any effect a from <7 given by [a] =/, a'/*" (see; and also that any element
of a von Neumann algebra can be written as a norm limit of linear combina-
tions of projections (in . Many a result about von Neumann algebras can
be proven by an appeal to projections.

The second topic concerns two topologies that are instrumental for the more
delicate results and constructions: the ultraweak topology induced by the normal
positive functionals w: &/ — C, and the wultrastrong topology induced by the
associated seminorms || - ||, (see [42). We'll show among other things that a
von Neumann algebra is complete with respect to the ultrastrong topology and
bounded complete with respect to the ultraweak topology (see .

This completeness allows us to define, for example, for any pair a, b of
elements from a von Neumann algebra & with a*a < b*b an element a/b
with a = (a/b)b (see —this is the third topic. Taking b = v/a*a we ob-
tain the famous polar decomposition a = (a/va*a)+a*a (see which is
usually proven for a bounded operator on a Hilbert space first).

The fourth, and final topic, is ultraweakly continuous functionals on a von
Neumann algebra: we’ll show in[90 Il]that any centre separating collection
of normal positive functionals €2 on a von Neumann algebra completely deter-
mines the normal positive functionals, which will be important for the definition
of the tensor product of von Neumann algebras in the next chapter, see L0811



3.1 The Basics

3.1.1 Definition and Counterexamples

Definition A (C*-algebra .o/ is a von Neumann algebra when

1. every bounded directed subset D of self-adjoint elements of &/ (so D C
/&) has a supremum \/ D in o7, and

2. if a is a positive element of &/ with w(a) = 0 for every normal (see below)
positive linear map w: & — C, then a = 0[]

A positive linear map w: ./ — C is called normal if w(\/ D) = \/,;cpw(d)
for every bounded directed subset of self-adjoint elements of D which has a
supremum \/ D in /.

The ultraweak topology on & is the least topology on &/ that makes all normal
positive linear maps w: &/ — C continuous. The ultrastrong topology on &/
is the least topology on & that makes a — w(a*a) continuous for every np-
map w: & — C.

Remark We work with the ultraweak and ultrastrong topology in tandem,
because neither is ideal, and they tend to be complementary: for example,
a +— a* is ultraweakly continuous but not ultrastrongly (see m point [4),
while a — |a] is ultrastrongly continuous (see but not ultraweakly
point @ This doesn’t prevent the ultraweak topology from being weaker than
the ultrastrong topology: a net that converges ultrastrongly converges ultra-
weakly as well, see To see this, and when dealing with the ultrastrong
topology in general, it is useful to note that every np-functional w on a von
Neumann algebra o gives rise to an inner product [a,b], = w(a*b) and semi-
i

norm |all, = [a,a];/2 =w(a*a)”? (as in |30 ]| and .

Examples

1. C and {0} are clearly von Neumann algebras.

*In other words, the collection of normal positive functionals should be faithful (see[21 II}).
Interestingly, it’s already enough for the normal positive functionals to be centre separating,
but since we have encountered no example of a von Neumann algebra where it wasn’t already
clear that the normal positive functionals are faithful instead of just centre separating we did
not use this weaker albeit more complex condition.
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2. The C*-algebra Z() of bounded operators on a Hilbert space S is
a von Neumann algebra: Z() has bounded directed suprema of self-
adjoint elements by and the vector states (and thus all normal func-
tionals) are order separating (and thus faithful) by

3. The direct sum @, 7 (see|3 V) of a family (% ); of von Neumann algebras
is itself a von Neumann algebra.
(While we’re not quite ready to define morphisms between von Neumann

algebras, we can already spoil that the direct sum gives the categorical
product of von Neumann algebras once we do, see [47 1V])

4. A C*-subalgebra % of a von Neumann algebra 47 is called a von Neumann
subalgebra (and is itself a von Neumann algebra) if for every bounded
directed subset D of self-adjoint elements from % we have \/ D € £
(where the supremum is taken in 7).

5. We'll see in that given a subset S of a von Neumann algebra ./ the
set SY = {a € o Vsec S[as=sa]} called the commutant of S is a
von Neumann subalgebra of &7 when S is closed under involution.

6. We'll see in[491V]that the N x N-matrices over a von Neumann algebra </
form a von Neumann algebra.

7. We'll see in B11X] that the bounded measurable functions on a finite com-
plete measure space X (modulo the negligible ones) form a commutative
von Neumann algebra L™ (X).

Exercise Let o/ be a von Neumann algebra.
1. Show that |w(a)| < ||al|w||w||/* for every np-map w: &7 — C and a € o7

2. Show that when a net (a,)q in & converges ultrastrongly to a € & it
does so ultraweakly, too.

3. Show that an ultraweakly closed subset C' of 7 is also ultrastrongly closed.

Exercise We give some counterexamples in %(£?) to plausible propositions to
sharpen your understanding of the ultrastrong and ultraweak topologies, and
so that you may better appreciate the strange manoeuvres we’ll need to pull off
later on.



. First some notation: given n,m € N, we denote by |n)(m| the bounded

operator on 2 given by (|n)(m|)(f)(n) = f(m) and (In)(m|)(f)(k) = 0
for k #mn and f € (2.

Verify the following computation rules, where k,¢,m,n € N.

[n) (k| ifm=1¢
0 otherwise

(Iny{ml)* = Im)nl,  |n)(m||O)(k| = {

. Show that \/ , S22 [n)(n| = 1.
Conclude that ( |n){n|), converges ultrastrongly (and ultraweakly) to 0.

Thus ultrastrong (and ultraweak) convergence does not imply norm con-
vergence, which isn’t unexpected. But we also see that if a sequence (by,),
converges ultrastrongly (or ultraweakly) to some b, then (||b,||), doesn’t
even have to converge to ||b]|.

(Note that (|n){(n|), resembles a ‘moving bump’.)

. Note that when a net (aq), converges ultrastrongly to a, then (a¥aq )a
is norm-bounded and converges ultraweakly to a*a.

The converse does not hold: show that (already in C) € does not converge
in ,in

ultraweakly (nor ultrastrongly) as n — oo, while 1 = e is norm-
bounded and converges ultraweakly to 1 as n — oo.

. Show that (|0)(n|), converges ultrastrongly (and ultraweakly) to 0.

Deduce that (|n)(0|), converges ultraweakly to 0, but doesn’t converge
ultrastrongly at all.

Conclude that a — a* is not ultrastrongly continuous on %((?).

(This has the annoying side-effect that it is not immediately clear that the
ultrastrong closure of a C*-subalgebra of a von Neumann algebra is a von
Neumann subalgebra; we’ll deal with this by showing that the ultrastrong
closure coincides with the ultraweak closure in [73 VIII})

. Show that the unit ball (Z(£?)); of %(¢?) is not ultrastrongly compact
by proving that (|0)(n|), has no ultrastrongly convergent subnet.

(But we'll see in [771ll| that the unit ball of a von Neumann algebra is
ultraweakly compact.)
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6. Show that |n)(0] 4+ |0)(n| converges ultraweakly to 0 as n — oo, while
(n)(0] + [0){n])? = |0)(0| + |n)(n| converges ultraweakly to |0)(0|.

Conclude that a — a? is not ultraweakly continuous on %(¢?).
Conclude that a, b+ ab is not jointly ultraweakly continuous on Z(£2).
Prove that | |n) (0] 4 |0)(n|| = [0)(0] + |n)(n|.
Conclude that a + |a| is not ultraweakly continuous on (%(¢?))g.
(We'll see in that a — |a| is ultrastrongly continuous on self-adjoint
elements.)

7. Let us consider the two extensions of | - | to arbitrary elements, namely a —
Va*a =:|a|, and a — vaa* =: |a|, (for support and range, c.f.
Prove that |0)(0| + |0)(n| converges ultrastrongly to |0){(0| as n — co.

Show that | |0)(0] + |0)(n||, = [0)(0] + [0){n| + [n)(0] 4+ |n)(n| converges
ultraweakly to |[0)(0] |, = |0)(0| as n — oo, but not ultrastrongly.

Show that | [0)(0] + [0)(n| |, = v/2|0)(0].

Conclude that |-|, and |- | are not ultrastrongly continuous on %(¢?).

8. Show that 1 + |[n)(0| + |0)(n| is positive, and converges ultraweakly to 1
as n — 0o, while the squares 1+ |n)(n|+]0)(0]+2|n) (0] +2 |0)(n| converge
ultraweakly to 1 4 |0)(0] (as n — 00).

Hence a — a? and a — \/a are not ultraweakly continuous on %(£?),.

9. For the next counterexample, we need a growing moving bump, which still
converges ultraweakly. Sequences won’t work here:
Show that n |n)(n| does not converge ultraweakly as n — co.

Show that n|f(n)){f(n)| does not converge ultraweakly as n — oo for
every strictly monotone (increasing) map f: N — N.

So we’ll resort to a net. Let D be the directed set which consists of
pairs (n, f), where n € N\{0} and f: N — N is monotone, ordered by
(n, f) < (m,g) iff n<mand f <g.

Show that the net (n|f(n))(f(n)|)n,rep converges ultrastrongly to 0.

So a net which converges ultrastrongly need not be bounded! (The cure
for this pathology is Kaplansky’s density theorem, see [741V})

Show that % |f(n))(0] converges ultrastrongly to 0 as D > (n, f) — occ.



10.

11.

Show that the product |f(n))(0] = (n[f(n)){f(n)|) (5 [f(n))(0]) does
not converge ultrastrongly as D 3 (n, f) — oo.

Conclude that multiplication a, b+ ab is not jointly ultrastrongly contin-
uous on A(£?), even when b is restricted to a bounded set.

(Nevertheless we’ll see that multiplication is ultrastrongly continuous when a
is restricted to a bounded set in {45 VI})

Show that an, s = L(|f(m)){0] + 0}/ (n)]) + nf(m))((n)] converges ul-
trastrongly to 0 as D > (n, f) — oo, while ai,f does not.

Hence a + a? is not ultrastrongly continuous on %(¢?)g.

Let us show that %(¢?) is not ultraweakly complete.

Show that there is an unbounded linear map f: > — C (perhaps using
the fact that every vector space has a basis by the axiom of choice), and
that for each finite dimensional linear subspace S of ¢2 there is a unique
vector xg € S with f(z) = (xg,y) for all y € S (using |5 IX)).

Consider the net (|e){zg|)s where S ranges over the finite dimensional
subspaces of ¢2 ordered by inclusion, and e is some fixed vector in ¢2
with |le]| = 1.

Let w: #(¢%) — C be an np-map, sow = > (Yn, (+ )yn) for y1,ya,... € 2

with Y [Jyn||? < oo, see[39IX

Show that w(|e)(zs| — |e)(xr|) = (xs —x7, >, Yn (Yn,e)) = 0 when
S and T are finite dimensional linear subspaces of ¢ which contain the

vector Y Yn (Yn,€).
Conclude that (|e){zg|)s is ultraweakly Cauchy.

Show that if (|e){zg|)s converges ultraweakly to some A in Z(¢?), then
we have (e, Ay) = f(y) for all y € 2.

Conclude that (|e)(zs|)s does not converge ultraweakly, and that %(¢?)
is not ultraweakly complete.

(Nevertheless, we’ll see that every von Neumann algebra is ultrastrongly
complete, and that every norm-bounded ultraweakly Cauchy net in a von
Neumann converges, in )
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3.1.2 Elementary Theory

The basic facts concerning von Neumann algebras cccchdgnvuvucvlvnujgbferfth-
ndivnkgbkjveven

relationship between multiplication and the order structure. For exam-
ple, while it is clear that translation and scaling on a von Neumann algebra
are ultraweakly (and ultrastrongly) continuous, the fact that multiplication is
ultraweakly (and ultrastrongly) continuous in each coordinate is less obvious
(see . Quite surprisingly, this problem reduces to the ultraweak continuity
of b — a*ba by the following identity.

Exercise Show that for elements a, b, ¢ of a C'*-algebra,
a*ch = % 22:0 ik (i*a + b)* ¢ (i*a + b).
(Note that this identity is a variation on the polarization identity for inner

products, see [4XV])

Lemma Let (24)aecp be a net of effects of a von Neumann algebra <7, which
converges ultraweakly to 0. Let (by)aep be a net of elements with ||b, || < 1 for
all a. Then (24bs)a converges ultraweakly to 0.

Proof Let w: &/ — C be an np-map. We have, for each «,

|w(Zaba) |? = |w(VTa vVTabs) | since 2, > 0
< w(wy) w(bizaba) by Kadison’s inequality,
< w(zqa) w(biby) since x,, < 1
< w(zy) w(l) since b}b, < 1.

Thus, since (w(zq))q converges to 0, we see that (w(xbq))a converges to 0, and
S0 (Zaba)a converges ultraweakly to 0. U

Exercise Let D be a bounded directed set of self-adjoint elements of a von
Neumann algebra &7, and let a € &7.

Show that the net (d)qep converges ultraweakly to \/ D.

Use m to show that (da)q converges ultraweakly to (\/ D)a, and that (a*d)q
converges ultraweakly to a*(\/ D).

Proposition Let a be an element of a von Neumann algebra /. Then

Viepa*da = a*(\/D)a

for every bounded directed subset D of self-adjoint elements of ..



Proof If a is invertible, then the (by [25 Iy order preserving map b — a*ba has
an order preserving inverse (namely b — (a~1)*ba~1), and therefore preserves
all suprema.

The general case reduces to the case that a is invertible in the following way.
There is (by [11VI) A > 0 such that A\ 4 a is invertible. Then as d increases

a*da = A+a)*d(\+a) — N2d — \a*d — \da

converges ultraweakly to a* (\/ D) a, because ( (A + a)*d (X + a) )q converges
ultraweakly to (A +a)* (\/ D) (A + a) by [X] and [V and (a*d + da)4 converges
ultraweakly to a*(\/ D) + (\/ D)a by Since (a*da)q converges to \/ . a*da
too, we could conclude that \/ ;. , a* da = a* (\/ D) a if we would already know
that the ultraweak topology is Hausdorff. At the moment, however, we must
content ourselves with the conclusion that w(a*(\/ D)a — \/ cpa*da) = 0 for
every np-functional w on 7. But since a*(\/ D)a — \/ ¢ p a*da happens to be
positive, we conclude that a*(\/ D)a —\/,c, a*da = 0 nonetheless. O

Exercise Show that the set of np-functionals on a von Neumann algebra &7 is
not only faithful but also order separating using 30X Deduce

1. that the ultraweak and ultrastrong topologies are Hausdorff,
2. that &7, , @& and [0, 1], are ultraweakly (and ultrastrongly) closed,

3. and that the unit ball (&), is ultrastrongly closed.
(We’ll see only later on, in[73 VIII|, that (<) is ultraweakly closed as well.)

Exercise Let D be a directed subset of self-adjoint elements of a von Neumann
algebra &7, and let a € &

Show that if ad = da for all d € D, then a(\/ D) = (\/ D)a.

Use m to show that (\/ D — d)? converges ultraweakly to 0 as D > d — oc.
Conclude that (d)4ep converges ultrastrongly to \/ D.

Exercise Show that for a positive linear map f: &/ — % between von Neumann
algebras, the following are equivalent.

1. f is ultraweakly continuous;
2. f is ultraweakly continuous on [0, 1] ;

3. f(V D)=V cp f(d) for each bounded directed D C .o;
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4. wo f: &/ — C is normal for each np-map w: #Z — C.

In that case we say that f is normal.
Conclude that b — a*ba, &/ — & is ultraweakly continuous for every ele-
ment a of a von Neumann algebra <.

Exercise Show that if a positive linear map f: &/ — % between von Neumann
algebras is ultrastrongly continuous (on [0,1]s), then f is normal. (Hint: use
that a bounded directed set D C o converges ultrastrongly to \/ D.)

The converse does not hold: give an example of a map f which is normal,
but not ultrastrongly continuous. (Hint: transpose.)

Proposition An ncp-map f: &/ — % between von Neumann algebras is ultra-
strongly continuous.

Proof To show that f is ultrastrongly continuous it suffices to show that f is
ultrastrongly continuous at 0. So let (b, )a be a net in & which converges ultra-
strongly to 0; we must show that (f(by))s converges ultrastrongly to 0, viz. that
(f(ba)* f(ba) )a converges ultraweakly to 0. Since f(ba)* f(ba) < f(b10a)]|f (D)l
by it suffices to show that ( f(b%b,))a converges ultraweakly to 0, but
this follows from the facts that f is ultraweakly continuous and (b%bs)a con-
verges ultraweakly to 0 (since (b, )n converges ultrastrongly to 0). O

Exercise Let o/ be a von Neumann algebra. Conclude (using |E| and that

the map a — b*ab, o — & is ultrastrongly continuous for every element b € <.
Use this, and to show that b — ab, ba: & — & are ultraweakly and

ultrastrongly continuous for every element a of a von Neumann algebra 7.

We saw in that the multiplication on a von Neumann algebra is not jointly
ultraweakly continuous, even on a bounded set. Neither is a,b — ab jointly
ultrastrongly continuous, even when b is restricted to a bounded set; but it s
jointly ultrastrongly continuous when a is restricted to a bounded set:

Proposition Let (ay)s and (by)s be nets in a von Neumann algebra o/ with
the same index set that converge ultrastrongly to a,b € <7, respectively. Then
the net (aqabq)a converges ultrastrongly to ab provided that (aq)q is bounded.

Proof Let w: &/ — C be an np-functional. Since

llab — agballe < (@ —aa)bllw + [laa(b = ba)llw
< |

a— oo yp) + llaallllb— ballw

vanishes as a — 0o, we see that (aqba)q converges ultrastrongly to ab. [



We can now prove a bit more about the ultrastrong and ultraweak topologies.

Exercise Show that a net (b, )q in a von Neumann algebra o/ converges ultra-
strongly to an element b of o/ if and only if both b6, — b*b and b, — b
ultraweakly as a — oo.

Exercise Show that for a positive linear map w: &/ — C on a von Neumann
algebra <7 the following are equivalent

1. w is normal;
2. w is ultraweakly continuous;

3. w is ultrastrongly continuous.

(Hint: combine and [4511])

Enter the eponymous hero(s) of this thesis.

Definition We denote the category of normal cpsu-maps by WY,.,, and its
subcategory of nmiu-maps by W2,,. (We omit the “N” for the sake of brevity.)

Though arguably W}, is a good candidate for being called the category of
von Neumann algebra, the title of this thesis refers to W,.,. Indeed, it’s the
ncpsu-maps between von Neumann algebras that stand to model the arbitrary
quantum processes, and it’s the category of these quantum processes we want to
mine for abstract structure. This is mostly a task for the next chapter, though.
For now we’ll just establish that W, has all products, certain equalisers,

and that (W}, )P is an effectus, see

Exercise Show that given a family (< ); of von Neumann algebras the direct sum
D, from is a von Neumann algebra and the projections 7;: @, <% — <7}
are normal. Moreover, show that this makes €, 7 into the product of the <7

in the categories W, and W7, (see |10 VIl and [34 V).

Exercise Show that given nmiu-maps f,g: & — % between von Neumann al-
gebras the set & := {a € &: f(a) = g(a) } is a von Neumann subalgebra of o7
and the inclusion e: & — &7 is the equaliser of f and g in the categories W},

and WL, (see[L0 VI and 34 VI)).

Let us briefly indicate what makes (W, )P an effectus; for a precise formula-
tion and proof of this fact we refer to [2.7] (or [I80V} [180 V11| and [180 X] ahead).
Note that the sum f + g of two ncpsu-maps f,g: &/ — % between von Neu-
mann algebras is again an ncpsu-map iff f(1)+g¢(1) < 1. The partial addition on
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ncpsu-maps thereby defined has, aside from some fairly obvious properties (sum-
marized by the fact that the category W, is PCM-enriched), the following
special trait: given ncpsu-maps f: & — 2 and g:  — 2 with f(1)+g(1) <1
we may form an ncpsu-map [f,g]: & X B — D by [f,g](a,b) = f(a) + g(b),
and, moreover, every ncpsu-map ¢ X & — 2 is of this form. This observation,
which gives the product of W}, a coproduct-like quality without forcing it to
be a biproduct (which it’s not), makes (W3,,)° a FinPAC (see[180 VII).
For (W¥,4,)% to be an effectus, we need a second ingredient: the complex
number C. Since the ncpsu-maps p: C — & are all of the form A — Aa for some
effect a € [0,1] o, the ncpsu-maps p: C — & (called predicates in this context)
are not only endowed with a partial addition, but even form an effect algebra.
This, combined with the observation that an ncpsu-map f: & — % is constant
zero iff f(1) =0, makes (W) an effectus in partial form (see [L80 VII).

As you can see, there’s nothing deep underlying (W, )°? being an effectus.
In that respect effectus theory resembles topology: just as a topology provides
a basis for notions such as compactness, connectedness, meagreness, and homo-

topy, so does an effectus provide a framework to study aspects of computation

such as side effects (223 1l)) and purity (173 VII).

Let us quickly prove that every von Neumann algebra is isomorphic to a von
Neumann algebra of operators on a Hilbert space (see [VIII]).

Exercise Let 2 be a collection of np-functionals on a von Neumann algebra %
that is faithful (see[211l)). Show that a positive linear map f: & — % is normal
iff w o f is normal for all w € Q.

Proposition Given an np-map w: &/ — C on a von Neumann algebra o7, the
map o,: & — B(H,) from |30 VI is normal.

Proof Since by definition of 7%, the vectors of the form 7, (a) where a € &7 are
dense in 77, the vector functionals (n,(a), (- )n,(a)) form a faithful collection
of np-functionals on (). Thus by [[] it suffices to show given a € &/ that

Mw(a), 0w (- )Nw(a)) = w(a*(-)a) is normal, which it is, by [44 VIII O

Exercise Show that the map gq from [301X|is normal for every collection §2 of
np-maps &/ — C on a von Neumann algebra o7

Lemma Let f: & — 9% be an injective nmiu-map between von Neumann
algebras. Then the image f(&/) is a von Neumann subalgebra of %, and f
restricts to a nmiu-isomorphism from & to f(&7).

Proof We already know by 29 IX|that f(%7) is a C*-subalgebra of &7, and that f



restricts to a miu-isomorphism f’: & — f(&). The only thing left to show
is that f(«7) is a von Neumann subalgebra of %, because a miu-isomorphism
between von Neumann algebras (being an order isomorphism) will automatically
be a nmiu-isomorphism. Let D be a bounded directed subset of f(<). Note
that S := (f")~1(D) is a bounded directed subset of &, andso\/ D = \/ f(S) =
f(VS), because f is normal. Thus \/ f(D) € f(&7), and so f(&) is a von
Neumann subalgebra of 4. O

Theorem (normal Gelfand—Naimark) Every von Neumann algebra & is nmiu-
isomorphic to von Neumann algebra of operators on a Hilbert space.

Proof Recall that an element a € & is zero iff w(a) = 0 for all np-maps
w: o — C. It follows that the collection Q of all np-maps &/ — C obeys
the condition of and so the miu-map pq: & — B(H#a) (from is
injective. Since pq is also normal by [V we see by [VI| that o restricts to a
nmiu-isomorphism from & to the von Neumann subalgebra pq (%) of B(.74).
O

3.1.3 Examples

Matrices over von Neumann algebras

We'll show that the C*-algebra of N x N-matrices My (<) over a von Neumann
algebra o7 is itself a von Neumann algebra, and to this end, we prove something
a bit more more general.

Theorem Given a von Neumann algebra <7, the C*-algebra %*(X) (32 XIll|) of
bounded adjointable module maps on a self-dual (36 I)) Hilbert «/-module X is a
von Neumann algebra, and (x, (-)x) : $%(X) — & is normal for every z € X.

Proof We'll first show that a bounded directed subset 2 of #%(X)g has a
supremum (in #%(X)g). To obtain a candidate for this supremum, we first
define a bounded form [, -]: X x X — & in the sense of and apply
To this end note that given z € X the subset {(z,Tx): T € 2} of o is
bounded and directed, and so (since &7 is a von Neumann algebra) has a supre-
mum. Since the the net ((x,Tz) )recy converges ultraweakly to this supremum
by we see that (y,Tz) = L350 i* (y+i*2, T(y +i*2)) converges ul-
traweakly to some element [y,z] of & as T — oo for all y,z € X, giving
us a form [-, -] on X. Since ||(y, T2)|| < suppeq [T ||lylll|z]| for all T € 2
by and thus [|/[y, z]|| < suppcq |T]|[ly]|||2] for all y,z € X, we see that
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the form [, -] is bounded. Since X is self dual, there is by S e #(X)
with [y, z] = (y, Sz) for all y, z € X; we’ll show that S is the supremum of 2.
To begin, given T' € Z we have (z,Tx) < \/ /ey (x,T'2) = [2,2] = (z, Sx)
for all x € X, and so T < S by 32XV} that is, S is an upper bound for 2.
Given another upper bound S’ € #B%(X)g of Z (so T < S for all T € 2) we
have (z,Tx) < (z,58'z) and so (z,S7) = [v,2] = ey (v, Tx) < (2,5'7)
for all x € X implying that S < S’. Hence S is the supremum of & in
#*(X)r. Note that since (x,Sz) = /ey (2, T2) we immediately see that
(x,()x) : B*(X) — o preserves bounded directed suprema for every z € X.
It remains to be shown that there are sufficiently many np-functionals on
P*(X) in the sense that T € (B%(X))+ is zero when w(T') = 0 for every np-
functional w: $%(X) — C. This is indeed the case for such an operator T
because £({x,(-)z)) is an np-functional on £*(X) for every © € X and an
np-functional ¢: &7 — C, implying that £({z,Tz)) = 0, and (z,Tx) = 0, and
so T =0. (]

IV Exercise Let o/ be a von Neumann algebra, and let N be a natural number.

1. Show that the C*-algebra My («7) of N x N-matrices over o (see[33)) is
a von Neumann algebra.

2. Show that the map A — Zij ajAija;: Myo/ — &/ is normal and com-

pletely positive, and that the map A — Zij ajAiibj: Myo/ — o is ul-
trastrongly and ultraweakly continuous for all a1, ...,anx,b1,...,b5 € .
In particular, A — A;;: Mya/ — o is ultraweakly and ultrastrongly

continuous for all ¢, j.

Show that a net (A, )q in My o/ converges ultraweakly (ultrastrongly) to
B e My iff (An)i; converges ultraweakly (ultrastrongly) to B;; as o —
oo for all i, j.

3. Given an ncp-map f: &/ — % between von Neumann algebras, show that
the cp-map My f: Myo/ — MyZ from is normal.
Commutative von Neumann algebras

50  Another important source of examples of von Neumann algebras is measure
theory: we’ll show that the bounded measurable functions on a finite complete



measure space X form a commutative von Neumann algebra L°°(X) when func-
tions that are equal almost everywhere are identified (see [611X). In fact, we’ll
see in that every commutative von Neumann algebra is nmiu-isomorphic
to a direct sum of L>°(X)s. This is not only interesting in its own right, but will
also be used in the next chapter to show that the only von Neumann algebras
that can be endowed with a ‘duplicator’ are of the form ¢°°(X) for some set X

(see [127 111)).

We should probably mention that L (X) can be defined for any measure
space X, and is precisely a von Neumann algebra when X is localisable see [63].
This has the advantage that any commutative von Neumann algebra is nmiu-
isomorphic to a single L (X) for some localisable measure space X, but since
it has no other advantages relevant to this text we restrict ourselves to complete
finite measure spaces.

We’ll assume the reader is reasonably familiar with the basics of measure
theory, and we’ll only show a selection of results that we deemed important. For
the other details, we refer to volumes 1 and 2 of [16]. Nevertheless, we’ll recall
some basic definitions to fix terminology, which is sometimes simpler than in [16]
(because we're dealing with finite complete measure spaces), and sometimes
modified to the complex-valued case (c.f. 133C of [16]). A motivated reader will
have no problem adapting the results from [16] to our setting.

Let X be a finite and complete measure space. We’'ll denote the o-algebra of
measurable subsets of X by Y x, and the measure by pux: Xx — [0,00) (or p
when no confusion is expected). That X is finite means that p(X) < oo (which
doesn’t mean that the set X is finite), and that X is complete means that every
subset A of a negligible subset B of X is itself negligible. (Recall that N C X is
negligible when N € ¥x and p(N) = 0.) A function f: X — C is measurable
when the inverse image f~1(U) of any open subset U of C is measurable (which
happens precisely when both © — f(z)r, z — f(2)1: X — R are measurable
in the sense of 121C of [16]). An important example of a measurable function
on X is the indicator function 14 of a measurable subset A of X (which is equal
to 1 on A and 0 elsewhere.)

The bounded measurable functions f: X — C form a C*-subalgebra of CX that
we’ll denote by £°(X). The space £°(X) is not only closed with respect to
the (supremum) norm on CX, but also with respect to coordinatewise limits
of sequences (c.f. 121F of [16]). As a result, the coordinatewise (countable)
supremum \/,, f,, of a bounded ascending sequence f; < fo < --- in L%(X)g is
again in £°°(X), and is fact the supremum of (f,,), in £°(X). However L>(X)
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might still not be a von Neumann algebra because not every bounded directed
subset of £°°(X)g might have a supremum as we’ll show presently; this is why
we’ll move from £°(X) to L°°(X) in a moment.

For a counterexample to £%°(X) being always a von Neumann algebra we
take X to be the unit interval [0,1] with the Lebesgue measure. Let A be
a non-measurable subset of [0, 1] (see 134B of [16]). The indicator functions 1p
where F is a finite subset of A form a bounded directed subset D of £>([0, 1])r
that—so we claim—has no supremum. Indeed, note that since f € £([0, 1])r
is an upper bound for D iff 14 < f, the least upper bound h for D would be
the least bounded measurable function above 14. Surely, h # 14 for such h
(because otherwise A would be measurable), so h(x) > 14(x) for some = € [0, 1].
But then h — (h(x) —14(x))11, < his an upper bound for D too contradicting
the minimality of h. Whence £°°([0,1]) is not a von Neumann algebra.

To deal with L*°(X) we need to know a bit more about £%°(X), namely that
the measure on X can be extended to a an integral [: £>°(X) — C (see 122M
of [16])|I| with the following properties.

1. [(14) = p(A) for every measurable subset A of X.
2. [: £*(X) — Cis a positive linear map (see 1220 of [16]).

3. [V, fn=V\,, [ fn for every bounded sequence fi < fo < -+ in L(X)g.
(This is a special case of Levi’s theorem, see 123A of [|16].)

Unsurprisingly, the integral interacts poorly with the uncountable directed suprema
that do exist in £°(X): for example, the set D :={ f € [0,1]z(x): [f =0}

is directed, bounded, and has supremum 1, but \/;cp [f =0 <1 = [V D.
What is surprising is that the lifting of [ to L°°(X) will be normal.

But let us first define L>*°(X). We say that f,g € £°(X) are equal almost
everywhere and write f ~ ¢ when f(z) = g(x) for almost all z € X (that is,
{x € X: f(x) # g(x) } is negligible). It is easily seen that & is an equivalence
relation; we denote the equivalence class of an function f € £°(X) by f°, and
the set of equivalence classes by L™ (X) :={ f°: f € £>°(X) }, which becomes
a commutative C*-algebra when endowed with the same operations as £ (X),

TNote that every element of £>°(X) being bounded is integrable by 122P of [16].



but with a slightly modified norm given by, for f = f° € L>*(X),

[fll = min{|lg|l: g € £L(X) and g° =}
= min{ A > 0: |f(z)] < A for almost all x € X }.

This is called the essential supremum norm. To see that L°°(X) is complete
one can use the fact that £°°(X) is complete in a slightly more general sense
than discussed before: when a bounded sequence f1, fo, ... in £L°(X) converges
coordinatewise for almost all x € X to some bounded function f: X — C, this
function f is itself measurable (and so f € £L>®(X), c.f. 121F of [16]).

Another consequence of this is that a bounded ascending sequence fy <
fs <+ in L°(X) (so f1, fo,... € L2(X), and fi(z) < fa(x) < --- for almost
all z € X) has a supremum \/,, f7 in £°°(X). Indeed, we'll have \/,, f5; = g° for
any bounded map g: X — C with g(z) =/, fu(x) for almost all z € X.

Now, let us return to the integral. Since [ f = [g for all f,g € £>(X) with
f ~ g we get a map [: L®(X) — C given by [ f° = [f. Clearly, [ is
positive and linear, and by (a slightly less special case of) Levi’s theorem (123A
of [16]) we see that [\, f, =V, [, for any bounded ascending sequence
fi <fo <o+ in L(X)g. Note that [: L>(X) — C is also faithful, because
if [ f°=[f=0forsome f € L>®(X), then f(z) =0 for almost all € X, and
so f° = 0. Now, the fact that L>°(X) is a von Neumann algebra follows from
the following general and rather surprising observation.

Proposition Let & be a C*-algebra, and let 7: &/ — C be a faithful positive
map. If every bounded ascending sequence a1 < as < - - - of self-adjoint elements
from 7 has a supremum \/, a,, (in «&) and 7(\/,, an) =V,, 7(ay,), then & is a
von Neumann algebra, and 7 is normal.

Proof Our first task is to show that a bounded directed subset D of self-adjoint
elements of &7 has a supremum \/ D in o%. Since \/,. 7(d) is a supremum
in R we can find a; < ag < --- in D with \/, 7(a,) = Ve p 7(d). We'll show
that \/,, a, is the supremum of D. Surely, any upper bound of D being also
an upper bound for a; < ag < --- is above \/, a,, so the only thing that we
need to show is that \/ a, is an upper bound of D. So let b € D be given.
The trick is to pick a sequence by < by < --- in D with b < b; and a,, < by,
for all n (which exists on account of D’s directedness). Then \/, a, <V, by,
and Ve 7(d) = V,, 7(an) = 7V, a) < 7(V, b ) = V,, 7(ba) < Ve 7(d),
so 7(V,, an) = 7(V,, bn ), which implies that \/, a, =\, b, as 7 is faithful.
Since then b < by <V, by =V,, @, we see that \/,, a, is an upper bound (and
thus the supremum) of D. Moreover, since \/ o, 7(d) < 7(\/ D) = 7(\/,, an) =
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V,7(an) < Vaep 7(d), we see that \/, ., 7(d) = 7(\/ D), and so 7 is normal.
Since 7 is faithful and normal, &/ is a von Neumann algebra. O

Corollary Given a finite complete measure space X the C*-algebra L>=°(X) is a
commutative von Neumann algebra, and the assignment f — [ f gives a faithful
normal positive map [: L>(X) — C.

We’ll show that any commutative von Neumann algebra o7 that admits a faithful
np-functional w: &/ — C is nmiu-isomorphic to L (X) for some finite complete
measure space X . It makes sense to regard this result as a von Neumann algebra
analogue of Gelfand’s theorem for commutative C*-algebras, (see 27 XXVII}—
that any commutative C*-algebra is miu-isomorphic to C(Y") for some compact
Hausdorff space Y.) But one should not take the comparison too far too lightly:
while Gelfand’s theorem readily yields a clean equivalence between commutative
C*-algebras and compact Hausdorff spaces (see , the fact that L>°(X;) =
L>(X,) for finite complete measure spaces X; and X5 does not even imply
that X; and X5 have the same cardinalityﬂ Obtaining an equivalence between
commutative von Neumann algebras and measure spaces is nonetheless possible
after a suitable non-trivial modification to the category of measure spaces (as
is shown by Robert Furber in as of yet unpublished work.)

We obtain our finite complete measure space X from the commutative von
Neumann algebra o/ by taking for X the compact Hausdorff space sp(«/) of
all miu-functionals on &/, and declaring that a subset A of X = sp(&) is
measurable when A is clopen up to a meagre subset (defined below, |E[) It takes
some effort to show that this yields a o-algebra in sp(</), and that the faithful
np-functional w: &/ — C gives a finite complete measure on sp(«?), but once
this is achieved it’s easily seen that & = C(sp(&/)) = L (sp(#)).

Definition Let X be a topological space.

1. A subset A of X is called meagre when A C Un B,, for some closed subsets
By € By C -+ of X with empty interior (so B = @ for all n.)

2. Given A, B C X we write A~ B when AU B\ AN B is meagre.

fIndeed, one may take X to be a measure space consisting of a single non-negligible point
(so X1 = {*} and p(X1) # 0), while letting X2 be a measure space on an uncountable set
formed by taking for the measurable subsets of X2 the countable subsets and their comple-
ments, by making the countable subsets negligible, and by giving all cocountable subsets the
same non-zero measure. Then all measurable functions on X7 and on X5 are constant al-
most everywhere, (because in X1 and X3 there are no two non-negligible disjoint measurable
subsets,) so that L (X;) =2 C = L*°(X>).



3. We say that A C B is almost clopen when A = C' for some clopen C' C X.

Exercise Given a topological space X, verify the following facts.
1. A countable union | J,, A;,, of meagre subsets A;, As,... C X is meagre.
2. A subset of a meagre set is meagre.

3. U =~ U for every open subset U of X.
(Hint: show that U\U is closed with empty interior.)

4. UnAn%Uan for all Al,Ag,...,Bl,Bg,...ngith An%Bn-
5. AA\B~ A'\B' for all A,A’",B,B" C X with A~ A’ and B~ B'.

6. If A, B C X are almost clopen, then AU B and A\B are almost clopen.

The fact that the almost clopen subsets of the spectrum sp(7) of a commutative
von Neumann algebra o are closed under countable unions (and thus form a
o-algebra) relies on a special topological property of sp(«?) that is described
in [ below.

Exercise Let o/ be a commutative von Neumann algebra. Using the fact
that the Gelfand representation 7y : & — C(sp(«/)) from is a miu-
isomorphism by and thus an order isomorphism, show that C(sp(#))
is a commutative von Neumann algebra that is nmiu-isomorphic to &7 via 7.

Proposition The spectrum sp(«/) of a commutative von Neumann algebra o/
is extremally disconnected: the closure U of an open subset U of sp(&/) is open.

Proof (Based on §6.1 of |69].)

Let U be an open subset of sp(&/), and let 1y be the indicator function
of U. The set D ={f € C(sp(&)): f < 1y } is directed and bounded and so
has a supremum \/ D in C(sp(&/)) since C(sp(«#)) is a von Neumann algebra
by E Note that 0 < \/ D < 1. We'll prove that \/ D = 1, because this entails
that 1z is continuous, so that U is both open and closed.

Let © € U be given. By Urysohn’s lemma (see 15.6 of 76|, using here
that sp(&”) being a compact Hausdorff space, is normal by 17.10 of |76])
there is f € [0, 1]¢(sp(ary) With f(z) = 1 and f(y) = 0 for all y € sp(X)\U. It
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follows that f € D, and f < VD < 1, so that 1 = f(z) < (VD)(z) < 1,
and (\/ D)(z) = 1. By continuity of \/ D, we get (\/ D)(z) =1 for all z € U.

Let y € sp(«/)\U be given. Again by Urysohn’s lemma there is f €
[0, 1]c(sp(ery) With f(y) = 0 and f(z) = 1 for all z € U. Since g < 1y < f
for every g € D, we get VD < f, and so 0 < (V D)(y) < f(y) = 0, which
implies that (\/ D)(y) = 0. Hence (\/ D)(y) =0 for all y € sp(«)\U.

All in all we have \/ D = 1, and so U is open. |

Corollary The almost clopen subsets of an extremally disconnected topological
space X form a o-algebra.

Proof In light of it remains only to be shown that the union J,, 4,
of almost clopen subsets Aj, As,... is almost clopen. Let C1,Cs,... C X be
clopen with A,, ~ C,, for each n. Then (J,, 4, =~ |J, Crn, and C := |J,, Cy, is
open (but not necessarily closed). Since C' ~ C (by7 and C is clopen (as

X is extremally disconnected) we get J,, An, = C, so J,, A, is almost clopen.[]

The final ingredient we need to prove the main result, of this section is
the observation that an almost clopen subset of a compact Hausdorff space
is equivalent to precisely one clopen, which follows from the following famous
theorem.

Baire category theorem A meagre subset of a compact Hausdorff space has
empty interior.

Proof Let A be a meagre subset of a compact Hausdorff space X. So there are
closed By C By C ... with A C |J,, By, and By, = @ for all n. ThenU,, := X\B,
is an open dense subset of X for each n. Since A° C (UJ,, Bn)° = X\(N,,Un)
it suffices to show that (1, U, is dense in X. That is, given a non-empty open
subset V' of X we must show that V N, U, # @.

Write Vi := V. Since U; is open and dense, and V; is open and not empty,
we have Uy N'V; # @. Since X is regular (see e.g. [76]) we can find an open
and non-empty subset V5 of X with Vo C U; N'V;. Continuing this process we
obtain non-empty open subsets V. =V; D Vo D -+ of X with V,,.1 CU, NV,
foralln, and so Vi D V3 D Vy D Vo D ---. Since X is compact, N, V,, can
not be empty, and neither will be V.N (", U, 2, V. O

Lemma For open subsets U and V of a compact Hausdorff space X,

UrV <+— U~rV < U=V.



Proof As U ~ U by the only thing that is not obvious is that U ~ V =
U = V. So suppose that U ~ V. Then U\V is empty, because it is an open
subset of the meagre set UV \ UNV (which has empty interior by IE) In other
words, we have U C V, and thus U C V. Similarly, V C U, andso V =U. [0

Corollary Given an almost clopen subset A of a compact Hausdorff space X
there is precisely one clopen C with A ~ C.

Proof When C ~ A =~ C’ for clopen subsets C,C’ C X, we have C = C’, and
so C=C"by[V] O

Interestingly, a compact Hausdorff space is extremally disconnected iff each of
its open subsets is “measurable” in the sense of being almost clopen:

Proposition A compact Hausdorff space X is extremally disconnected iff every
open subset of X is almost clopen.

Proof If X is extremally disconnected, and U is open subset of X, then U is
clopen, and U ~ U by giving us that U is almost clopen.

Conversely, suppose that each open subset of X is almost clopen. To show
that X is extremally disconnected we must show that U is open g‘lven an open
subset U of X. Pick a clopen C' with U ~ C. Then U ~ U ~ C (by [521ll), and
so U = C by |IV]

Theorem Let &/ be a commutative von Neumann algebra 7. Recall that the
Gelfand representation 7. : & — C(sp(«/)) is a nmiu-isomorphism (by [5311)),
C(sp(&)) is a von Neumann algebra, and that the almost clopen subsets (s
of sp(&/) form a c-algebra.

Given a faithful np-functional w: &/ — C there is a (unique) measure pu
on the almost clopen subsets of sp(«7) such that p(A) = 0 iff A is mea-
gre, and u(C) = w(y,'(1¢)) for every clopen subset C' of sp(#/); and this
turns sp(«/) into a finite complete measure space.

With respect to this measure space a bounded function f: sp(«/) — C is
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measurable iff f is continuous almost everywhere. Moreover, f — f°: C(sp(&)) —

L*>®(sp(&/)) is a nmiu-isomorphism, and [ f° = w(vy,'(f)) for all f € C(X).
All in all, we get the following commuting diagram.

4>L°° (sp(#))

N
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Proof By we know that given an almost clopen subset A of sp(&/) there is a
unique clopen C4 with A ~ C4, and so we may define p(A) := w(v,'(1c,)). Tt
is easily seen that p is finitely additive. Further u(A) = 0 for every meagre A C
X, and so u(A) = p(B) when A ~ B. Conversely, an almost clopen subset A
of & with u(A) = 0 is meagre, because for the unique clopen C with A ~ C|
we have w(v,,' (1¢)) = u(A) = 0, so that 1¢ = 0 and thus C = @—using here
that w is faithful.

To show that y is a measure, it suffices to prove that A, pu(A,) = 0 given A; D
Ay D - with N, A, = @. To do this, pick clopen subsets C1,Cy, ... of sp(#)
with A, ~ C, for all n. Then A, u(4,) = A, u(Cy) = w(v, (A, 1lc,))—
using here that w is normal. So to prove that A 1(A,) = 0 it suffices to show
that A, 1o, = 0, that is, given a lower bound f of the 1¢, in C(sp(#))r
we must show that f < 0. Note that for such f we have f(z) < 0 for
all z € X\, Cn. Then f(z) <0 for all z € X if we can show that X\, Cy
is dense in X. But this indeed the case since 1, C, = [),, A, = @ is meagre,
and therefore has empty interior (by |E[) Whence p is a measure. Note that u
is finite, because p(sp(«)) = w(l) < oo, and complete, because a subset of a
meagre set is meagre.

Let h: sp(«/) — C be a bounded function. We’ll show that h is continuous
almost everywhere iff h is measurable. Surely, if h is continuous (everywhere),
then h is measurable (since every open subset U of sp(«/) is almost clopen,
. So if h is continuous almost everywhere, then h is measurable too. For
the converse, it suffices to show that ¢o: h — h°: C(sp(&)) — L (sp(&))
is surjective. To this end, note first that o is injective, because a continuous
function on sp(«?) that is zero almost everywhere, is non-zero on a meagre set,
and by [l zero on a dense subset, and so is zero everywhere. Since the image of
the injective miu-map p is norm closed in order to show that g is surjective it
suffices to show that image of g is norm dense in L°°(X). This is indeed the case
since the elements of L>°(sp(«)) of the form »7 A,15 where Ay,..., Ay € C
and Aj,..., Ayx are measurable (i.e. almost clopen) subsets of sp(27) are easily
seen to be norm dense in L (sp(«)) (c.f. 2431 of [16]), and are in the range
of g, because given an almost clopen A C sp(«/) and a clopen C with A ~ C
we have 1 = 1% and 1¢ € C(sp(«/)). Hence p is surjective.

It remains to be show that [ f° = w(v,'(f)) for all f € C(sp(</)), that is,
[ =wo~v, oo By the previous discussion the linear span of the elements
of L>=°(sp(«?)) of the form 1%, where C' is (not just measurable but) clopen,
is norm dense in L>®(sp(#)). Since [1c = p(C) = w(v,'(07*(12)) for all



clopen C, and both [ and wo 7;{1 o o~ ! are linear and bounded, we conclude

that f =wo 'y&l oo~ !, and so we are done. ]

To deduce from this that all commutative von Neumann algebras (and not just
the ones admitting a faithful np-functional) are nmiu-isomorphic to direct sums
of the form @, L>°(X;) where the X; are finite complete measure spaces we
first need some basic facts concerning the projections of a commutative von
Neumann algebra.

3.2 Projections

One pertinent feature of von Neumann algebras is an abundance of projections:
above each effect a there is a least projection [a] we call the ceiling of a (561);
for every np-map w: &/ — % between von Neumann algebras there is a least
projection p with w(pt) = 0 called the carrier of w (see ; the directed
supremum of projections is again a projection; the partial order of projections
is complete (see ; and each element of a von Neumann algebra is the
norm limit of linear combinations of projections (see . We’ll prove all this
and more in this section.

Definition An element p of a C*-algebra is a projection when p*p = p.

Examples
1. The only projections in C are 0 and 1.

2. Given a measurable subset A of a finite complete measure space X the
indicator function 14 is a projection in L*°(X), and every projection
in L>°(X) is of this form.

3. Given a closed linear subspace C of a Hilbert space 5# the inclusion
E: C — 5 is a bounded linear map, and Pg := EE*: ¢ — 5 is a
projection in (), and every projection in B(J) is of this form.

Exercise Show that in a C*-algebra:
1. 0 and 1 are projections.
2. A projection p is an effect, that is, p* = pand 0 < p < 1.

3. The orthocomplement p~ = 1 — p of a projection p is a projection.
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4. An effect a is a projection iff aat = 0.

Lemma Let a be an element of a C*-algebra & with ||a|| < 1, and let p and ¢
be projections on 7. Then a*pa < ¢* iff pag = 0 iff aga™ < p*.

Proof Suppose that a*pa < ¢*. Then we have ga*paq < qq*q = 0 (see[25 1)) and
so paq = 0, because ||paq||* = ||(paq)*paq| = 0 by the C*-identity. Applying
(-)*, we get ga*p = 0, and so both qa* = qa*p* and aq = ptagq, giving us
aqa* = praga*pt < pt, where we used that aga* < aa* < |laa*|| = [|a/? < 1.
By a similar reasoning, we get aga* < pt = pag=0 = a*pa < ¢*. (Il
Exercise Let a be an effect of a C*-algebra <7, and p be a projection from <.

Show that a < p iff py/a = Va iff Vap = a iff pty/a = 0 iff \Japt = 0 iff
a? < piff pa = a iff ap = a iff pta = 0 iff apt = 0 iff /a < p.
Shovvthautpgaiffp\/&:pif]?\/&p:piﬂ:"p\/ﬁj':OiﬂF\/cfzJ'pzoiﬂ?pga2
iff ap = p iff pa = p iff pat = 0 iff atp = 0 iff p < (/.

Lemma An effect a of a C*-algebra <7 is a projection iff the only effect below a
and at is 0.

Proof On the one hand, if a is a projection, and b is an effect with b < a
and b < a, then atb =0 and ab = 0 by and so b = ab+ atb=0. On the

other hand, if 0 is the only effect below both a and a*, then aat = \/aa*+/a
being an effect below a, and below a', is zero, and so a is projection, by O

Definition We say that projections p and ¢ from a C*-algebra <7 are orthogonal
when pg = 0, and we say that a subset of projections from & is orthogonal (and
its elements are pairwise orthogonal) when all p and ¢ from E are either equal
or orthogonal.

Exercise Let o/ be a C*-algebra.
1. Show that projections p and ¢ from 7 are orthogonal iff pg = 0 iff gp = 0
iff pgp=0iff p+¢q < 1iff p < gt iff p+ ¢ is a projection.
2. Show that a finite set of projections pi,...,p, from & is orthogonal
iff Y, pi <1iff Y, p; is a projection.
Show that, in that case, >, p; is the least projection above py,...,py.

XIV Exercise Let p and ¢ be projections from a C*-algebra with p < q.

Show that ¢ — p is a projection (either directly, or using [XIII).



3.2.1 Ceiling and Floor

Proposition Above every effect b of a von Neumann algebra <7, there is a
smallest projection, [b], we call the ceiling of b, given by [b] = \/7—, b/,
Moreover, if a € o/ commutes with b, then a commutes with [b].

Proof Let p denote the supremum of 0 < b < b72 < b7+ < -+ < 1.

To begin, note that if a € &/ commutes with b, then a commutes with p. Indeed,
for such @ we have avb = vba by and so ab"?" = b"/?"q for each n by
induction. Thus ap = pa by

Let us prove that p is a projection, i.e. p*> = p. Since p < 1, we already have
p2 = ./pp\/P < p by and so we only need to show that p < p2. ‘We have:

P* = Vo vp0" b by @4 VI
=\, b2 pptam by [T and 23 VI
— \/m \/n b1/2m+1 b1/2n b1/2m+1 by

Thus p? > b"7?" for each k (taking n = m =k + 1,) and so p? > p.

It remains to be shown that p is the least projection above b. Let g be a
projection in &/ with b < ¢; we must show that ¢ < p. We have b/ < ¢
by and so b'/2" < ¢ for each n by induction. Hence p < q. O
Proposition Below every effect b of a von Neumann algebra o7, there is greatest
projection, |b], we call the floor of b, given by |b] = A7e,b*".

Moreover, if @ € & commutes with b, then b commutes with |b].

Proof Let p denote the infimum of 1 >b6>02>0*> .- > 0.

If a € & commutes with b, then a commutes with p. Indeed, such a commutes

with b? (because ab®> = bab = b?a,) and so a commutes with b*" for each n by
induction. Thus a commutes with p = A, b*" (by a variation on |44 XIII})

To see that p is a projection, c.q. p> = p, we only need to show that p < p?,
because we get p* = \/pp/p < p from p < 1 (using [2511) Now, since
P = A \/ﬁbzm\/f) by a variation on
ST by VI and 23 VIT
= A Ay 02780 by

and p < 52" 02" 2" for all n, m, we get p < p>.
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It remains to be shown that p is the greatest projection below b. Let ¢ be a
projection in & with ¢ < b. We must show that ¢ < p. Since ¢ < b, we have ¢ <
b% (by 55 1X)), and so g < b2" for each n by induction. Thus ¢ < p = AW »¥". 0O

Exercise Show that given an effect @ and a projection p in a von Neumann
algebra &/ we have

1. pa =a iff ap = a iff [a] < p, and

2. pa=piff ap=p iff p < |a].

Conclude that [a] is the least projection p with a = ap (or, equivalently, a = pa),
and that |a] is the greatest projection p with p = ap (or, equivalently, p = pa.)
In particular, a = a [a] = [a] @ and |a] = a|a] = |a] a.

Example Given a finite complete measure space X we have

[f°1 = 1,ex: >0y  and L) = ex: f@)=0)

for every f € £L>°(X) with 0 < f° < 1.
Exercise Let a,b be effects of a von Neumann algebra <7, and let A € [0, 1].

1. Show that [a]* = la*] and la]t = [a*].

2. Show that [Aa]| = [a] when A # 0.

Use this to prove that [Aa + A*b| is the supremum of [a] and [b] in the
poset of projections of & when A # 0 and A # 1.

3. Show that [a| = |a?| and [a] = [a?].

Lemma The supremum of a directed set D of projections from a von Neumann
algebra &7 is a projection.

Proof Writing p = \/ D, we must show that p?> = p. Note that dp = d for
all d € D (by because d < p.) Now, on the one hand, (d)4ep converges
ultraweakly to p. On the other hand, (dp)sep converges ultraweakly to p?
by Hence p = p? by uniqueness of ultraweak limits.

Exercise Deduce from this result that every set A of projections from </ has a
supremum | J A and an infimum () A in the poset of projections from < .

(Hint: use and the fact that p — p' is an order anti-isomorphism on the
poset of projections on &7.)



Exercise Let &/ be a von Neumann algebra.
1. Show that [\/ D] = (Jyep [d] for every directed set D of effects from o7
2. Show that |\ D| = ,cp Ld] for every filtered set D of effects from 7.

3. Show that [ -] does not preserve filtered infima, and | - | does not preserve
directed suprema. (Hint: 1,3,%,....)
Conclude that [ -] and | - | are neither ultraweakly, ultrastrongly nor norm

continuous as maps from [0, 1] to [0,1] .

Exercise Show that for a family (p;);er of pairwise orthogonal projections
(with I potentially uncountable) the series ), p; converges ultrastrongly to |, p;.

(Hint: use the fact that Y, . pi = ;¢ p pi for finite subsets F* of I by|55 XIII})

Lemma Let a,b be effects of a von Neumann algebra 7. Then |/ab/a] is the
greatest projection below a and b, that is, |/aby/a] = |a] N |b].

Proof Surely, |v/aby/a| < v/aby/a < a. Let us prove that |/aby/a] < b. To
this end, recall that (by [551X)) a projection e is below an effect ¢ iff ec = e iff
ey/c = e. In particular, since |/aby/a| < \/aby/a and |\/aby/a] < a, we get

|Vabva| = |Vabva|vabva|vabva] = [Vabva]b|vabval,
and so | aby/a] bt [\/ab/a| = 0, which implies that |\/aby/a] < b by

Now, let e be a projection below a and b, that is, ey/a = e and eb = e. We must
show that e < |y/aby/a], or equivalently, e < y/aby/a, or put yet differently,

ey/aby/a = e. But this is obvious: e = ey/a = eby/a = e\/ab\/a. O

Having seen that |\/aby/a| = |a] N |b] in one might wonder whether there is
a similar expression for [y/aby/a], but this doesn’t seem to exist. However, for
projections p and ¢ we have [pgp] = p N (p* U q) as we’ll show below.

Lemma Let p be a projection, and let a be an effect of a von Neumann algebra
with @ < p. We have p — [a] = |p — a].

Proof We must show that p — [a] is the greatest projection below p — a. To
begin, p — [a] < p — a, because a < [a]. Further, since a < p, we have [a] < p,

and so p — [a] is a projection (by [65XIV)).

Let g be a projection below p — a. We must show that ¢ < p — [a]. The
trick is to note that a < p — ¢. Since p — ¢ is a projection (by because
qg<p—a<p),wehave [a] <p—gq, and so ¢ < p— [a]. O
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Proposition We have [pgp] = p N (p* U q) for all projections p and ¢ from a

von Neumann algebra.

Proof Observe that ( pN (ptUgq) )* =ptU(pngt). Since p* and pN gt are

disjoint, we have p= U (pNgt) =pt+png*, andso pN(ptUq) =p—pngt.
By point |V} it suffices to show that [pgp] = p — pNqt, that is, p ipqp] =

pNgt. Since p — [pgp] = |p — pap| by | and [pg*p] = pg* by [p7| we are
done. O

3.2.2 Range and Support

Notation Let <7 be a von Neumann algebra. Because it will be very convenient
we extend the definition of [b] to all positive b from &/ — contrary to what the
notation suggests, b < [b] — by defining [b] = [||6]|7*b] when b £ 1.

Now, given an arbitrary element b of <7, we'll call [b) := [b*b] the support
(projection) of b, and (b] := [bb*] the range (projection) of b.

Remark Some explanation is in order here. We did not just introduce the range
and support notation for its own sake, but will use it extensively in §3.4] thanks
to calculation rules such as ab =0 <= [a) (b] = 0 (see [60 VIII). The notation
was chosen such that (b] b= b =b[b) (see |[VI). Good examples are

[e)wl) = lw)tyl  and (e} (yl] = |z)(z|

for unit vectors  and y from a Hilbert space 7.

Exercise Let a and b be positive elements of a von Neumann algebra 7.

1. Given a projection p in & show that pa = a iff ap = a iff [a] < p.
(In particular, [a] is the least projection p of & with ap = a.)

2. Show that [a]a = a[a], and if fact, if b € &/ commutes with a then b
commutes with [a].

3. Show that a = 0 iff [a] = 0.

4. Show that [a] = [Aa] for every A > 0.
Show that [a + b] = [a] U [b].

5. Show that [a?]| = [a].



Exercise Let a be a self-adjoint element of a von Neumann algebra.
1. Show that [ai] [a—] = 0. (Hint: recall from [24 1| that a;a_ = 0.)

2. Show that [ay]a=alas] =ay and [a_]Ja=ala_] = —a_.

Exercise Show that [\/ D] = U, [d] for every bounded directed set of positive
elements of a von Neumann algebra 7.

Exercise Let a and b be elements of a von Neumann algebra.

1. Show that [a) = [a*a] is the least projection p of &/ with ap = a.

3. Show that [a*) = (a] and (a*] = [a).

[
2. Show that (a] = [aa*] is the least projection p of &7 with pa = a.
[
4. Show that [ab) < [b) and (ab] < (a].

Exercise Let T be a bounded operator on a Hilbert space 7.

1. Show that (77 is the projection onto the closure Ran(T') of the range of T'.

2. Show that [T') is the projection onto the support of T, i.e. the orthocom-
plement Ker(7T)* of the kernel of T

3. Show that |T'| is the projection on {x € J#: Tx = x} when T is an
effect.

Lemma Given a positive element a of a von Neumann algebra &/ and an np-
functional w: &7 — C we have w(a) = 0 iff w([a]) = 0.
Proof Note that if a = 0, the stated result is clearly correct, and the other case,
when ||a|| # 0, the problem reduces to the case that 0 < a < 1 by replacing a
by ﬁ So let us just assume that a € [0, 1] to begin with. For similar reasons,
we may assume that w(1) < 1.

Now, since 0 < a < [a] we have 0 < w(a) < w([a]), so w([ =0 =
w(a) = 0 is obvious. It remains to be shown that w([a]) = 0 given w(a) = 0.
w(fal

Since [a] =/, a"/*" (by [56 1) and w is normal, we have w([a ) \/ w(a’?™),
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and so it suffices to show that w(a'/*") = 0 for each n. As a result of Kadison’s

inequality (see [301V)) we have w(y/a)? < w(a) = 0, and so w(y/a) = 0. Since
then w(y/v/a) = 0 by the same token, and so on, we get w(a/?") = 0 for all n
by induction. O

Proposition For positive elements a and b of a von Neumann algebra <7,
[a] < [b] = Yw|[ wb)=0 = w(a)=0 |,

where w ranges over all np-functionals &/ — C.

Proof When [a] < [b] and w is an np-functional on &7 with w(b) = 0, then 0 <
w([a]) < w([b]) =0 (by ), and so w([a]) = 0, so that w(a) = 0 (again by [I).
For the other direction, assume that w(b) = 0 = w(a) = 0 for ev-
ery np-functional w on &/; we must show that [a] < [b], or in other words,
[b]+ [a] [b]* = 0. Let w: & — C be an arbitrary np-functional; it suffices to
show that w( [b]* [a] [b]1) = 0. Since [b]1b[b]+ = 0 we have w([b]1b[b]*) =
0 and so w([b]*a[b]t) = 0 (by assumption, because w([b]*(-)[b]*) is an np-
functional on &7 as well), which implies that w([b]* [a] [b]*) =0 bylﬂ O

Proposition Let f: o — % be an np-map between von Neumann algebras.
Then [f(a)] = [f([a])] for every a € ;.

Proof By m it suffices to show that w(f(a)) = 0 iff w(f([a])) = 0 for every
np-functional w: & — C, and this is indeed the case by [ O

Exercise Let a and b be elements of a von Neumann algebra <7
1. Deduce from V| that [a*ba] = [a* [b] a] when b > 0.

2. Conclude that [ab) = [[a)b) and (ab] = (a (b]] (see BIT).

Exercise Let a and b be elements of a von Neumann algebra o7

1. Show that cb = 0 iff [¢) (b] = 0 iff [¢) < (b] " for ¢ € .
(Hint: if ¢b = 0, then [b*c*cb] = [b* [¢*c] b] = 0 by [VII])

2. Show that ¢1b = b = ¢1 = ¢, for all ¢, ¢ € &7 with [¢;) < (b].

3. Show that b*c1b = b*cab = ¢ = ¢ for all ¢y, ¢o € (b] & (b]



Exercise Let f: .o/ — 2 be an np-map between von Neumann algebras. IX

1. Show that [f(pUq)] = [f(p)] U [f(q)] for all projections p and ¢ in <.
(Hint: recall from [56 XIll| that pU ¢ = [$p + 1¢].)

2. Deduce from this and |V| that [f(JA)] = U,ca [f(a)] for every set of
projections A from 7.

3. Show that there is a greatest projection e in & with f(e) = 0.

Given the rule [f([a])] = [f(a)] for an np-map f and self-adjoint a one might 61
surmise that the equation [ f([a))] = [f(a)) holds for arbitrary a; but one would

be mistaken to do so. We can, however, recover an inequality by assuming that f

is completely positive, see [l One of its corollaries is that ncpsu-isomorphisms

are in fact nmiu-isomorphisms (see .

Proposition Given an ncp-map f: & — % between von Neumann algebras we |l
have, for all a € &7,

[f(Ta))] < [f(a)) and  [f((a])] < (f(a)]-

/

Proof Since f(a)" f(a) < |f(1)I f(a*a) by BEXIV] we et [ £(a) ) = [ £(a)* f(a)] < I
WP f(a*a)] < [fla*a)] = [f([a*al)] = Tf(a))].
One obtains [f((a])] < (f(a)] along similar lines. O

Proposition Let f: o/ — % be a ncpsu-map between von Neumann algebras. 62
Then | f(a)] = [f(la])] for every effect a from <.

Proof Since |a] < a, we have | f(|a])] < |f(a)|. Thus we only need to show I
that | f(a)| < |f(la])], or equivalently, | f(a)] < f(|a]). We have

@) B r@2?] B f@)] < Lf(@),

and so | f(a)] = | f(a®)]. By induction, and similar reasoning, we get | f(a)] =
[f(@®)] < f(a®") for every n, and so |f(a)] < A, f(a®) = f(A,a*") =
f(la]), where we used that f is normal, and |a] = A, a*" (see[56 VI)). O
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3.2.3 Carrier and Commutant

63  Definition The carrier of an np-map f: &/ — % between von Neumann algebras
(written [f]) is the least projection p with f(p*) = 0 (which exists by [60 IXl)

Il Exercise Let f,g: &/ — % be np-maps between von Neumann algebras.
1. Show that [Af] = [f] for all A > 0.
2. Show that [f +g] = [f] U [g].
3. Show that [f] = 1iff f is faithful.

4. Assuming f is multiplicative show that [f] =1 iff f is injective.

(There is more to be said about the carrier of a nmiu-map, see [69 IV])

Il Exercise
1. Given an element a of a von Neumann algebra 7 show that
[a*(-)a] = [aa*] = (a]
where a*( - )a is interpreted as an np-map & — <.
2. Given a bounded operator T: 5# — # between Hilbert spaces show

that [T*(-)T'] is the projection onto Ran(T) when T (-)T is interpreted
as a map B(H) — B(H).

3. Show that [{(x,(-)z)] = |z){z| for any unit vector z from a Hilbert
space € when (z, (- )z) is interpreted as a map #(#) — C.

(But be warned: when & is a von Neumann subalgebra of () the car-
rier of the restriction (z, (-)z) : & — C might differ from |z)(x| because
the former is in o7, while the latter may not be, see [881V})

IV Lemma Let f: & — 2 be a p-map between C*-algebras, and let p be an effect
of o with f(p*) =0. Then f(a) = f(pa) = f(ap) = f(pap) for all a € &.



Proof Assume % = C for now. Since p* < 1, we have (pt)? = /ptpty/pt <
pt, and so 0 < f((ph)?) < f(pt) = 0, giving us f((pH)?) = 0. Since
H

|F(pra)|® < f((pH)?) f(a*a) = 0 by Kadison’s inequality, [30 IV] we get f(pta) =

0, and so f(pa) = f(a) for all a € &7. In particular, f(ap) = f(pa*)* = f(a™)* =
f(a) for all @ € &7, and so f(pap) = f(pa) = f(a) for all a € <.
Letting % be again arbitrary, and given a € &/, note that since the states

on Z are separating (by [22 VIII)) it suffices to show that w(f(a)) = w(f(ap)) =
w(f(pa)) = w(f(pap)) for all states w: B — C. But this follows from the
previous paragraph since w o f is a p-map into C. 0

Corollary Given an np-map f: .o/ — 2% between von Neumann algebras we

have f(a) = f([f1a) = f(a[f]) = f([fTalf]) for all a € o7

We turn to the task of showing that every element of a von Neumann algebra
is the norm limit of linear combinations of projections in We'll deal with
the commutative case first (see [ll).

Proposition Every element a of a commutative von Neumann algebra 7 is the
norm limit of linear combinations of projections.

Proof By it suffices to show that the linear span of projections is norm
dense in C(sp(«)). For this, in turn, it suffices by Stone—Weierstraf’ theo-
rem (see to show that the projections in C(sp(«/)) separate the points
of sp(«7) in the sense that given x,y € sp(&/) with « # y there is a projection f
in C(sp(«)) with f(z) # f(y). Since sp(«) is Hausdorff there are for such x
and y disjoint open subsets U and V of sp(«7) with x € U and y € V.

Then f := 15 is a projection in C(sp(«/)) (continuous because U is clopen
by with f(x) =0# 1= f(y) since x € U Csp(#)\V,andsoy ¢ U. [
To reduce the general case to the commutative case we need the following tool
(that will be useful later on too for different reasons).

Definition Given a subset S of a von Neumann algebra o/ the commutant of S
is the set, denoted by S5, of all @ € o with as = sa for all s € S.

The commutant of o7 itself is denoted by Z(</) := & and is called the
centre of «/. (Its elements, called central, are the subjects of the next section.)

Exercise Let S and T be subsets of a von Neumann algebra 7.
1. Show that S C TV iff T C SU.
Show that S C T entails T C SU.
Show that S C SHPH, and SHEC = sU.
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2. Show that S is closed under addition, (scalar) multiplication, contains
the unit of &7, and is ultraweakly closed.

3. Show that the commutant S™ need not be closed under involution.
(Hint: compute {(3§)}" in Mo.)
Suppose S is closed under involution.

Show SH is closed under involution as well, and conclude that in that
case SY is a von Neumann subalgebra of .o7.

Show that Z(<7) is a von Neumann subalgebra of <.
Show that SPY is a von Neumann subalgebra of </ with S C SUH.
Show that if S is commutative (i.e. S € SY), then so is S

4. In particular, if 4 is a von Neumann subalgebra of &7, then 5" is a von
Neumann subalgebra of & with % C 7=y
Show that (&7 NC)Y = &7, and so (&7 NC)P™ = Z(o7).

Nevertheless, we’ll see in that 299 = %2 when « is of the form
of = B(H) for some Hilbert space 2.

5. Given a von Neumann subalgebra % of .o/ verify that Z (%) = % N %°.

Proposition Every self-adjoint element a of a von Neumann algebra .o/ is the
norm limit of linear combinations of projections from {a}5=.

Proof Since a is an element of the by m commutative von Neumann subal-

gebra {a}79 of &, a is the norm limit of linear combinations of projections
from {a}=" by |64 I O

The carriers of np-functionals play such an important role in the theory that we
decided to give them a name.

Definition We call a projection p of a von Neumann algebra < ultracyclic
if p = [w] for some np-map w: & — C.

Remark Some explanation of this terminology is in order. A projection E in a
von Neumann subalgebra &# of #() is usually defined to be cyclic when F is
the projection onto Zx for some € S (see Definition 5.5.8 [43]). With [881V]
and we’ll be able to see that this amount to requiring that E be the
carrier of the vector functional (z, (-)z) : Z — C. So, loosely speaking, a cyclic




projection is the carrier of a vector functional with respect to some fixed Hilbert
space, while an ultracyclic projection is the carrier of a vector functional with
respect to some arbitrary Hilbert space.

Exercise Let &/ be a von Neumann algebra. Verify the following facts.
1. If p and ¢ are ultracyclic projections in @7, then p U ¢ is ultracyclic.
2. If p € q are projections in &7, and ¢ is ultracyclic, then p is ultracyclic.

3. Every projection p in &/ is a directed supremum of ultracyclic projections.
In fact, p =\, [w] where w ranges over the np-functionals on &/ with
w(pt) = 0. (Hint: first consider p = 1.)

4. Every projection p in &/ is the sum of ultracyclic projections: there are
np-functionals (w;); on & with p =", [w;].

3.2.4 Central Support and Central Carrier

Definition An element a of a von Neumann algebra .7 is called central when ab =
ba for all b € o7 (that is, when a € Z (<), see[65 Ill).

Examples
1. In a commutative von Neumann algebra every element is central.

2. An element a of a direct sum €, <7 of von Neumann algebras is central
iff a; is central for each <.

3. In B(H), where S is a Hilbert space, only the scalars are central.

Indeed, given a positive central element A of (), we have (z, Ay||?z) =
(@, Ala)(yly) = (z]e)(y| Ay) = (z,|VAyY|*z) for all 2,y € H, and
so Ally||? = |[V/Ay||? for all y € 7. Hence A is (zero or) a scalar.

Remark A von Neumann algebra in which only the scalars are central — of
which the #() are but the simplest examples — is called a factor. The
classification of these factors is an important part of the theory of von Neumann
algebras that we did not need in this thesis.
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IV Exercise Note that if a von Neumann algebra /' can be written as a direct
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sum o = By & Hs, then (1,0) € By B Bs gives a central projection in &7. The
converse also holds:

1. Given a central projection ¢ in &7, show that c&/ = {ca: a € & } is a von
Neumann subalgebra of &7 for all but the fact that 1 need not be in c&.

Show ¢4/ is a von Neumann algebra with c as unit, and that a +— (ca, cta)
gives a nmiu-isomorphism & — co/ @ ¢t .

2. Given a family of central projections (c;); in & with ) . ¢; = 1 show that
a +— (c;a); gives a nmiu-isomorphism & — @, ¢;.o7.

Proposition Given a projection e of a von Neumann algebra o7

Te] = U [a*ea]

a€ol

is the least central projection above e.

Proof Let us first show that [e] is central. Given b € &7 we have [[e] b) =
[b* [e] b] = Upeor [0 [a*ea] b] = U ey [(ab)*eab] < [e] by |601X] which im-
plies that [e] b[e] = [e] b. Since similarly (or consequently) [e] b[e] =b[e]
we get b[e] = [e]bfe] = [e] b, and so Je] is central.

Clearly e < [e]. It remains to be shown that [e] < ¢ given a central
projection ¢ with e < ¢. For this it suffices to show that [ea) = [a*ea] < ¢
given a € /. Now, since e < ¢ we have ec = e and so eac = eca = ea which
implies that [ea) < ¢. Thus [e] < e O

Definition Let a be an element of a von Neumann algebra 7. Since given a
central projection c of & we have [[a)] < ciff [a) < ciff ac = a iff ca = a iff
[(al] < ¢, we see that [a] := [[a)] = [(a]] is the smallest central projection p
with pa = a, which we’ll call the central support of a.

Exercise Let o/ be a von Neumann algebra.
1. Show that [a] = [a*] = [a*a] = [aa™] for all a € 7.
2. Show that [\/ D] = Uycp [d] for any bounded directed subset of .o7.

Show that [|J E] = U,.cp [e] for any collection of projections from .
Show that [a+b] = [[a] U [b]] = [a] U 0] for all a,b € <.



3. Given a € & and a central projection c of &7 show that [a] ¢ = [ac].
Conclude that [a] [b] = [a [b]] = [Ta] 0] = [a] N [b] for all a,b € .

Definition Let f: &/ — % be an np-map between von Neumann algebras. Show
that given a central effect ¢ of & we have f(ct) = 0 iff [f] < ciff [[f]] <
¢, and so [f] := [Tf]] is the least central effect (and central projection) p
with f(pt) = 0, which we’ll call the central carrier of f.

Proposition Every two-sided ideal & of a von Neumann algebra <7 that is
closed under bounded directed suprema of self-adjoint elements — for example
when &7 is ultrastrongly closed — is of the form cg/ for some unique central
projection ¢ of o/. Moreover, c is the greatest projection in 2.

Proof We’ll obtain ¢ as the supremum over all effects in 2, and to this end we’ll
show first that 2 N [0, 1] is directed. Since [a] U [b] = [a+ 1b] (see
is an upper bound for a,b € 2 N[0,1]. it suffices to show that [a] € Z for
all a € 2N 10,1],, which, in turn, follows from [a] =/, a"/*", see

Hence 2 N[0, 1]y is directed, and so we may define ¢ := \/ 2 N [0,1].
Since Z is a von Neumann subalgebra of &7, we’ll have ¢ € 2 N [0,1]., and
so ¢ is the greatest element of 2 N [0, 1].. In particular, ¢ will be above [c]
implying [¢] = ¢ and making ¢ a projection—the greatest projection in 2.

Given a € o/ we claim that a € 2 iff ca = a. Surely, if a = ca, then a =
ca € 9, because 7 is a two-sided ideal of 7. Concerning the other direction,
note that given a € 2 the equality ac = a holds when a is an effect by
(because a < ¢), and thus when a is self-adjoint too (by scaling), and hence for
arbitrary a € & by writing a = ag + ia; where ag and aj are self-adjoint.

Note that this claim entails that 2 C c&/. Since & is an ideal we also
have co/ C 2, and so ¥ = c/. The claim also entails that ¢ is central. Indeed,
given a € & we have ac € 2 (because Z is an ideal) and so ¢(ac) = ac by the
claim. Since similarly (ca)c = ca, we get ac = ca.

The only thing that remains to be shown is that ¢ is unique. To this end
let ¢ and ¢’ be central projections with ¢/ = 2 = /. As ¢ € 9 = ¢/, there
is a € & with ¢ = ca. Then ¢ = ¢(¢/)* = caa*c* < cc*|laa*| = c||al|?, and
so ¢’ < c. Since similarly ¢ < ¢/, we get ¢ = ¢'.

Corollary Given a nmiu-map f: &/ — % between von Neumann algebras we

have [f] = [f] and ker(f) = [f]" /.
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Lemma We have [w] = [g.]| for every np-functional w: &/ — C on a von
Neumann algebra <7, where g,, is as in 30 V]|

Proof Let e be a projection in «/. Note that 0 = ||g,(€)(n.(a))||* = w(a*ea)
iff [a*ea] < [w]t iff [a[w]a*] < et for all @ € &/. So since the 7, (a)’s
lie dense in JZ,, we have g,(e) = 0 iff g,(€)(nu(a)) = 0 for all a € & iff
Use [afw]a™] < et Hence [ou] = Usey [afw]a™] = Uey [a* [w]a] =
[Tw]l = Tw] byfesl O
Proposition Given a collection of np-functionals €2 on a von Neumann alge-
bra o we have [0o] = U, cq [w] for 0o: & — B(Hq) from [30 VI

Proof Let e be a projection of <7. Since pq(e)(x) = D, cq 0w(zw) by [30 VI for
all v € Mo = @, cq H, we have pg(e) = 0 iff g,(e) = 0 for all w € Q iff e <

fD@dL = [wl* iff e < Nyea [w]h = Uyeq [w)* Hence [oa] = Uyeq [w]-

Corollary For a collection Q) of np-functionals on a von Neumann algebra, the
following are equivalent.

1. Q is centre separating (see [21[I).

2. A central projection z of &/ is zero when w(z) = 0 for all w € Q.

3. The map pq: o/ — B(#;) from [30 Vl|is injective.

Proof We’ve seen in m that <:> and - is trivial, which leaves us
z)

with So assume that Vw € Q[w(z) = 0] = 2z = 0 for every central
projection z of «7. Then since [oq | 1 is a central projection by @lwith [oa] =
(Usea ToT) = Nyea Tl < [w]* < [w]* and thus w([ga]t) < w([w]™) =
0 for all w € Q we get [QgﬂJ‘ =0, and so pgq is injective by O

With our new-found knowledge on central elements we can complete the classi-
fication of commutative von Neumann algebras we started in

Exercise Show that every central projection ¢ of a von Neumann algebra is of
the form ¢ =), Jw;] for some family of np-functionals (w;); on 7.

Theorem Every commutative von Neumann algebra is nmiu-isomorphic to a
direct sum of the form @, L>°(X;) where X; are finite complete measure spaces.

Proof By |lll we have 1 = >°, [w;] for some np-functionals w;: & — C, and
so o =@, [w; ]|« by |671V| Since o7 is commutative, and so [w;| = [w;], we



see that restricting w; gives a faithful functional on [w;] .7, which is therefore
by [64 Xlnmiu-isomorphic to L (X;) for some finite complete measure space X;.
From this the stated result follows. O

3.3 Completeness

We set to work on the ultrastrong and bounded ultraweak completeness of von
Neumann algebras (see |77 ) and their precursors:

1. A linear (not necessarily positive) functional on a von Neumann algebra
is ultraweakly continuous iff it is ultrastrongly continuous (see [72 XI)).

2. A convex subset of a von Neumann algebra is ultraweakly closed iff it is
ultrastrongly closed (see [73 VIII)).

3. (Kaplansky’s density theorem) The unit ball (&), of a C*-subalgebra o/
of a von Neumann algebra £ is ultrastrongly dense in (&); where & is

the ultrastrong (=ultraweak, [3 VIII) closure of </ (see [741V]).

4. Any von Neumann subalgebra & of £ is ultraweakly and ultrastrongly
closed in # (see |75 VIII).

5. The von Neumann algebra () of bounded operators on a Hilbert
space # is ultrastrongly (76 I)) and bounded ultraweakly complete (76 I11).

3.3.1 Closure of a Convex Subset

We saw in that a positive linear functional f on a von Neumann algebra
is ultrastrongly continuous iff it is ultraweakly continuous. In this section, we’ll
show that the same result holds for an arbitrary linear functional f. Note that
if f is ultraweakly continuous, then f is automatically ultrastrongly continuous
(because ultrastrong convergence implies ultraweak convergence). For the other
direction, we’ll show that if f is ultrastrongly continuous, then f can be written
as a linear combination f = 22:0 i* f,. of np-maps fo, ..., f3, and must therefore
be ultraweakly continuous. We'll need the following tool.

Definition Let ./ be a von Neumann algebra. Given an np-map w: &/ — C,
and b € o7, define b*xw: & — C by (bxw)(a) = w(b*ad) for all a € 7.
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Exercise Let w: &/ — C be an np-map on a von Neumann algebra 7.

1. Note that b*xw: &/ — C is an np-map for all b € &7.
Show that |w(a*be)| < ||wl| ||allw [|0]] llcllw for all a,b,c € <.
Deduce that ||bxw—b *w| < [Jw| [|6—=b||w (||bllw+]0']|o) for all b, b € o .
2. Let by,be,... be a sequence in &7 which is Cauchy with respect to || - [|o-
Show that the sequence by *w, by *xw, ... is Cauchy (in the operator norm

on bounded linear functionals &7 — C), and converges to a bounded linear
map f: o/ — C. Show that f is an np-map.

Exercise Let f: &/ — C be an ultrastrongly continuous linear functional on a
von Neumann algebra 7. Show that there are an np-map w: &/ — Cand § > 0
with | f(a)] < 1 for all a € &7 with ||a|,, < 9.

(Keep this in mind when reading the following lemma.)

Lemma Let w: & — C be an np-map, and let f: &/ — C be a linear map.
The following are equivalent.

1. |f(a)| < B for all a € o with ||al|, < 6, for some &, B > 0;
2. |f(a)| < Blla||w for all a € o7, for some B > 0;

3. f(a) = [b,al], for all a € &, for some b € S, (where S, is the Hilbert
space completion of & with respect to the inner-product [-, -],).

4. f = fo+if1 — fo —ifs where fo,..., f3: & — C are np-maps for which
there is B > 0 such that fx(a) < Bw(a) for all a € &7, and k.

Proof We make a circle.
For a € o/ and k, we have |fi(a)]> < fi(1) fu(a*a) < fr(1)Bw(a*a),
giving | fi(a)] < (fr(1)B)"*|lall, and so [ f(a)| < Blla]lw, where

B = B0 (1)

Hence | f(a)| < B for all a € o7 with |al|,, < 1.

Let a € &/, and ¢ > 0 be given. Then for @ := &(¢ + ||allu) ! a,
we have ||a|, < d, and so |f(@)] = §(c + ||lallw)~! |f(a)] < B, which entails
|f(a)| < B67t(e+ ||allw). Since e > 0 was arbitrary, we get |f(a)| < Bd~!||a|.



|:| |:| Since |f(a)| < Blla|l., for all a € &7, the map f can be extended to a
bounded linear map f @, — C. Then by Riesz’ representation theorem, m
there is b € ., with f(x) = [b, ], for all x € J,. In particular, f(a) = [b,a),
for all a € 7.
We know that f(a) = [b,al, for all a € &7, for some b € J,. Then,
by definition of JZ,, there is a sequence by, bs,... in &/ which converges to b
in 5,. Then the maps [b,, ‘],: & — C approximate f = [b, -], in the sense
that |£(a) — (b, alul = b — bsalul < 16— ballullalls < [Ib— bullullwl] ] for
all a € &. In particular, [by, -], [b2, -]w, ... converges to f (in the operator
norm). By “polarisation” (c.f. , we have [b,,,al, = 1 Zzzo i* fx.n(a), where
fem := (i*b, + 1) % w is an np-map. Since (i*b,, + 1),, is Cauchy with respect
to || - ||, we see by [l that (fin)n converges to an np-map fi: & — C (with
respect to the operator norm). It follows that f = iZiZO i fr.
It remains to be shown that there is B > 0 with fx(a) < Bw(a) for all &
and a € o/, . Note that since fy ,,(a) < ||i¥b, + 1|, w(a) < (||bnllw + 1) w(a), for
all n, k, and a € &7, the number B := lim, ||b, ||, + 1 will do. O

Corollary For a linear map f: &/ — C on a von Neumann algebra & the Xl
following are equivalent.

1. f is ultrastrongly continuous;
2. f is ultraweakly continuous;
3. f=fo+ifi — fo —ifs for some np-maps fo,..., f3: o — C;
4. “f is bounded on some || - ||,-ball,” that is,
sup{ |f(a)| : a € &: [lall, <0} < o0
for some d > 0 and np-map w: &/ — C;

5. |f(a)| < |lal| for all a € &7, for some np-map w: &7 — C.

We’ll show that the ultrastrong and ultraweak closure of a convex set agree. 73
For this we need the following proto-Hahn—-Banach separation theorem, which
concerns the following notion of openness.

Definition A subset A of a real vector space V is called radially open if for I
alla € Aand v € V there is t € (0,00) with a + sv € A for all s € [0,1).

.12, 73..



Exercise Let V be a vector space.
1. Show that the radially open subsets of V' form a topology.

2. Show that with respect to this topology, scalar multiplication and trans-
lations & +— x + a by a fixed vector a € V' are continuous.

3. Show that {(0,0)} UB;(—1)U B (1) U Ba(—2)°U B3(2)° is a radially open
subset of R?, which is not open in the usual topology.

4. Show that addition on R? is not jointly radially continuous.

5. Show that nevertheless {s € R: sz 4+ (1 — s)y € A} is open for every
radially open A CV, and z,y € V.

6. Show that A 4+ B is radially open when A, B C V are radially open.
Show that {Aa: a € A, \ > 0} is radially open when A is radially open.

Theorem For every radially open convex subset K of a real vector space V
with 0 ¢ K there is a linear map f: V — R with f(z) > 0 for all z € K.

Proof (Based on Theorem 1.1.2 of [43].)

By Zorn’s Lemma we may assume without loss of generality that K is max-
imal among radially open convex subsets of V' that do not contain 0.

We also assume that K is non-empty, because if K = @, the result is trivial.

We will show in a moment that H := {x € V: —z,z ¢ K} is a linear
subspace and V/H is one-dimensional. From this we see that there is a linear
map f: V — R with ker(f) = H. Since f(K) is a convex subset which does
not contain 0 (because H N K = @) we either have f(K) C (0,00) or f(K) C
(—00,0). Thus, by replacing f by —f if necessary, we see that there is a linear
map f: V — R with f(z) > 0 for all z € K.

Note that x € K, A\ > 0 = Mxr € K, because
the subset {Az: z € K,A € (0,00)} 2 K is radially open, convex, doesn’t
contain 0, and is thus K itself. Furthermore, z,y € K = z +y € K, because
4y =2(3z+ 3y), and K is convex.

Let K be the set of all z € V with 2 +y € K for all y € K. Then it is not
difficult to check that K isa cone: 0 € K, and z € K,A >0 = Mz € K, and
r,ye K = z+yckK.

We claim that x € K iff —2 ¢ K. Indeed, if € K, then —z ¢ K, because
otherwise —z € K and so 0 = 2 + (—z) € K, which is absurd. For the other



direction, suppose that —z ¢ K. Then z +y € K for all y € K, because
{AM+y:y e K,\>0} 2D K is radially open, convex, doesn’t contain 0, and is
thus K.
It follows that H = K N —K. Since K is a cone, —K is a cone, and thus H
is a cone. But then —H = H is a cone too, and thus H is a linear subspace.
Note that H # V, because K N H = @ and K is
(assumed to be) non-empty. So to show that V/H is one-dimensional, it suffices
to show that any x,y € V are linearly dependent in V/H. We may assume
that z € K and y € —K. It suffices to find s € [0,1] with 0 = sz + sty.
The trick is to consider the sets Sop = {s € [0,1]: sz + sty € —K} and S; =
{s € [0,1]: sz + sty € K}, which are open (because K and —K are radially
open), non-empty (because 0 € Sy and 1 € S), and therefore cannot cover [0, 1]
(because [0, 1] is connected). So there must be s € (0,1) such that sz + sty is
neither in K nor in — K, and thus sz +sy € H (by definition of H). Whence x
and y are linearly dependent in V/H (since s # 0). O

Exercise We will use [IV|to prove that an ultrastrongly closed convex subset K
of a von Neumann algebra 7 is ultraweakly closed as well.

Let us first simplify the problem a bit. If K is empty, the result is trivial,
so we may as well assume that K # @&. Note that we must show that no
net in K converges ultraweakly to any element ag € & outside K, but by
considering K — ag instead of K, we see that it suffices to show that no net in K
converges ultraweakly to 0 under the assumption that 0 ¢ K. To this end we’ll
find an ultraweakly continuous linear map g: & — C and 6 > 0 with g(k)gr > §
for all k € K—if anet (kqy)q in K were to converge ultraweakly to 0, then g(kq)r
would converge to 0 as well, which is impossible.

1. Show that there is an np-map w: & — C and ¢ > 0 with || k||, > ¢ for
all k € K. (Hint: use that K is ultrastrongly closed).

2. Show that B :={b € & ||b|,, < €} is convex, radially open, BN K = &.
Show that B — K is convex, radially open, and 0 ¢ B — K.

3. Use[lV]to show that there is an R-linear map f: & — R with f(b) < f(k)

for all b € B and k € K. Show that f can be extended to a C-linear map
g: o — C by g(a) = f(a) —if(ia) for all a € &

4. Show that |f(b)| < f(k) and |g(b)| < 2f(k) for all b€ B and k € K.
(Hint: be B = —be B.)

Conclude that g is ultraweakly continuous (using [/2 Xl|and K # ).
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5. It remains to be shown that there is § > 0 with f(k) = g(k)r > ¢ for
all k € K. Show that in fact there is by € B with f(by) > 0, and that
f(k) = f(bo) >0 forall k € K.

3.3.2 Kaplansky’s Density Theorem

Proposition Let <7 be a von Neumann algebra, and let f: R — R be a contin-
uous map with f(t) = O(¢), that is, there are n € N and b € [0, 00) such that
|£(®)] < b[t] for all ¢ € R with |t] > n.

Then the map a — f(a), o — &, see is ultrastrongly continuous.

Proof (An adaptation of Lemma 44.2 from [12].)

Let S denote the set of all continuous ¢g: R — R such that a — g(a), ok —
a7 is ultrastrongly continuous. We must show that f € S.

Let us first make some general observations. The identity map ¢t +— ¢t is
in S, any constant function is in S, and S is closed under addition, and scalar
multiplication. In particular, any affine transformation (¢ — at + b) is in S.
Moreover, we have go h € S when g,h € S, and also gh € S provided that g is
bounded. Finally, S is closed with respect to uniform convergence.

Now, as f(t) = f(t) 1J:t2 + f(t) 1ft2 one can see from the remarks above
that 1t suffices to show that ¢ — f(t) 5 t2 is in S — here we use that ¢t —
f(t) 1 + 1z is bounded. In other words, we may assume without loss of generality,
that f vanishes at infinity, i.e. lim;_,~ f(t) = 0.

Suppose for the moment that there is e € S, e # 0, which vanishes at infinity.
Let a,b € R. Then e,p: R — R,t — e(at +b) — an affine transformation
followed by e — is also in .S, vanishes at infinity, and can be extended to a
continuous real-valued function on the one-point compactification RU{oo} of R
(by defining e, ,(c0) = 0). It is easy to see that the C*-subalgebra of C(RU{co})
generated by these extended e, ;’s separates the points of R U {oo}, and is
thus C(R U {oo}) itself by the Stone-Weierstratheorem (see 27 XX)). Since f
vanishes at infinity, f can be extended to an element of C(R U {c0}), and can
thus be obtained (by taking real parts if necessary) from the extended e, ’s
and real constants via uniform limits, addition and (real scalar) multiplication.
Since S contains the e, ;’s and constants and is closed under these operations
(acting on bounded functions), we see that f € S.

To complete the proof, we show that such e indeed exists. Let e,s: R - R

be given by e(t) = ts(t) and s(t) = 1+t2 Clearly e and s are continuous and



vanish at infinity. To see that e is ultrastrongly continuous, let (b, ). be a net
of self-adjoint elements of &7 which converges ultrastrongly to a € <%, and
let w: & — C be an npu-map. Unfolding the definitions of e and s yields the
following equality.

e(by) —e(a) = s(by) (bg —a)s(a) — e(by) (by — a) e(a).

Since [|s(by)]| < 1, we have ||s(ba) (b — a)s(a)||w < [[(ba — a)s(a)|lw = ||ba —
al|s(aysw- Similarly, since [le(by)|| < 1, we get

le(ba) = e(@)llw < [lba = alls@ysw + [1ba = allea)se-

Thus e(b,) converges ultrastrongly to e(a), and so e is ultrastrongly continuous.
|

Corollary Given a von Neumann algebra 2/ the map a +— |a|: o — g is
ultrastrongly continuous.

Kaplansky Density Theorem Let b be an element of a von Neumann algebra %
which is the ultrastrong limit of a net of elements from a C*-subalgebra 7 of 4.
Then b is the ultrastrong limit of a net (aq)q in & with |las|| < [|b]] for all a.
Moreover,

1. if b is self-adjoint, then the a, can be chosen to be self-adjoint as well;
2. if b is positive, then the a, can be chosen to be positive as well, and

3. if b is an effect, then the a, can be chosen to be effects as well.

Proof Let (aqn)a be a net in o7 that converges ultrastrongly to b.

Assume for the moment that b is self-adjoint. Then (a,)gr converges ultra-
weakly (but perhaps not ultrastrongly) to bg = b as a — o0, and so b is in the
ultraweak closure of the convex set of&. Since the ultraweak and ultrastrong
closure of convex subsets of .2 coincide (by, we see that b is also the ultra-
strong limit of some net (al,), in @&. Since the map —||b||V (- )A||b]|: Br — Br
is ultrastrongly continuous by [ we see that a/, := —||b|| V al, A ||b]| gives a net
(@) in [—||b]], ||b]|] o that converges ultrastrongly to b.

If we assume in addition that b is positive, then a := (al); gives a
net (a2, in [0, ||b]|]or that converges ultrastrongly to b, = b, because the map
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(+)4: PBr — PBr is ultrastrongly continuous bym Note that if b is an effect,
then so are the a/’.

This takes care of all the special cases. The general case in which b is an
arbitrary element of % requires a trick: since the element B := ( b‘l 8) of the
von Neumann algebra Ms () is self-adjoint, and the ultrastrong limit of the net
(a% ‘%) from the C*-subalgebra My (/) of M (), there is, as we’ve just seen, a
net (Aq)q in Mo(2f) that converges ultrastrongly to B with | A, || < || B|| = ||b]|
for all . Since the upper-right entries (A, )12 will then converge ultrastrongly
to Bia =bas a — 00, and ||(Aa)12]] < ||Aall < ||| for all o, we are done. O

Corollary Given ¢ > 0 and an ultraweakly dense *-subalgebra . of a von
Neumann algebra & each element a of &7 is the ultrastrong limit of a net (sq4)q
from . with ||sq|| < [|a||(1 + ¢) for all a.

Proof As the norm closure € of . in & is an ultraweakly (and thus by [73 VIII|
ultrastrongly) dense C*-subalgebra of <7, the element a of &7 is by [IV] the
ultrastrong limit of net (¢ )aep in € with ||cq|| < |la|| for all a. Each element ¢,
is in its turn the norm (and thus ultrastrong) limit of a sequence s41, Sa2, - - -
in ., and if we choose the s, such that ||cq — San|| < 27", then s, converge

ultrastrongly to b as D x N 5 (a,n) — oco. Finally, since lim,, ||san|| = |lcall <
llell < (14 ¢e)|le|l we have ||sqn|| < (1 + ¢€)l|c|| for sufficiently large n, and thus
for all n if we replace (San)n by the appropriate subsequence. O

3.3.3 Closedness of Subalgebras

Recall that according to our definition a von Neumann subalgebra %
of a von Neumann algebra & is a C*-subalgebra of ./ which is closed under
suprema of bounded directed sets of self-adjoint elements. We will show that
such £ is ultrastrongly closed in 7.

Lemma Let % be a von Neumann subalgebra of a von Neumann algebra 7.
Let wp,w;: & — C be npu-maps, which are separated by a net (b, ), of effects
of % in the sense that lim, wo(by) = 0 and lim, wy (b) = 0. Then wy and w;
are separated by a projection g of Z in the sense that wy(q) = 0 = w;(q¢).
Proof (Based on Lemma 45.3 and Theorem 45.6 of [12].)

Note that it suffices to find an effect a in % with wo(a) = 0 = w(a’t),
because then wo([a]) =0 = w1 ([a]") by and [a] € A.

Note that we can find a subsequence (b,)n of (by)a such that wy(b,) <



n~127" and wy (b;r) < n~! for all n. For n < m, define
anm = (L4 >0, kb))~ D200, kb

Since we have seen in [25 11| that the map d +— (1 + d)~'d is order preserving
(on Ay ), we have 0 < apm < % and we get the formation

a2 < a3 < a4y K oo S| )

V/ V/ V/

a3 < azg < . < a

V/ V/

agy < : < a3

V/

V/

a

where a,, :=\/ anm and a := A, a,. We'll prove that wo(a) = 0 = wy (at).

m>=n
Since wo(by,) < n7127" and apm < >ope,, kbk, we get wo(anm) <

ZZ‘:” kWO(bk) < 21777” and so wo(a) = /\n \/mZn wo(anm) < /\n 21771 =0.
Let m > n be given. Since Y.;*  kby = mb,, and d — (14+d)~*d
is monotone on %, we get an, = (1+mby,) " mby,, and so a;t,, < (1+mb,,) L.
Observe that for a real number ¢ € [0,1], we have tt- > 0, and so (1 +
mt)(1 + mtt) = 14+ m + m?ttt > 1+ m. This yields the inequality (1 +
mt)~t < (1 +m)~1(1 + mtt) for real numbers ¢ € [0,1]. The corresponding
inequality for effects of a C*-algebra (obtained via Gelfand’s representation
theorem, gives us wi(ap,) < wi((1 4+ mby)™) < (1+m)~ 11+
mwi (b)) < T4, Where we have used that wi(by) < . Hence wy(ay) =

Nsn wi(at,,) < Nonsn H_im =0 for all n, and so wy(a*) =V, wi(at) =0. O

Lemma Let & be a von Neumann subalgebra of a von Neumann algebra 7.
Let p be a projection of o/, which is the ultrastrong limit of a net in 4.

For all npu-maps wp,w;: & — C with wo(p) = 0 = wy(p*) there is a
projection ¢ of % with wy(q) = 0= w;(¢t).
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Proof Let (by)s be a net in % which converges ultrastrongly to p. We may
assume that all b, are effects by Kaplansky’s density theorem . Note
that (wo(ba))e converges to wo(p) = 0, and (wy (b)) converges to wy (pr) = 0.
Now apply [M O

Theorem A von Neumann subalgebra % of a von Neumann algebra o7 is
ultrastrongly and ultraweakly closed.

Proof It suffices to show that £ is ultrastrongly closed, because then, by
% will be ultraweakly closed as well.

Let p be a projection of &/ which is the ultrastrong limit of a net from .
It suffices to show that p € %, because the ultrastrong closure of % being a
von Neumann subalgebra of o/ is generated by its projections, see Note
that given an np-map w: &/ — C, the carrier [w] of w need not be equal to the
carrier of w restricted to %, which we’ll therefore denote by [w]4; but we do

have [w] < [w] 4. Then by [661V]
Vo, [0ilz 2 Vo, Teil = p = Ay, Twol™ > Ay, [wolz, (3.1)

where wg ranges over np-maps wg: & — C with wg(p) = 0, and w; ranges over
np-maps wi: &/ — C with w;(pt) = 0. Since for such wy and w; there is by
a projection ¢ in Z with wo(q) = 0 = w1(gt), we get [wi] 4 < g < [wdi@ and
50V, [wilg < Au, [wo]g- Tt follows that the inequalities in are in fact

equalities, and so p =V, [wi],4 € Z. O
3.3.4 Completeness

Proposition The von Neumann algebra Z(°) of bounded operators on a
Hilbert space JZ is ultrastrongly complete.

Proof Let (T,). be an ultrastrongly Cauchy net in Z(5#) (which must be
shown to converge ultrastrongly to some operator T in HB(57)).

Note that given & € 2, the net (T,z), in J# is norm Cauchy, because
|(Te — Tp)x|| = | T — T3 || (2,(- )2y vanishes for sufficiently large a, 3, and so we
may define Tz := lim,, T,,x, giving a map T': 5€ — 7.

It is clear that T will be linear, but the question is whether T is bounded,
and whether in that case (T, ), converges ultrastrongly to 7.

Suppose towards a contradiction that T is not bounded. Then we can
find x1,29,... € S with |lz,]> < 27" and || Tx,||*> > 1 for all n. Since w :=
Yo (@n, ()zp) : B(H) — C is an np-map by it follows that ||T,|? =



> | Tamys||? converges to some positive number R. Since any partial sum
SN Tan? < || Tall? converges to SN [ Ta,|? > N, we must conclude

n=1

that R > N, for all natural numbers N, which is absurd. Hence T is bounded.

It remains to be shown that (T,), converges ultrastrongly to 7. So let
w: B(H) — C be an arbitrary np-map, being of the form w =" (zn, (- )zn)
for some x1,xg,... € H with > |lz,]|? < 0o bym 39 IX] We must show that | T'—
Tollw = (X, (T — Ta)zn||?)"? converges to 0 as o — 0.

Let € > 0 be given, and pick ¢ such that || T, — T3l < 21% gforall o, >
o — this is possible because (Ty,), is ultrastrongly Cauchy. We claim that

IT — Tyl < e for any a > «p. Since for such o the sum

&S] N—-1 &S]
DT =To)aall? = > IT =Ta)zal* + D (T = To)aa|®
n=1 n=1 n=N

converges (to ||T—T.||%), we can find N such that the second term in the bound
above is below 15 The first term will also be below 52, because

N-1

N—
(S T -Ta)eal?)” Z (T=T)aa|?) " + ZHTB To)za|?)”?

n=1

for any 3, and in particular for § large enough that the first term on the right-

hand side above is below —L- . If we choose B > ag the second term will be

belo.w ﬁ € ‘.coo,.and we get ﬁT*TaHE,.é 12+ (2%/5 €+ ﬁ £)? =2 all in all.
(This reasoning is very similar to that in )

Hence #() is ultrastrongly complete. O

Proposition The von Neumann algebra Z(5) of bounded operators on a Il
Hilbert space 2 is bounded ultraweakly complete.

Proof Let (Tn)s be a norm-bounded ultraweakly Cauchy net in #(#). We IV
must show that (T, ), converges ultraweakly to some bounded operator T on 7.

Note that given x,y € J the net ((x, Toy) )o is Cauchy (because (z, (- )y) =
3 Zzzo i* (i*z +y, (- )(i*z + y)) is ultraweakly continuous), and so we may de-
fine [z, y] = lim, (2, Toy). The resulting ‘form’ [+, -]: #'x# — C (see[361V) is
bounded, because || [z, y]|| < (sup, || To|)llz|l||y|l for all z,y € S and sup,, || Tw| <
oo since (T},)4 is norm bounded. By @L there is a unique bounded operator T’
with (z, Ty) = [z, y] for all z,y € .

By definition of 7' it is clear that lim,, (x, (T — T,)z) = 0 for any = € J2,
but it is not yet clear that (T,,), converges ultraweakly to T'. For this we must
show that lim, w(T — T,,) = 0 for any np-map w: #B(#) — C. By we
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know that such w is of the form w = > (zn,(-)zy) for some z1,2s,... € H
with 3" ||zn||? < co. Now, given N and « we easily obtain the following bound.

HMZ

[(an(T = To), an)| + (HTII+sup||T [y Z 2|2
n=N

Since the first term of this bound converges to 0 as o« — oo, we get, for all N,

limsup |w(T = To)| < (7| +sup || T y Z [
« n=N

Since the tail Y 07 \ ||z, [|? converges to 0 as N — oo, limsup,, |w(T — Ty,)| = 0.
Hence w(T) = lim, w(Ty), and so (T4, ), converges ultraweakly to T'. O

Theorem A von Neumann algebra ' is ultrastrongly complete and bounded
ultraweakly complete.

Proof Let Q be the set of all np-functionals on /. Recall from that
0o gives a nmiu-isomorphism onto the von Neumann algebra %Z := pq(«) of
operators on the Hilbert space J#,. Since H(5) is ultrastrongly complete
([6]1), and Z is ultrastrongly closed in () (see [T5 VIII), we see that Z is
complete with respect to the ultrastrong topology of Z(7), but since any
np-functional w: Z — C is of the form w = (z,(-)x) for some © € 54, and
therefore the ultrastrong topology on #(.) coincides on & with the ultra-
strong topology of #Z, we see that #Z (and therefore 27) is complete with respect
to its own ultrastrong topology. Since similarly %(.74,) is bounded ultraweakly
complete , the ultraweak topology on A(4,) coincides on % with the
ultraweak topology on %, and Z is ultraweakly closed in 2(#) (by [75 VIII),
we see that & is bounded ultraweakly complete. (]

Theorem The ball («7); of a von Neumann algebra o7 is ultraweakly compact.

Proof Writing € for the set of npu-maps w: &/ — C, the map x: & — C given
by r(a) = (w(a)), for all a € & is clearly a linear homeomorphism from & with
the ultraweak topology onto x(</) C C% endowed with the product topology.
Since & restricts to an isomorphism of uniform spaces (&); — k( (&)1 ), and
(7)1 is ultraweakly complete (being a norm-bounded ultraweakly closed subset
of the bounded ultraweakly complete space <, see [l), we see that x( (&), ) is
complete, and thus closed in C*. Now note that x( (<), ) is a closed subset
of the (by Tychonoff’s theorem) compact space ((C);)*, because |w(a)| < 1
for all a € (/)1 and w € Q. But then k( (7)1 ), being a closed subset of a



compact Hausdorff space, is compact, and so (&) (being homeomorphic to it)
is compact too. O

Proposition Given an ultraweakly dense x-subalgebra . of a von Neumann

algebra &7, any ultraweakly continuous and bounded linear map f: . — £

can be extended uniquely to an ultraweakly continuous map g: &/ — A.
Moreover, g is bounded, and in fact, ||g|| = || f||-

Proof As the uniqueness of g is rather obvious we concern ourselves only with
its existence. Let a € & be given in order to define g(a). Let also € > 0 be
given. Note that by there is a net (s4)q in % that converges ultrastrongly
(and so ultraweakly too) to a with ||sq|| < (1 + €)]al| for all . Now, since the
net (Sq)q is bounded an ultraweakly Cauchy, and f is bounded and (uniformly)
ultraweakly continuous, the net (f(sq))q is bounded and ultraweakly Cauchy
too, and thus converges (by [I) to some element uwlim,, f(sa) of A.

Of course we'd like to define g(a) := uwlim, f(s,), but must first check that
uwlim,, f(s),) = uwlim, f(s) when (s,) is a second net with the same proper-
ties as (84 ). Let us for simplicity’s sake assume that (s/,), and (s, )s have the
same index set — matters can always be arranged this way. Then as the differ-
ence s, — s, converges ultraweakly to 0 in &/ as o — oo, uwlim, f(so —s,) =0,
implying that uwlim,, f(s,) = uwlim,, f(s’,).

In this way we obtain a map ¢: & — % — which is clearly linear. The map ¢
is also bounded, because since ||so|| < (1 + ¢)||a|| for all a, where (s4) and t
are as before, we have || f(sqa)| < (1 + &)||f|l|la|l for all o, and so ||g(a)|| =
Juwlima f(sa)| < (1+ )]l flllall. More precisely, lgll < (1 + )|l ], and—
as € > 0 was arbitrary—in fact ||g|| < || f]], and so ||g|| = || f]]-

That, finally, g is ultraweakly continuous follows by a standard but abstract
argument from the fact that f is uniformly ultraweakly continuous. We’ll give
a concrete version of this argument here. To begin, note that it suffices to show
that w o g is ultraweakly continuous at 0 where w: £ — C is an np-functional.
Let € > 0 be given. Since f is ultraweakly continuous, and thus wo f is too, there
is ¢ > 0 and an np-functional v: &/ — C such that |v(s)| < J = |w(f(s))| < e
for all s € .. We claim that |v(a)| < /2 = |w(g(a))| < 2¢ for all a € &,
which implies, of course, that wo g is ultraweakly continuous on 0. So let a € &7
with |v(a)| < 6/2 be given. Pick (as before) a bounded net (s4)q in . such
that f(s.) converges to a as o — oo, and observe that, for all «,

lw(gla)] < lwlg(a) = f(sa))l + |w(f(sa))l-

The first term on the right-hand side above will vanish as @ — oo (since
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g(a) = uwlim, f(sa)), and will thus be smaller than e for sufficiently large «.
Since lim,, [V(s4)| = |v(a)| < §/2 < § we see that for sufficiently large o we’ll
have [v(sq)| < ¢ and with it |w(f(s))| < e. Combined, we get |w(g(a))| < 2e,
and so g is ultraweakly continuous. O

3.4 Division

Using the ultrastrong completeness of von Neumann algebras (see we’ll
address the question of division: given elements a and b of a von Neumann
algebra o7, when is there an element ¢ € & with a = ¢b? Surely, such ¢ can not
always exist, because its presence implies

a*a < Bbb, (3.2)

where B = ||c[|?; but this turns out to be the only restriction: we’ll see in
that if holds for some B € [0,00), then a = c¢b for some unique ¢ € &
with [¢) < (b], which we’ll denote by a/b.

The main application of this division in our work is a universal property for
the map b — /aby/a: &/ — [a]4/[a] where a is a positive element of a von
Neumann algebra 7. Indeed, we’ll show that for every np-map f: # — o/ with
f(1) < a there is a (unique) np-map g: £ — [a]</[a] with f(b) = /ag(b)v/a
for all b € 8 — by taking g(b) = +/a\(f(b)/v/a), see This does not give a
complete description of the map b — y/aby/a, though, since it shares its universal
property with all the maps b — ¢*be, & — [a]</[a] where ¢ € o with ¢*c = a,
but that is a challenge for the next chapter.

Returning to division again, another application is the polar decomposition
of an element a of a von Neumann algebra o7, see which is simply

a = (a/Va*a) Va*a.

Before we get down to business, let us indicate the difficulty in defining a/b
for a and b that obey . Surely, if b is invertible, then we could simply put
a/b:= ab~'; and also if b is just pseudoinvertible in the sense that b~1b = [b)
and bb~! = (b] for some b™! the formula a/b := ab™! would work. But, of
course, b need not be pseudoinvertible. The ideal of b™>! can however be ap-
proximated in an appropriate sense by a formal series ), ¢, (which we call an
approzimate pseudoinverse) so that we can take a/b := ) at, (using ultra-
strong completeness to see that the series converges.)



3.4.1 (Approximate) Pseudoinverses

Definition Let a be an element of a von Neumann algebra o/. We’ll say that a
is pseudoinvertible if it has a pseudoinverse, that is, an element ¢ of &7 with
ta = [a) = (t] and at = [t) = (a]. When such ¢ exists, it is unique (by [60 VITI),
and we’ll denote it by a™'. If a™! = a*, we say that a is a partial isometry

(see V).

Lemma For elements a, t of a von Neumann algebra the following are equivalent.
1. ta is a projection, and [t) = (a].
2. ata = a, and [t) < (a] and (¢] < [a).
3. at is a projection, and [a) = (t].
4. tat =t, and [a) < (¢] and (a] < [t).
5. t is a pseudoinverse of a.

6. a is a pseudoinverse of .

Proof (5| <= [0) is clear. For the remainder we make two loops. (l}=={2) We
have [t) < (a] by assumption, and (t] = (¢t [t)] = (¢ (a]] = (ta] = ta = [ta) <
[a). Further, ata = a by because tata = ta (since ta is a projection)
and (ata] < (a] < [¢). ollows along the same lines. We have
ta = [a) by because ata = a = ala), and (ta] < (¢] < [a). Also,
at = (a], (because ata = a = (a] a, and [at) < [t) < (a]). Further, [t) = (a],
because (a] = at = [at) < [t) < (a]; and, similarly, [a) = (¢]. (4==}5) is
proven by the same principles, and is rather obvious. O

Exercise Show that an element u of a von Neumann algebra is a partial isometry
iff w*u is a projection iff uu*u = u iff uu™ is a projection iff v uu* = u* iff u* is
the pseudoinverse of u. (Hint: use E or give a direct proof.)

Exercise Let a and b be a elements of a von Neumann algebra <.

1. Show that a is pseudoinvertible iff a* is pseudoinvertible, and, in that case,
(a*)Nl — (awl)*.

2. Assuming that a and b are pseudoinvertible, and (b] = [a), show that ab
is pseudoinvertible, and (ab)™~! = b~ta™1.
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3. Show that a is pseudoinvertible iff a*a is pseudoinvertible, and, in that
case, a~! = (a*a)~ta* and (a*a)~! = a~1(a™1)*.

Exercise Let a be a positive element of a von Neumann algebra <7

1. Show that a is pseudoinvertible iff @ is invertible in [a]%/[a] iff at = [a]
for some t € &7, . Show, moreover, that at = ta for such ¢.

2. Show that a is pseudoinvertible iff there is A > 0 with A [a] < a.

3. Assume that a is pseudoinvertible.
Show that [a™~!] = [a].
Show that if b € &/ commutes with a, then b commutes with a™!.

(In other words, a™' € {a}P".)

4. Show that ¢~' < b™! when b < ¢ are pseudoinvertible positive commuting
elements of «/. (The statement is still true without the requirement that b
and ¢ commute, but also much harder to prove.)

5. Show that (0,0, 1, %, %, ...) is not pseudoinvertible in £.

Remark Note that the obvious candidate for the pseudoinverse of (0,0, 1, %, %, e

from ¢*° being (0,0,1,2,3,...) is not bounded, and therefore not an element
of £>°. We can nevertheless approximate (0,0, 1,2,3,...) by the elements

(0,0,1,0,0,...), (0,0,1,2,0,...), ...

)

of £°° forming what we will call “approximate pseudoinverse” for (0,0, 1, %, %, S

That this can also be done for an arbitrary element of a von Neumann algebra
is what we’ll see next.

Definition An approximate pseudoinverse of an element a of a von Neumann al-

gebra 7 is a sequence t1, tg, ... of elements of &7 such that t1a, tea, ...,aty, ats, ...

are projections with " t,a = [a) =), (t,] and Y at, = (a] =, [tn).

Exercise Let b be an element of a von Neumann algebra <7, and let t1, %o, ...
be an approximate pseudoinverse of b*b. Show that ¢1b*, f2b*, ... is an approx-
imate pseudoinverse of b.



Theorem Every element a of a von Neumann algebra ./ has an approximate
pseudoinverse.

Proof By @ it suffices to consider the case that a is positive. When a = 0 the

sequence 0,0,0, ... clearly yields an approximate pseudoinverse for a, so let us
disregard this case, and assume that a is positive and non-zero.

Note that a — 1 < a—% < a—% < -+ converges in the norm to a = a,
and so does (a — 1)+ < (a — 7)4_ < ..., which converges also ultraweakly

to\/,(a—2),sothat a =/, (a—2), and thus [a] = U, [(a — )4 | by [56 XVII
Writing ¢, = [(a — )] — and picturing it as the places where a > + —

n

we have (a—1)g, = (a—1); > because b ber] = by for a positive element b
of a von Neumann algebra, by |5 , and so nqn < agy, for all n > 0.

Writing e, = ¢n+1 — ¢n for all n (taking go := 0) — and thinking of it as
the places where %_H <a< % — we get a sequence of (pairwise orthogonal)
projections ej,eg, ... in {a}DD with }° e, = [a]. By an easy computation
involving the facts that %H < L and ag, < agpy1, we get — 1 —€n < aep < %en.

We claim that [ae,] = [e ] for any n. Indeed, on the one hand ae, =
enaen < |lallen (as e, € {a}"9) and so [aen] < [|lallen] = e (using here that

la]] # 0), while on the other hand, 1 n < ae, gives e, = [nileﬂ < [ae,]. In

particular, n%_l [aen]| = — +1e” < aen, so that ae,, is pseudoinvertible bym

Writing ¢, := (ae,)~!, we have [t,] = e, (since [ae,] = e,). Then
tha = tp[th]a = thpena = [ae,] = en, and similarly, at, = e,, so that
Yopaty = > tha =3 e, = [a] =), [ty], making ti,ts,... an approxi-
mate pseudoinverse of a. O

3.4.2 Division

Definition Let b be an element of a von Neumann algebra o7, and let a be an
element of @/b — so a = ¢b for some ¢ € &7. We denote by a/b the (by
unique element ¢ of &/ (b] with a = ¢b, and, dually, given an element a of b/
we denote by b\a the unique element ¢ of [b)</ with a = be.

Exercise Let a and b be elements of a von Neumann algebra <7
1. Show that ¢/b is an element of (c].<7(b] for every element ¢ of ba7.
2. Show that (ab)/b = a(b] and b\(ba) = [b) a.
3. Let ¢ be an element of ae7b. Show that a\c € &b, and ¢/b € ao/, and
(a\e)/b = a\(c/b) =: a\c/b.
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Show that a\c/b is the unique element d of [a) .o (b] with ¢ = adb.

4. Let ¢ be an element of «7b and let d be an element of a.</.
Show that dec € aab, and a\(dc)/b = (a\d) (¢/b).

5. Let ¢ be an element of &/b. Show that ¢* € b*./ and b*\c* = (¢/b)*.

Lemma Given elements a and b of a von Neumann algebra o with a*a < b*b
we have a € &/b. Moreover, given an approximate pseudoinverse t1,ts,... of b,
the series ) at, converges ultrastrongly to a/b, and uniformly so in a.

Proof To show that Zf:o at,, converges ultrastrongly as N — oo it suffices to
show that (ZTILO at, )y is ultrastrongly Cauchy (because .« is ultrastrongly
complete, by [771). To this end, note that

(Coomatn)” Xalar atn = (Caiath)a®a (S, y ta)
(s 1) D (0 )
S g b b,

N
Zm,:M btm?

where we’ve used that bty, bta, ... are pairwise orthogonal projections — but
then the series ZZOZO bt,, converges ultraweakly by [56 XVIII| This, coupled with
the inequality above, gives us that ZnN:() at,, is ultrastrongly Cauchy, and there-

fore converges ultrastrongly — and even uniformly so in a, because “a” does
not appear in the expression “ZTIX: a Utm” that gave the bound.

Define ¢ := Y7 jat,. Since a*a < b*b, we have [a) < [b), and so a =
alb) =a) , thab= 7>, at,b = cb. So to get ¢ = a/b we only need to prove
that [¢) < (b], that is, ¢(b] = ¢. To this end, recall that ) [t,) = (b],
so that [t,) < (b], and ¢, (b] = t,, which implies that at, (b] = at,, and

soc(b] =>, at, (b] =), at, = c. O

A

Exercise Let a and b be elements of a von Neumann algebra o7
1. Let A > 0 be given, and recall that (&), = {c € & ||c]|
Show that a is in (&)xb iff a*a < A?b*b, and then |a/b||

(Compare this with “Douglas’ Lemma” from [15].)
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2. Show that a € 7 (b] need not entail that a € 7b.

Exercise Let b be an element of a von Neumann algebra 7. \Y

1. Let a be a positive element of &7, and let A\ > 0.
Show that a € b* ()b iff @ < Ab*b, and then [|b*\a/b|| < .

2. Show that b*\a/b is positive for every positive element a of b*.7b.

(Hint: prove that (b*\v/a) (v/a/b) = b*\a/b.)

Exercise Given elements b and ¢ of a von Neumann algebra 7, an approximate VII

pseudoinverse t1, to, ... of b, and an approximate pseudoinverse of s1, So2,... of ¢,
show that (Zgzl Sn)a (Zﬁi:l tm), converges ultrastrongly to c\a/b as N — oo

(and uniformly so) for a € ¢(<7);b.

Exercise Show that for positive elements a and b of a von Neumann algebra <7, VI
the following are equivalent.

1. a < Ab for some X\ > 0;
2. a = vbev/b for some positive ¢ € 7.

In that case, there is a unique ¢ € o7, with a = v/bev/b and [¢] < [b]. Moreover,
if t1,to,... is an approximate pseudoinverse of v/b, then > imn tmat, converges
ultraweakly to such c.

Lemma Given elements b and ¢ of a von Neumann algebra 7 the maps IX
ar—a/b: (A)b— o and a—c\aj/b: ()b — o

are ultrastrongly continuous (where (&7); is the unit ball).

Proof By m the series ), at, converges ultraweakly to a/b, where t1,ts,... is X
an approximate pseudoinverse of b, and in fact uniformly so for a € (7)1 (be-
cause a*a < b*b for such a). Since a — ZnN:1 aty, ()10 — & is ultrastrongly
continuous (by — and the uniform limit of continuous functions is con-
tinuous — we see that a — a/b, (/)10 — & is ultrastrongly continuous. It
follows that (-)/b: c¢(2)1b — ¢(&/)1 and c\(-): ¢(«7); — & are ultrastrongly
continuous; as must be their composition ¢\ - /b: ¢(&)1b — & . O
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Remark The map a — a/b might not give an ultrastrongly continuous map on
the larger domain /b, because, for example, upon applying (-)/(1, ;, é, ...) to
the ultrastrongly Cauchy sequence (1,0,0,...), (1,1,0,...), ... in £ we get
the sequence (1,0,0,...), (1,2,0,...), ..., which is not ultrastrongly Cauchy.

3.4.3 Polar Decomposition

Proposition (Polar Decomposition) Any element a of a von Neumann alge-

bra &7 can be uniquely written as a = [a]v/a*a, where [a] is an element of &7 [a).
Moreover,

1. [a] is partial isometry with [a]*[a] = [a*a] = [a) and [a][a]* = [aa*] = (a],
2. and [a*] = [a]*, so that vaa*[a] = a = [a]Va*a.

Proof Since a*a < va*ava*a, the existence and uniqueness of an element [a]

of & with a = [a]v/a*a and [ [a]) < [a) = (Va*a | is provided by and we
get ([a] ] < (a] to boot! Note that [a]*[a] = [a*a], by 60 VI, because

Varala)*la] Vata = a*a = Va*a [a*a] Va*a,

and [ [a]*[a] ] < [a) = [ Va*a|. In particular, [a] is a partial isometry (by[791V).
Let us prove that [a][a]* = (a]. Note that [a][a]* is a projection (because

[a] is a partial isometry, by [f91V]). We already know that [a][a]* = ([a] ] < (a].
Concerning the other direction, aa* = [a]Va*a Va*ala]* = [a] a*a[a]*, so that

(a] = faa"] = [[alaala]" ] < H|a|| lala]* | = [lala]*] < [al[a]*.
To prove that a = v/aa*[a], we'll first show that v/aa* = [a]v/a*a[a]*. Indeed,
since [a]*[a] = [ Va*a |, we have [a]va*ala]*[a]va*ala]* = [a]va*aVa*ala]* =

aa* — now take the square root. It follows that vaa*[a] = [a]va*a[a]*[a] =
[a]va*a = a. Finally, upon applying (-)*, we see that a* = [a]*Vaa*, and
thus [a*] = [a]*, by uniqueness of [a*], because [ [a]*) = ([a] ] = (a] = [a*). O

Recall from that the least central projection [e] above a projection e of
a von Neumann algebra @/ is given by [e] = (J,c., [a*ea]. Using the polar
decomposition we can give a more economical description of [e], see

Proposition Given projections ¢ and e of a von Neumann algebra 7, the
following are equivalent.



1. € = [a*ea] for some a € &
2. ¢/ = [a) and (a] < e for some a € o
3. ¢ = wv*u and uu* < e for some partial isometry u.

In that case we write ¢/ < e (and say €’ is Murray—von Neumann below e).

Proof That impliesis clear. 1) Since (a] < e, we have ea = a, and
a

so [a*ea] = [a*a] = [a) = €. (IPf3) By the polar decomposition (see [82 1)
we get a partial isometry u := [ea] for which v*u = [ea]*[ea] = [(ea)*ea] = €’
and uu* = [eaa*e] < e. O

Exercise Show that < preorders the projections of a von Neumann algebra.

Lemma Given a projection e of a von Neumann algebra &7 there is a family
(€i); of non-zero projections with Je] =", e;, and e; < e for all 4.

Proof Let (e;); be a maximal set of non-zero pairwise orthogonal projections
in o with e; < e for all i. Our goal is to show that >~ e; = J, e; = [e].

Let u; be a partial isometry with u}u; = e; and u;u] < e. Since e; = ufu; =
uiuguiu; < ujeu; < U,ey [a*eal = e, we have | J; e; < Je].

Suppose that (J;e; < [e] (towards a contradiction). Then since p :=
el — U, e: is a non-zero projection, and p = pfe]p = U,cy [pla*ea] p| =
U,c.r [(eap)*eap], there must be a € &/ with (eap)*eap # 0. The polar
decomposition (see of eap gives us a partial isometry u := [eap] with
uu* = [eap(eap)*| = [eapa*e] < e and u*u = [(eap)*eap] < p, so that u*u is a
non-zero projection, orthogonal to all e; with u*u < e. In other words, e could
have been added to (e;);, contradicting its maximality. Hence | J, e; = [e]. O

Using |83 Il we can classify all finite-dimensional C*-algebras.

Theorem Any finite-dimensional C*-algebra o7 is a direct sum of full matrix
algebras, that is, & = @, My, for some Ny,...,Nj; € N.

Proof Let eq,...,en be a basis for 7. We'll first show that 2 is a von Neumann
algebra, and for this we’ll need the fact that the unit ball («7); is compact
with respect to the norm on /. For this it suffices to show that || - || is
equivalent to the norm || - || on & given by |la|’ =", |zn| foralla =", zne,
where z1,...,2zy € C, (because the unit || - ||’-ball is clearly compact being
homeomorphic to the unit ball of CV.) Since for such a = Y, z,e, we have

lall < 225 [2nl llenll < 22, [2n] supy, len]l = llall” supy, [lenl|
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we see that a — a: &/ — & is continuous from || - || to || - ||. For the converse
it suffices to show that f,,,: a =%, 2z, = zm, & — C is bounded with respect
to || - ||, because then

lall” = 11225 fa(@)enll” < 22, fala)] < 2, 1) lla]-

In fact, we’ll show that any linear functional on ./ is bounded. Since the
bounded linear functionals form a linear subspace &7* of N-dimensional vector
space of all linear functionals on .7 it suffices to show that «7* has dimension N.
So let f1,...,fr be a basis for &7*; we must show that N < M. Since the
states of &7 (see and thus all linear functionals on & form a separating
collection, the functionals f1,..., fy form a separating set too; since therefore

a— (fi(a), ..., f;u(a)): o — cM

is a linear injection from the N-dimensional space &7 to the M-dimensional
space CM we get N < M. Whence all linear functionals on 47 are bounded, the
norms || - || and || - ||" are equivalent, and (<) is norm compact.

First we need to show that every bounded
directed set D of self-adjoint elements of </ has a supremum (in 7). We may
assume without loss of generality that ||d|| < 1 for all d € D, and so D C
(7)1. Since (&); is norm compact there is a cofinal subset D’ of D that norm
converges to some a € &/, and thus D norm converges to a itself. It’s easily
seen that a is the supremum of D. Indeed, given dy € D we have dy < d for
all d > dp, and so dp < limg>q, d = a. Hence a is an upper bound for D; and
if b is an upper bound for D, then d < b for all d € D, and so a = limgd < b.

Since in this finite-dimensional setting \/ D is apparently the norm limit
of (d)4ep, any positive functional f on o will map \/ D to the limit of (f(d))aep,
which is \/ ;. f(d), and so f(\/ D) =\ 4cp f(d). Whence every positive func-
tional on &7 is normal; and since the positive functionals on . form a separating
collection, &7 is a von Neumann algebra.

Since pairwise orthogonal non-zero projections are easily
seen to be linearly independent, and & is finite dimensional, every orthogonal
set of projections in 7 is finite. In particular, any descending sequence of non-
zero projections must eventually become constant. It follows that below every
(central) projection p in & there is a minimal (central) projection, and even
that p is the finite sum of minimal (central) projections. In particular, the
unit 1 of &7 can be written as 1 = Zn 2z, where zq,...,z) are minimal central
projections of <. By we know that z,,4 is a von Neumann algebra for



each m, and that ¢ is nmiu-isomorphic to the direct sum €, 2«7 of these von
Neumann algebras via a — (2;,a)m. Since z,, is a minimal central projection,
the von Neumann algebra z,4 has no non-trivial central projections.

Let e be a minimal projection of &/ (which exists by
the previous discussion). Since e # 0, and &/ has no non-trivial central pro-
jections, we have [e] = 1. By we have 1 = [e] = 3, ex for some non-
zero projections e, ...,ex in & with e < e. So there are partial isometries
Ul,...,ux € & with ufur = e, and upuj < e for all k. In fact, since e is
minimal, we have ujpu; = e. Thinking of u; as |0)(k| define upe = ujus; we'll
show that ¢o: A — 3, , Apeupe: Mg — &/ is a miu-isomorphism. It’s easy to
see that p is linear, involution preserving and unital. To see that g is multiplica-
tive, first note that u;uj} equals e when j = k and is zero otherwise. It follows
that u;;ure equals u;y when £ = j and is zero otherwise. Whence

o(A)o(B) = > ke AijijBreure = 3 50(3 % AikBre)uie = 0(AB)

for all matrices A, B € Mg, and so o is multiplicative.

It remains to be shown that ¢ is a bijection. To see that o is injective, first
note that g is normal, because using the fact that g is positive and thus bounded,
we can show that g preserves suprema of bounded directed sets in much the same
way we showed that all np-functionals on &/ are bounded. We can thus speak
of the central carrier [o] of g, and thus to show that g is injective it suffices
to show that [o] = 1. Since Mk is a factor (see the only alternative
is [o] = 01i.e. p =0, which is clearly absurd unless & = {0} in which case we’d
already be done. Hence p is injective.

To see that g is surjective let a € o with a # 0 be given. Since a =
Zk,ﬁ erpae) = Zk,é Ug1 U1 aUg U1e, and ugy and uye are in the range of o it suffices
to show that uigaug is in the range of ¢ for all £ and £. In other words, we may
assume without loss of generality that eae = a, where e is the minimal projection
in o7 we started with. Since e(agr)te = (ar)+, and so on, we may assume that a
is positive. By scaling, we may also assume that ||a|| < 1/3. Since [|lalle — a] < e,
and e is minimal, we either have [||a|le — a] = e or [||a|le — a] = 0.

The former case is impossible: indeed, if e = [|jalle — a] =V, (|lalle — a)"/*"
(see[56 1)), then (||lalle —a)”?" norm converges to [||ale — a] = e (cf.|IV]), and so
l|alle — al|'/*" converges to ||| = 1. Then ||||alle — a|| = 1, while ||[|alle — al| <
lallllell + [la] < 2, which is absurd.

Hence [||a|le — a] = 0, and so a = ||a||e. In particular, a is in the range of .
Whence p is surjective, and thus a miu-isomorphism My — <. O
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3.5 Normal Functionals

For our study of the category of von Neumann algebras we need two more
technical results concerning the normal functionals on a von Neumann algebra.

The first one, that a net (by), in a von Neumann algebra o is (norm)
bounded provided that (w(by))a is bounded for each np-functionals w: & — C
(see , ultimately follows from a type of polar decomposition for ultra-
weakly linear functionals (see .

The second one, that the ultraweak topology of a von Neumann subalgebra
coincides with the ultraweak topology of the surrounding space (see , is
proven using the double commutant theorem and requires a lot of hard

work.
3.5.1 Ultraweak Boundedness

To get a better handle on the normal positive functionals on a von Neumann al-
gebra, we first analyse the not-necessarily-positive normal functionals in greater
detail.

Lemma A linear map f: & — C on a C*-algebra « is positive iff || f]] < f(1).
Proof (Based on Theorem 4.3.2 of [43].)

If f(1) =0, then f = 0 in both cases (viz. f is positive, and || f]] < f(1)),
so we may assume that f(1) # 0. The problem is easily reduced farther to the
case that f(1) = 1 by replacing f by f(1)~!f (noting that f(1) > 0 in both
cases), so we’ll assume that f(1) = 1.

This follows immediately from |34 XV|| and |34 IX]
but here’s a concrete proof: Let a € & be given. Pick A € C with |A] = ]
and Af(a) > 0. Then |f(a)| = f(Aa) = f(Aa)s = f((Ma)s) < f(lal) = llal,
because (Aa)r < ||[(Aa)r|| < || Aa|| = |lal|, and f is positive. Hence || f|| < 1.

Let a € [0, 1] be given. To prove that f is positive,
it suffices to show that f(a) > 0. Since (f(a)r)* = (f(a)")r < |f(a)*| =
|f(a)] <1, and therefore f(a)r >0, we just need to show that f(a); = 0.

The trick is to consider b, := (a — f(a)r) + nif(a);. Indeed, since (n +
D2(f(@n)? = |f(ba)* < [Iball* = 16500l < lla = f(a)rl* + n*(f(a)r)?, one
sees that (2n + 1)(f(a)1)? < |la — f(a)g||* for all n, which is impossible un-
less (f(a);)? =0, that is, f(a); = 0. O




Lemma An extreme point u of the unit ball (&), of a C*-algebra <7 is a partial
isometry with (uu*)te/ (u*u)t = {0}.

Remark The converse (viz. every such partial isometry is extreme in (<)1) also
holds, but we won’t need it.

Proof (Based on Theorem 7.3.1 of [43].)

To show u is a partial isometry it suffices to prove that u*u is a projection.
Suppose towards a contradiction that u*u is not a projection. Then u*u, rep-
resented as continuous function (on sp(u*u) cf. , takes neither the value 0
nor 1 on a neighbourhood of some point, and so by considering a positive con-
tinuous function, which is sufficiently small but non-zero on this neighbourhood
and zero elsewhere, we can find a non-zero element a of the (commutative)
C*-subalgebra generated by u*u with 0 < a < u*u and |Ju*u(1 £ a)?|| < 1, so
that [lu(1+a)|| < 1. Since u is extreme in (&)1, and u = u(l+a) + Lu(1-a),
we get ua = 0, and so 0 < a? < Vau*us/a = u*ua = 0, which contradicts a # 0.

Let a € (uu*)te/(u*u)t be given; we must show that @ = 0. Assume
(without loss of generality) that ||a|| < 1. We'll show that ||u=+al < 1, because,
since u is extreme in (&)1, u = 3 (u+a)+ 3(u— a) implies that u = u+a, and
so a = 0. Note that a*a < (u*u)i (because a(u*u)* = a) and u*a = 0 (because
(uwu*)ta = a). Thus (u =+ a)*(u £ a) = v*u + u*a £ a*u+ a*a = v*u + a*a <
u*u + (u*u)t =1, s0 ||Ju £al < 1. O

Theorem (Polar decomposition of functionals) Every functional f: & — C
on a von Neumann algebra & which is ultraweakly continuous on the unit
ball («7); is of the form f = f(uu*(-)) = f((-)u*u) for some partial isometry u
on «f such that f(u(-)) and f((-)u): & — C are positive.

Proof (Based on Theorem 7.3.2 of [43].)

We'll first show that f takes the value || f|| at some extreme point u of («7);. To
begin, since (&) is ultraweakly compact , and f is ultraweakly continu-
ous the subset { f(a): a € («7)1 } of R is compact, and therefore has a largest el-
ement, which must be || f||. Thus the convex set F :={a € (&)1: f(a)=|f|}
is non-empty. Since F is ultraweakly compact (being an ultraweakly closed sub-
set of the ultraweakly compact (&7)1), F' has at least one extreme point by the
Krein-Milman Theorem (see e.g. Theorem V7.4 of [13]), say u. Note that F' is
a face of (#)1: if a+ 1b € F for some a,b € (&)1, then 3 f(a)+ 1 f(b) = || f|,
so f(a) = f(b) = || f|l (since ||f]| is extreme in (C)s) and thus a,b € F. It
follows that u is not only extreme in F, but also in (&)1, so that « is an partial
isometry with (vu*)te (u*u)t = {0} by

Note that f(u(-)) is positive by [} because || f(u(- )| < |flllull < IIf] =
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fw) = f(u(1l)). By a similar argument f((-)u) is positive.

Let a € o be given. It remains to be shown that f(a) = f(uu*a) = f(au*u).
First note that u(u*u)t = 0 (since u is an isometry) and so f(u(u*u)t) = 0,
that is, u*u > [f(u(-))]. This entails that f(ubu*u) = f(ub) for all b € &/
by and in particular f(uu*au*u) = f(uu*a).

Now, since (uvu*)+e (u*u)t = {0}, we have uu*au*u+a = vu*a+au*u, and
thus f(a) + f(uu*a) = f(a) + fuu*au*u) = f(uu*a) + f(au*u), which yields
f(a) = f(au*u). By a similar reasoning we get f(uu*a) = f(a). O

Corollary A functional f: &/ — C on a von Neumann algebra o7 is ultraweakly
continuous when it is ultraweakly continuous on the unit ball (27);.

Proof By there is a partial isometry w such that f(uu*(-)) = f and f(u(-))
is positive. Recall from that such a positive functional f(u(-)) is normal
when it is ultraweakly continuous on [0, 1]; which it is, because a — ua is
ultraweakly continuous (see[451V)), maps [0, 1] into ()1, and f is ultraweakly
continuous on (&);. But then f = f(uu*(-)) being the composition of the
ultraweakly continuous maps f(u(-)) and a — w*a is ultraweakly continuous
on & too. O

Lemma Let f: @ — C be a normal functional on a von Neumann algebra <7,
and let u be a partial isometry in 7 such that f(u(-)) is positive, and f =
f(uur(+)). Then ||f]| = f(w). 0
Proof Since f(u(-)) is positive, we have ||f(u(-))|| = f(u) by [34 XVI} hence
1= 1 (wa™ C DI < L (uC D Ilu* [} = f(u) < [|F]l; and thus [ f]] = f(u).

Definition Given a von Neumann algebra <7, the vector space of ultraweakly
continuous linear maps f: o/ — C endowed with the operator norm is denoted
by <, and called the predual of o7.

Remark The reason that the space 7 is called the predual of < is the non-
trivial fact due to Sakai [62] (which we don’t need and therefore won'’t prove),
that the obvious map &/ — (#)*, where (&7 )* is the dual of &/, — the vector
space of bounded linear maps 2/, — C endowed with the operator norm —, is a
surjective isometry, and so &/ “is” the dual of 7, (albeit only as normed space,
because (7 )* doesn’t come equipped with a multiplication.)

We will need this:

Proposition The predual 7 of a von Neumann algebra & is complete (with
respect to the operator norm).



Proof Let fi, f2,... be a sequence in & which is Cauchy with respect to
the operator norm. We already know (from that f1, fa,... converges to
a bounded linear functional f: & — C; so we only need to prove that f is
ultraweakly continuous to see that @7 is complete, and for this, we only need to
show (by that f is ultraweakly continuous on the unit ball (&), of 7.
So let (ba)o be a net in (&); which converges ultraweakly to 0; we must show
that lim, f(by) = 0. Now, note that for every n and o we have the bound

|f(ba)‘ < |(f_fn)(ba)| + |fn(ba)| < Hf_fn” + |fn(ba)|

From this, and lim, ||f — fn|| = 0, and lim, f,,(bs) = 0 for all n, one easily
deduces that lim, f(b,) = 0. Thus f is ultraweakly continuous, and so &7 is
complete. O

Note that for a self-adjoint element a of a von Neumann algebra </ we have
la]] = sup,, |w(a)| where w ranges over the npsu-functionals, but that the same
identity does not need to hold for arbitrary (not necessarily self-adjoint) a € .
The following lemma shows that this restriction to self-adjoint elements can be
lifted by letting w range over all of <.

Lemma We have [la|| = sup ;¢ (.., |f(a)| for every element a of a von Neumann
algebra 7.

Proof It’s clear that sup e ..y, [f(a)| < |af.

For the other direction, write a = [a]va*a (see and note that [ja|| =
[Va*a|| = sup,,cq |w(Va*a)|, where Q is the set of npu-maps & — C (which
is order separating). Let w € Q be given. Since [a]*a = va*a we have
w(va*a) = w([a]*a) = f(a), where f := w([a]*(-)) € ()1, and so ||a|| =
sup,cqw(Vara) <supseiyy, [f(a). O

Theorem A net (by), in a von Neumann algebra &/ is norm bounded (that
is, sup,, ||ba|| < o0) provided it is ultraweakly bounded, i.e., sup,, |w(ba)| < oo
for every np(u)-map w: &/ — C.

Proof Note that f — f(by) gives alinear map (- )(by): @4 — Cwith ||(-)(ba)] =
[[ba || by V| for each cv. So to prove that (by)q is norm bounded, viz. sup,, [|ba|| =
sup,, [|(+)(ba)|| < oo, it suffices to show (by the principle of uniform bounded-
ness, using that 7 is complete, [Ill), that sup,, | f(ba)| < co for all f € <.

Since such f € 47 can be written as f = Zi:o i*wy, where wy: o — C

are np-maps (by [72V)), we see that sup, |f(ba)| < Zi:o sup,, |wi(ba)| < o0,
because (by)q is ultraweakly bounded. Thus (b, ), is norm bounded. O
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3.5.2 Ultraweak Permanence

We turn to a subtle, and surprisingly difficult matter: it is not immediately clear
that the ultraweak topology on a von Neumann subalgebra o7 of a von Neumann
algebra 2, coincides (on &) with the ultraweak topology on . While it is easily
seen that the former is finer (that is, a net in &/ which converges ultraweakly
in &/, converges ultraweakly in % too, because any np-map w: B — C is also
an np-map restricted to <7), it is not obvious that an np-map w: & — C can
be extended to an np-map on & — but it can, as we’ll see We’ll call this
independence of the ultraweak topology from the surrounding space ultraweak
permanence being not unlike the independence of the spectrum of an operator
from the surrounding space known as spectral permanence .

It is tempting to think that the extension of an np-map w: &/ — C on a von
Neumann subalgebra &7 of a von Neumann algebra % to 4 is simply a matter of
applying Hahn—Banach to w, but this approach presents two problems: it yields
a normal but not necessarily positive extension of w; and it not clear that w is
ultraweakly continuous on & (that is, whether Hahn-Banach applies).

Instead of applying general techniques we feel forced to delve deeper into
the particular structure provided to us by von Neumann algebras (namely the
commutant, to show that any np-map w: &/ — C on a von Neumann
algebra <7 of bounded operators on a Hilbert space 7 can be extended to an
np-map on (), and in fact, is of the form w = Y (x,,(-)z,) for some
T1,T2,... € H, see[89TX]

Proposition Let S be a subset of a von Neumann algebra 7 that is closed
under multiplication, involution, and contains 1. Let e be a projection in <.
Then [e]gn = U,cg [a*ea] is the least projection in SY above e.

(Compare this with the paragraph “Subspaces” of §2.6 of [43].)

Proof Let us first show that p := [e] 4o is in SZ. Let b € S be given; we must
show that pb = bp. We may may assume without loss of generality that ||b]] < 1.
Since b*( - )b: &/ — </ is normal and completely positive, and p = (J g [a*ea],
we have b*pb < [b*pb| = U,cq [0 [a*ea] b] = J,cq [(ab)* eab] < p by
and Applying p (- )p*, we get pb*pbp < ptppt = 0, so that pbpt =0,
and thus pbp = pb. Since similarly pb* = pb*p, we get bp = pbp = pb (upon
applying (-)*) and so p € SU.

Note that e < [1*el] < p, because 1 € S. It remains to be shown that p is
the least projection in SY above e, so let ¢ be a projection in SP above e. Since
for a € S, we have agta* = gtaa*qt < |la|?q* < |lal|?et, and so a*ea < ||al|?q



we get [a*ea] < ¢ for all @ € S, and thus p = |J, .4 [a*ea] < q. O

Exercise Show that given a vector x of Hilbert space 7, and a collection .S of
bounded operators on ¢ that is closed under addition, (scalar) multiplication,
involution, and contains the identity operator, the following coincide.

1. [|z){z|]4o, the least projection in S above [|z)(z|];
2. [(z,(-)z)|SP], the carrier of the vector functional on SY given by x;
3. Uaes [|ax){ax|]; and

4. the projection on St.

Conclude that SPHz = Sz. (Hint: SPP = SH))

Now consider (instead of z) an np-map w: B(#°) — C, which we know must be
of the form w = )" (n, (-)z,) (by[391X) and is therefore given by an element
x' = (x1,22,...) of the N-fold product 7" := @, H# of .

1. Show that w(t) = (2, ¢'(t)a’), where ¢': B(H) — B(H") is the nmiu-
map given by o' (t)y = (tyn)n for all t € B(H) and y € .
Prove that ¢'(t) = ), PytP,, where P, := n,: X' = @, H — I is
the n-th projection.

2. Let t € SUY be given (with S as above). Show that o/(t) € ¢/ (S)P5.
(Hint: first show P,aP; € SU for all m, n, and a € ¢'(S)".)
Conclude that ¢ (t)z’ € ¢/(S)HHz' = ¢/(9)a’.
Whence for every e > 0 one can find a € S with ||t — all, <e.

3. Deduce that SPF is contained in the ultrastrong closure of S.

Double Commutant Theorem For a collection S of bounded operators on a
Hilbert space J# that is closed under addition, (scalar) multiplication, involu-
tion, and contains the identity operator the following are the same.

1. SP9 the “double commutant” of S in Z(H);
2. us-cl(S), the ultrastrong closure of S in B(H#);
3. uw-cl(S), the ultraweak closure of S in B(H);
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4. W*(S5), the least von Neumann subalgebra of #(7¢) that contains S.

Proof (Based on Theorem 5.3.1 of [43].)

Note that: us-cl(S) C uw-cl(S), because ultrastrong convergence implies
ultraweak convergence; and uw-cl(S) C W*(S), because W*(S) is ultraweakly
closed in B(I7) by and W*(S) € SP, because S7 is a von Neumann
subalgebra of B(#) by and, finally, SPF C us-cl(S) by O

Exercise Show that central elements of a von Neumann algebra 7 of bounded
operators on a Hilbert space ¢ coincide with the central elements of the com-
mutant /5, that is, Z(/) = Z(&/"). (Hint: /P9 = o7 by )

Deduce that [f|«] = [f|«/"] for every np-map f: %(#) — 2 into a von
Neumann algebra %.

Lemma Let w: &/ — C be an np-map on a von Neumann algebra <7, which
is represented by nmiu-maps ¢: &/ — AB(H’) and 7: & — B(H') on Hilbert
spaces S and 2. If (z,0(-)z) = w = (y,w(-)y) for some z € 7 and y € A,
then there is a bounded operator U: & — 5 for which UU* is the projection
on o(&)x, U*U is the projection on n(%)y, and Un(a) = p(a)U for all a € <.

Proof (Compare this with Proposition 4.5.3 of [43].)

Since [lo(@)zll? = (2, 0(a*a)z) = w(a*a) = {y,m(@*a)y) = |lm(ay|® for
all a € o7, there is a unique bounded operator V: (& )y — o(«)x with
Vr(a)y = p(a)x for all @ € &/. A moment’s thought reveals that V is a
unitary (and so V*V = 1 and VV* = 1.) Now, define U := EVF* where
E: o()r — A and F: w(&/)y — & are the inclusions (and so E*E =1
and F*F = 1). Then UU* = EVF*FV*E* = EVV*E* = EE* is the projec-
tion onto o(& )z, and UU* = FF* is the projection onto (% )y.

Let a € & be given. It remains to be shown that Un(a) = p(a)U. To this
end, observe that VF*r(a)F = E*o(a)EV (because these two bounded linear
maps are easily seen to agree on the dense subset 7(2)y of m(#/)y); and o(a)E =
EE*g(a)E (because g(a) maps o(< )z into o(«)x); and similarly g(a*)F =
FF*o(a*)F, so that F*p(a) = F*p(a)FF* (upon application of the (-)*). By
these observations, Un(a) = EVF*n(a) = EVF*r(a)FF* = EE*p(a)EVF* =
0(a)EVF* = p(a)U. O

Exercise It is not too difficult to see that the (ultraweak) sum ", u; of a col-
lection (u;); of partial isometries from some von Neumann algebra is again a
partial isometry, provided that the initial projections u;u; are pairwise orthog-
onal, and the final projections w;u; are pairwise orthogonal. In this exercise,




you’ll establish a similar result, but for partial isometries between two different
Hilbert spaces, and avoiding the use of an analogue of the ultraweak topology
for such operators.

Let 7 and ¢ be Hilbert spaces, and let U, : 5 — ¥ be a bounded operator
for every element i from some set I. Assume that the operators U;U; are pair-
wise orthogonal projections in #(#"), and that U;U;* are pairwise orthogonal
projections in ZA().

1. Let x € J and y € £ be given.

Show that |[{z,U;y)| < ||Ufz||||[Usy|| for each ¢ (perhaps by first proving
that Ul = UlUZ*Ul)

Show that >, [|U;y||*> < |lyl|* and Y, [|Ufz||? < ||z|?, and deduce from
this that 3, [(z, Uiy)| < [[z[lllyll

Now use[36 V] to show that there is a bounded operator U: ¥~ — 2 with
(x,Uy) = >, (x,Usy) for all x € 5 and y € K.

2. Show that U;U; = 0 when ¢ # j. Deduce from this that U*U = ), U;U;.
Prove that UU* =), U;U;".

Lemma Let © be a collection of np-maps w: &/ — C on a von Neumann
algebra 7 whose central carriers, [w], are pairwise orthogonal to one another,
and let J# and J# be Hilbert spaces on which .o/ is represented such that
each w € € is given by vectors z,, € S and y,, € &, that is, (x,,0( - )z,) =
w = (Yuw, ()Y, where o: & — B(H) and 7: & — PB(X) are nmiu-maps.

Then there is a bounded operator U: J# — ¢ which intertwines m and o
in the sense that Un(a) = 9(a)U for all a € & such that U*U is a projection in
7(/)P with [U U], () = (32, [w]), and UU* is projection in o(/)P with
[UU~] o(e)8 = o>, Twl).

Proof Given w € Q, let 0,,: o(#7) — C and ¢’,: (o)~ — C denote the restric-
tions of the vector functional (z., (- )zy) : B(H) — C, and let 7,: 7(&/) — C
and 7/ : 7(2/)Y — C be similar restrictions of (y.,(-)y,). We already know
(by |I| and that there is a bounded operator U, : & — J¢ with U3U, =
(7.1, U, UL = [ol,], and U,m(a) = o(a)U,, for all a € 7.

We'll combine these Uy,s into one operator U using [l but for this we
must verify that the projections U,U* = [o]] are pairwise orthogonal, and

w
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that the projections U}U,, are pairwise orthogonal too. To this end note that
[o.] = [o,] by Thus, since the projections [w] are orthogonal to
one another, and [o/] < [o,] = [ow] = o([w]), we see that the projec-
tions U, U = [o],] are indeed pairwise orthogonal. Since for a similar reason
the projections UXU, = [7.] are pairwise orthogonal too, there is by m a
bounded operator U: J# — 5 with U*U =) U3U,, UU* =5 U,U}, and
(x,Uy)y =3 (z,Uyy) for all x € A and y € A

Let us check that U has the desired properties. To begin, since the projec-
tions [ULUZ] = [o.] = o([w]) are pairwise orthogonal, we have [UU*| =

>0 TULUST = o3, [w]) by[681Mandp6 XV Similarly, [U*UT = (3, [w]).

Finally, given a € & we have Un(a) = p(a)U, because (z,Un(a)y) =
( *

2 (@, Uom(a)y) = 32, (x, 0(@)Uuy) = 32, (0(a)", Usy) = {e(a)*z,Uy) =
(x,0(a)Uy) for all x € S and y € 7. O

VIl Corollary Let o/ be a von Neumann of bounded operators on some Hilbert
space €, and let o: & — () denote the inclusion. Let Q be the collection
of all np-maps & — C, and let po: &/ — B(H5) be as in 301X

There is a bounded operator U: J#, — 5 such that U*U is a projection
in oo (o)™ with [UU] 4o ()0 = 1 and Ugq(a) = o(a)U for all a € o7

VIl Proof Let {z;}; be a maximal set of vectors in ¢ such that the central car-
riers [w;] of the corresponding vector functionals w; := (x;, o(-)z;) on &7 are
pairwise orthogonal; so that we’ll have ). [w;] = 1. Now, the point of /%, is
that there are vectors y; € S with w; = (y;, 0a( - )y;) for each i. Now apply
to get a map U: 4, — # with the desired properties. a

IX  Theorem Every np-map w: & — C on a von Neumann subalgebra 7 of 2(.7¢),
where 7 is some Hilbert space, is of the form w = ) (zp, (- )z,) for some
T1,%2,... € H (with Y ||z, ||* < 00).

X Proof (Based on Theorem 7.1.8 of [43].)

Let 0: &/ — B(H) denote the inclusion, and let U: 5 — S be as
in Since w € , there is y € G with w = (y, 0a(-)y). We're going to
‘transfer’ y from 7, to S using the following device. Since 1 = [U*U| AP

we can (by [83V)) find partial isometries (v;); in oo (#7)” with 1 =3, viv; and



vf < U*U for all i. Then for every a € &7,

w(a) = (y, oala)y)

= ZZ (y, vivi oa(a)y) since 1 = Zz viv;
= > (Y, v;U Vv gala)y) since v;v} < U*U
= >, (Uviy, Uga(a)viy) since v; € o(e/)"
= > (Uviy, o(a) Uviy) since Upq(a) = o(a)U.

In particular, w(1) = Y, [|[Uv;y||?, so at most countably many Uv;y’s are non-
zero; and denoting those by x1,x2,..., we get w = > (zn, (- )zn). O

Corollary Let &7 be a von Neumann subalgebra of a von Neumann algebra 2.
1. For every np-map w: &/ — C there is an np-map £: # — C with {|&/ = w.

2. Ultraweak permanence: the restriction of the ultraweak topology on %
to &7 coincides with the ultraweak topology on «7.

3. Ultrastrong permanence: the restriction of the ultrastrong topology on %
to &7 coincides with the ultrastrong topology on 7.

Exercise Let 0: &/ — 2 be an injective nmiu-map.
Show using [48 VI that any np-functional w: &/ — C can be extended along o,
that is, there is an np-functional w’: & — C with gow’ = w.

We end the chapter with another corollary to that the np-functionals on a
von Neumann algebra are generated (in a certain sense) by any centre separating
collection of functionals. This fact plays an important role in the next chapter
for our definition of the tensor product of von Neumann algebras (on which the
product functionals are to be centre separating, [108 11)).

Proposition Given a centre separating collection €2 of np-functionals on a von
Neumann algebra &7, and an ultrastrongly dense subset S of <7

Q ={w(s*(-)s): weQ, se S} is order separating, and

2. Q" ={>, wn: wi,...,wny € Q'} is operator norm dense in ().

..89, 90..
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Proof We tackle [1] first. We already know from that the collection = :=
{w(a*(+)a): we Q, a € o}, which contains ', is order separating; so to prove
that V' is itself order separating it suffices by RIX]to show that ' is norm dense
in Z. This is indeed the case since given a € & and w € , and a net (s4)q in S
that converges ultrastrongly to a, the functionals s, *w = w(sk(-)s,) converge
in norm to a xw as a — oo by [72111]

Let f: o/ — C be an np-map; we must show that f is in
the norm closure ” of . Note that since () is centre separating, the map
oa: o — B(H) from is injective, and in fact restricts to a nmiu-
isomorphism from & onto go (/) (cf. @8VII). So by f is of the form
[ =X, (@n, 00(+)z,) for some x1,20,... € H with Y [|2,|* < oo, so
that the partial sums nN:1 (Tn, 00(* )x,) converge with respect to the opera-
tor norm to f (by . Thus to show that f is in Q it suffices to show that
each (1, 00(-)x,) isin Q7 (since Q” is clearly closed under finite sums and norm
limits). In effect we may assume without loss of generality that f = (x, 0q(-)x)
for some x € J%,. We reduce the problem some more. By definition of
% = @wGQ% and o0, wWe have f = <$,QQ()J)> = Eweﬂ <xw7gw(')xw>;
and so we may, by the same token, assume without loss of generality that
f={(x,0,()x) for some w € Q and x € J#,. Since such x (by definition of 77,
is the norm limit of a sequence n,,(a1), 7, (az), - - -, where aq,aq,... € &,
the np-maps a, *w = (ny,(an), 0w( - )Nw(ay)) converge to (x, g, (- )z) = f in the
operator norm as n — oo by B8VI} and so we may assume without loss of gen-
erality that f = a*w for some a € &7 and w € . Since S is ultrastrongly dense
in & we can find a net (s,)q in S that converges ultrastrongly to a. As the
np-functionals s, * w in ' C Q" will then operator-norm converge to f = a * w
as a — oo by we conclude that f € Q. (]

With this chapter ends perhaps the most hairy part of this thesis: we’ve de-
veloped the theory of von Neumann algebras starting from Kadison’s charac-
terization (see n to the point that we have a sufficiently firm hold on the
normal functionals (see e.g.[861X| [B91X)), the ultraweak and ultrastrong topolo-
gies (e.g. [74 IV' B9 XI|, [00TI), the projections (561} 91} [651V), and the division
structure (| 821) on a von Neumann algebra. In the next chapter we reap
the beneﬁts of our labour when we study an assortment of structures in the
category W{,, of von Neumann algebras and ncpsu-maps.




Chapter 4

Assorted Structure in W,

In the previous two chapters we have travelled through charted territory when
developing the theory of C*-algebras and von Neumann algebras adding some
new landmarks and shortcuts of our own along the way. In this chapter we
properly break new ground by revealing two entirely new features of the cate-
gory WiLq, of von Neumann algebras and the normal completely positive sub-
unital linear maps between them, namely,

1. that the binary operation * on the effects of a von Neumann algebra &/
given by p* ¢ = /pq,/p (representing measurement of p) can be axioma-
tised, and

2. that the category W, has all the bits and pieces needed to be a model

CPSU
of Selinger and Valiron’s quantum lambda calculus.

We'll deal with the first matter directly after this introduction in Section
The second matter is treated in Section [£.3] but only after we have given the
tensor product of von Neumann algebras a complete overhaul in Section[1.2] Fi-
nally, as an offshoot of our model of the quantum lambda calculus we’ll study all
von Neumann algebras that admit a ‘duplicator’ in Section — surprisingly,
they’re all of the form ¢>°(X).
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4.1 Measurement

The maps on a von Neumann algebra .27 of the form a — \/pa,/p: & — o,
where p is an effect of o7, represent measurement of p, and are called assert maps
in [26]. The importance of these maps to any logical description of quantum
computation is not easily overstated. On the effects of &/ these maps are also
studied in the guise of the binary operation p*q = /pq,/p called the sequential
product (see e.g. [21]). We’ll axiomatise this operation in this section in terms
of the properties of the underlying assert maps.
Our first observation to this end is that any assert map factors as

c: arr\/pa\/p

m: a—[pla[p]
o = [p][p] o

7

where both 7 and ¢ obey a universal property: ¢ is a filter of p, see[061} and 7
is a corner of [p], see Such maps that are the composition of a filter and
a corner will be called pure, see Since not only assert maps turn out to
be pure, but also maps of the form b*(-)b: & — & for an arbitrary element b
of o/, we need another property of assert maps, namely that

Vpeip < ey = Vpeap < et

for all projections e; and e; of @/—which we’ll describe by saying that

Vo )p: A — o

is o-self-adjoint. Judging only by the name it may not surprise you that the map
b(-)b: o — of where b € & is self-adjoint (but not necessarily positive) turns
out to be ¢-self-adjoint too, so that as a final touch we introduce the notion of
o-positive maps f: &/ — of that are simply maps of the form f = gg for some
o-self-adjoint g.

The main technical result, then, of this section is that any <-positive map
f: o — 4 is of the form f = ,/p(-)\/p where p = f(1); and, accordingly, our
axioms (in that uniquely determine the sequential product * on the effects
of a von Neumann algebra & are: for every effect p of o7,

1. px1=p,
2. pxq= f(q) for all g € [0,1] o for some pure map f: & — &,

3. p = ¢ q for some ¢ from [0,1],



4. px (pxq) = (p*p) xq for all ¢ € [0,1],
5. pxe; < ey <= pxey < ef for all projections ey, e of &7.

While I would certainly not like to undersell the results mentioned above, I
suspect that the notion of purity exposed along the way might turn out to be
of far greater significance for the following reason. Our notion of purity can
be described in wildly different terms: a map f: & — £ is pure when_given
its Paschke dilation & —e— &P —c—> 98 the map p is surjective (see
and [73]). Because of my faith in our notion of purity I've allowed myself to
address some theoretical questions concerning it here that are not required for
the main results of this thesis, but suppose a general interest in purity: I'll
show that every pure map f: o — £ is extreme among the ncp-maps g: &/ —
# with f(1) = ¢(1), and, in fact, enjoys the possibly stronger property of

being rigid (see[1021lfand [102 IX)).

4.1.1 Corner and Filter

Definition Given a projection e of a von Neumann algebra &/, the corner
of e is the subset es/e of &/ (consisting of the elements of & of the form eae
with a € ). In this context, the obvious map e«/e — & is called the inclusion
and the map a — eae, &/ — edfe is called the projection.

Exercise Let e be a projection from a von Neumann algebra 7.
1. Show that a € & is an element of eZe iff eae = a iff (a] U [a) < e.

2. Show that the corner e/e is closed under addition, (scalar) multiplication,
and involution.

3. Show that e is a unit for e<Ze, that is, ea = ae = a for all a € es/e.

4. Show that e/e is norm and ultraweakly closed.
(Hint: use the fact that e(-)e: & — & is normal and bounded.)

5. Show that es/e — endowed with the addition, (scalar) multiplication,
involution and norm from &7, and with e as its unit — is a C*-algebra.

6. Show that the supremum of a bounded directed set D of self-adjoint ele-
ments of e/ e computed in &7 is itself in e<7e, and, in fact, the supremum
of D in ede.
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7. Show that the inclusion e&/e — &7 is an ncpsu-map.

8. Deduce from this that the restriction of an np-map w: & — C to a map
es/e — C is an np-map.

Conclude that e</e is a von Neumann algebra.
9. Show that the projection a — eae, &/ — e/ e is an ncpu-map.

10. Show that every np-map w: eefe — C is the restriction of the np-map
w(e(-)e): o — C. Deduce from this that the ultraweak topology of e«/e
coincides (on e«Ze) with the ultraweak topology on /. Show that the
ultrastrong topologies on e«/e and &7 coincide in a similar fashion.

Exercise Let a be an element of a von Neumann algebra <7, and let p and ¢ be
projections of 7 with a*pa < gq.

1. Show that a*ba € qo7 q for every b € po/p.

2. Show that a*(-)a gives an ncp-map po/p — q/q.

Definition Let p be an effect of a von Neumann algebra o/. A corner of p
is an ncp-map 7: & — % to a von Neumann algebra % with w(pt) = 0,
which is initial among such maps in the sense that every ncp-map f: & — %
with f(pt) = 0 factors as f = g o 7 for some unique ncp-map g: ¢ — %.

While most corners that we’ll deal with are unital, there are also corners
which are not unital (because there are non-unital ncp-isomorphisms). When
we write “corner” we shall always mean a “unital corner” unless explicitly stated
otherwise.

Proposition Given an effect p of a von Neumann algebra ., and a partial
isometry u of & with |p| = wu*, the map 7: & — uw*ua/u*u given by 7(a) =
u*au is a corner of p.
Proof By 7 is an ncp-map. To see that 7(p*) = u*ptu = 0, note that
since u*u = u* uu* u, we have 0 = u*(vu*)*u = v*|p|tu = u* [p*]u, and so
0= [u* [ptlu] = [u*ptu] by giving u*ptu = 0 by @l

Let £ be a von Neumann algebra, and let f: o — % be an ncp-map with
f(p*) = 0. To show that 7 is a corner, we must show that there is a unique
ncp-map ¢: v*udu*u — B with f = gow. Uniqueness follows from surjectivity




of m. Concerning existence, define g := f o (, where (: v*ua/u*u — & is the
nep-map given by ((a) = uau* for a € &7 (see 7 so that it is immediately
clear that g is an ncp-map. It remains to be shown f = g o, that is, f(a) =
fuu* avwu*) for all @ € . This follows from because f((uu*)t) =

=0,
since [f( (uu*)t)] = [f(lp]H)] = [f([p )] = [fp)] = [0] =0. O

Definition A filter is an ncp-map ¢: € — & between von Neumann algebras
such that every ncp-map f: B — & with f(1) < ¢(1) factors as f = co g for
some unique ncp-map g: Z — €. We'll say that c¢ is a filter for ¢(1).

To show that there is a filter for every positive element of a von Neumann algebra
we need to the following result concerning ultraweak limits of ncp-maps.

Lemma Given von Neumann algebras ./ and £ the pointwise ultraweak limit
f: 9 — P of anet of positive linear maps f,: &/ — £ is positive, and,

1. f is completely positive provided that the f, are completely positive, and

2. fisnormal provided that the f, are normal and the ultraweak convergence
of the f, to f is uniform on [0, 1]

Proof Since given a € & the element f(a) is the ultraweak limit of the positive
elements f,(a), and therefore positive (by , we see that f is positive.

Suppose that each f, is completely positive. To show that f is completely
positive, we must prove, given ay,...,a, € & and by,...,b, € A, that the
element ), b} f(aja;)b; of 2 is positive. And indeed it is, being the ultraweak
limit of the positive elements », ;b7 fa(aja;)b;, because fo(aja;) Converges
ultraweakly to f(afa;), and b} (- )b % — 2 is ultraweakly continuous
for any ¢ and j.

If the f, are normal, and converge uniformly on [0, 1] ultraweakly to f,
then f is ultraweakly continuous on [0, 1], (because the uniform limit of con-
tinuous functions is continuous), and thus normal (by . O

Proposition Given an element d of a von Neumann algebra ./, the map
c: (d]/(d] — o given by c(a) = d*ad is a filter.
Proof Note that ¢ is an ncp-map by Let 4 be a von Neumann algebra,
and let f: Z — o/ be an ncp-map with f(1) < ¢(1). To show that ¢ is a filter,
we must show that there is a unique ncp-map g:  — (d]./(d] with f =cog.
Uniqueness of g follows from the observation that ¢ is injective by [60 VI

To establish the existence of such g, note that f(b) is an element of d*.</d,
when b is positive by [ VI because 0 < f(b) < [|b]| (1) < [[b]|c(1) = ||b]|d*d, and
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thus for arbitrary b € £ too (being a linear combination of positive elements).
We can thus define g: B — (d] <7 (d] by g(b) = d*\f(b)/d for all b € A. It is
clear that g is linear and positive, and co g = f.

To see that g is normal, note that d*\ - /d: d*(&/)1d — & is ultrastrongly

continuous by [811X] as is f by 451l| (also) as map from (#); to d*(</)1d, so
that g is ultrastrongly continuous on (£)1, and therefore normal by (44 XV

Finally, ¢ is completely positive by [T} because it is by the uniform ul-
trastrong limit of the by (94 Ill|completely positive maps (3>, _; tn)* f(-) (25:1 tn
where tq,ts,... is an approximate pseudoinverse of d. ([

Before exploring their more technical aspects, we’ll explain how corners and
filters can be made to appear at opposite ends of a chain of adjunctions:

Eff
Filter - o A - 1 = Corner

(W;PSU)OP

The category Eff has as objects pairs (&, p), where & is a von Neumann
algebra, and p € [0,1]. is an effect from &/. A morphism (&7,p) — (%, q)
in Eff is an ncpsu-map f: & — &/ with p < f(q) + f(1)* — that is,

wp) < w(f(g) + w(f(1)* for every normal state w: & — C.

The functor Eff — (W7,,,)° in the middle of the diagram above maps a
morphism f: (&,p) = (£, q) to the underlying map f: # — /. The func-
tors 0 and 1 on its sides map a von Neumann algebra o to («7,0) and (7, 1),
respectively, and send an ncpsu-map f: &/ — £ to itself; this is possible since

0< fO)+f()F  and 1< f1)+FO)*E

That 1 is right adjoint to the functor Eff — (W}, )" follows from the obser-
vation that an ncpsu-map f: # — & is always a morphism (&,p) — (%,1),
whatever p € [0, 1], may be, because p < f(1) + f(1)+. For a similar reason 0
is left adjoint to Eff — (W¥,4,)°P.

On the other hand, a morphism (&7, 1) — (4, q) where ¢ € [0, 1] % is not just
any ncpsu-map f: % — &/, but one with 1 < f(q) + f(1)*, that is, f(¢g*) = 0.

),



It’s no surprise then that a corner w: & — € for q € [0,1] considered as
morphism (¢,1) — (4%, q) is a universal arrow from 1 to (4, q).

On the other side there’s a twist: a morphism (7, p) — (%,0) where p €
[0,1]. is an nepsu-map f: & — £ with p < £(0) + f(1)1, that is, f(1) < p™.
It follows that any filter ¢c: ¥ — & for pt, when considered as morphism
(#,p) — (€,0), is a universal arrow from (<7, p) to 0.

This chain of adjunctions not only exposes a hidden symmetry between filters
and corners, but such chains appear in many other categories as well, see [6].

Definition Let & be a von Neumann algebra.

1. Given a positive element p of &/ we denote by ¢,: [p|</[p] — & the
standard filter for p given by c¢,(a) = /pa./p for all a € [p|</[p].

2. Given an effect p of &/ we denote by m,: & — |p|</|p| the standard
corner of p given by m,(a) = [p|a|p].

Exercise Let c: ¥ — o be a filter, where 4" and ¢/ are von Neumann algebras.

1. Show that, writing p := ¢(1), there is a unique ncp-map «: € — [p|</[p]
with ¢ = ¢, o o; and that this « is a unital ncp-isomorphism.

2. Show that c is injective (by proving first that ¢, is injective using 60 VIII)).
Conclude that c is faithful (so [f] = 1), and that ¢ is mono in Wp.

3. Show that ¢ is bipositive (by proving first that ¢, is bipositive using (81 VI)).

Exercise Show that the composition d o ¢ of filters ¢: ¥ - Z and d: ¥ — &
between von Neumann algebras is again a filter.

Exercise Let p be an effect of a von Neumann algebra </, and let 7: & — €
be a corner of p.

1. Show that there is a unique ncp-map §: |p|/|p] — € with 7 = 8 o mp;
and that this £ is unital and an ncp-isomorphism.

2. Show that 7 is surjective, and that 7 is epi in W,.
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Exercise Show that an ncpu-map 7: & — % between von Neumann algebras
is a corner for an effect p of &7 iff 7 is a corner for |p|; in which case [7] = |p].
Thus a corner 7 is a corner for [7].

Exercise Show that the composition To7 of corners 7: & — Band 7: B — €
between von Neumann algebras is again a corner.
(Hint: prove and use the inequality [r] < [x([7ox])]™))

Theorem Given an ncp-map f: &/ — % between von Neumann algebras, a
projection e of & with [f] < e, and a positive element p of # with f(1) < p,
there is a unique ncp-map g: e«/e — [p|B[p] such that

7
ede [p]%#[p]

commutes, and it is given by g(a) = \/p\f(a)//p for all a € ece.

Proof Uniqueness of g follows from the facts that 7. is epi and ¢, is mono
in W, see[[V] and [

Concerning existence, since 7, is a corner of e, and [f] < e, or in other
words, f(et) = 0, there is a unique ncp-map h: e&/e — % with hon, = f.
Note that h(a) = f(a) for all a from esZe.

As h(1) = h(me(1)) = f(1) < p = ¢,(1), and ¢, is a filter, there is
a unique ncp-map g: e&/e — pPBp with ¢, o g = h, which is (by the proof
of given by g(a) = /p\h(a)/\/p = /P\f(a)/\/p for all a from esle.

Then cy,ogome =hom = f. O

Corollary Given an ncp-map f: &/ — % between von Neumann algebras, there
is a unique ncp-map [f]: [f1<[f] — [f(1)]L[f(1)] such that

o ! %

”Fﬂl ch(l)

(116 11| ——= [FD12TF)]

commutes; and it is given by [f](a) = / f(1)\f(a)/\/f(1) for all a from [ f].<7] f].

Moreover, [f] is unital and faithful.



Example For any faithful unital ncp-map f: & — % we have [f] = f. Such
map need not be an isomorphism; as one may take f: (A, u) — %()\+u), C? - C.

Example In the concrete case that f = a*(-)a: s&/s — to/t, where a is an
element of a von Neumann algebra, and s and ¢ are projections of &/ with
(a] < s and [a) < t, the map [f] is closely related to the polar decomposition
a = [a]va*a = Vaa*[a] of a, where [a] = a/v/a*a (see .

Indeed, since [f] = (a], f(1) = a*a, and [f] = Va*a\a*(-)a/Va*a =

[a](-)[a]*, the picture becomes:

f=a"()a

s/ s ta/t
T(a] l Tca*a
o o
ale (ol —Fmoe [l

Note that in this example [f] is an ncpu-isomorphism, because [a] is a partial
isometry with initial projection [a) and final projection (a]. Thus one can think
of the diagram above as an isomorphism theorem of sorts, which applies only
to certain ncp-maps that’ll be called pure in a moment (see .

4.1.2 Isomorphism

In case you were wondering, the ncpu-isomorphism we encountered in |98 Xl is
simply a nmiu-isomorphism (see , which follows from the following charac-
terisation of multiplicativity.

Proposition For an ncpu-map f: &/ — £ between von Neumann algebras the
following are equivalent.

1. f is multiplicative.

2. f(a)f(b) =0 for all a,b € o with ab= 0.

3. [f(p)][f(g)] =0 for all projections p and g of & with pg = 0.
4. f maps projections to projections.

5. [f(a)] = f([a]) for all a € ;.
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Proof (Based in part on the work of Gardner in [18]).

are rather obvious.

[ [ Tr@1==T1f(Tal)] = f([a]) since f([a]) is a projection.

Let p and ¢ be projections of &/ with pg = 0. Then p < ¢+, and
so f(p) < flg*) = f(@)*, which implies that [f(p)] [f(q)] = f(p)f(g) = 0
since f(p) and f(q) are projections.

Let a,b € & with ab = 0 be given. We must show that f(a)f(b ) =0,
and for this it suffices to show that [f(a)) (f(b)] = O because f(a)f(b) =
f(a)[f(a)) (f(b)] f(b). Since ab = 0, we have [a)(b] = 0 by m and
so [f([a))][f((a])] = 0. Now, since [f([a))] < [f (a)) and [f((a]] < (f(a)]
by [6111, we get [f(a)) (f(0)] = [f(a)) [f([a)] [f((a])] (f(a)] = 0.

I:l |:| We must show that f(a)f(b) = f(ab) for all a,b € &. Since the linear
span of projections is norm-dense in 7, it suffices to show that f(a)f(e) = f(ae)
for any a € & and a projection e of «/. Given such a and e, we on the one
hand have aet e = 0, so that f(aet)f(e) = 0, that is, f(a)f(e) = f(ae)f(e);
and on the other hand we have aeet = 0, so that f(ae)f(et) = 0, that is,
f(ae) = f(ae)f(e); so that we reach f(ae) = f(a)f(e) as sum total, and the
result that f is multiplicative. O

Theorem An ncpsu-isomorphism f: &7 — % between von Neumann algebras
(so both f and f~! are ncpsu-maps) is an nmiu-isomorphism.

Proof Since f~1(1) < landso 1= f(f~1(1)) < f(1) < 1, we see that f(1) =1
so both f and f~! are unital. It remains to be shown that f and f—!
multiplicative. Since by an effect a of &7 is a projection iff 0 is the infimum
of a and a*, and f (as ncpu-isomorphism) preserves (-)* and order, we see
that f maps projections to projections, and is thus multiplicative, by [l It
follows automatically that f~! is multiplicative too. O

Exercise Show that any filter of a projection is multiplicative.
(Hint: the filter is a standard filter up to an ncpu-isomorphism, which is
a nmiu-isomorphism by @)

Exercise Show that for an ncp-map f: &/ — % between von Neumann algebras
the following are equivalent.

1. f is multiplicative.
2. f sends projections to projections.

3. [f(a)] = f([a]) for all a € ;.



(Hint: factor f = ( o h where ( is a filter for f(1) and h is an ncp-map.)

4.1.3 Purity

Definition Filters, corners, and their compositions we’ll call pure.

Exercise Show that the following maps are pure.
1. An ncp-isomorphism between von Neumann algebras.
2. The identity map id: &/ — & on a von Neumann algebra .27

3. The map a*(-)a: & — & for any element a of a von Neumann alge-
bra /.

Proposition For an ncp-map f: & — % between von Neumann algebras the
following are equivalent.

1. f is pure, i.e., f is the composition of (perhaps many) filters and corners.

2. f=com for a filter c: ¥ — % and a corner 7: & — F.

3. [f] from [98 IX|is an ncpu-isomorphism.

Proof [3=={2| and are rather obvious.

Calling f properly pure when f = c o n for some filter ¢ and corner ,
we must show that every pure map is properly pure. For this it suffices to show
that the composition of properly pure maps is again properly pure; which, since
filters are closed under composition (by , and corners are closed under
composition (by [98 VI)), boils down to proving that the composition 7o ¢ of a
corner m and a filter ¢ is properly pure. Since m = a o 7] and ¢ = ¢.(1) o 8 for
ncpu-isomorphisms « and (seeand it suffices to show that f := m.c,
is properly pure for a positive element p and a projection s of a von Neumann
algebra 7. Since such f is of the form f = s,/p(-)\/ps: [p|[p] = ss, we
know bythat [f] is an ncpu-isomorphism, and thus that f = cy(pyo[floms
is properly pure.
|:| Recall that [f] is by definition the unique ncp-map with f = ¢y [flmrs7,
see[98 IX] Note that since f = com, we have [f] = [7] (because [¢] = 1 by [981])),
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and f(1) = ¢(1) (because m(1) = 1). Since there are ncpu-isomorphisms « and S
with 7 = amp and ¢ = cq1)f, we see that f = c.)Bam, and so [f] = Ba
by definition of [f], so [f] is an ncpu-isomorphism. O

Exercise Use m to show that
1. a faithful pure map is a filter,
2. a unital pure map is a corner, and

3. a unital and faithful pure map is an ncpu-isomorphism.

4.1.4 Contraposition

Definition Given an ncp-map f: &/ — % between von Neumann algebras we
define f°: Proj(«/) — Proj(#) by f°(e) = [f(e)] for all e € Proj(«7).

Proposition Given an ncp-map f: &/ — % between von Neumann algebras and

a projection e from 9 there is a least projection f,(e) from o with [f( fole)t
et, namely f,(e) = [ef(-)e] (being the carrier of the ncp-map ef( - )e from |63 I));

giving a map f,: Proj(#) — Proj(#).

N

Proof Since by definition [ef(-)e] is the greatest projection s of & with

ef(st)e = 0 (see ; and ef(sT)e = 0 iff [f(sH)] < fe(-)e]t = et the

projection [ef(-)e | satisfies the description of f,(e). O

Exercise Let f: .o/ — 2 be an ncp-map between von Neumann algebras.
1. Show that f°(s) < t* iff fo(t) < st, for all s € Proj(«/) and t € Proj(%).

2. Show that f(UE) = U.cp f°(e) for every set of projections E from 7.

Exercise Show that for ncp-maps f,g: &/ — £ between von Neumann algebras

fe =g°iff fo = go. In that case we say that f and g are equivalent.

Show that for ncp-maps f: & — % and g: & — o we have f° = g, iff f, = ¢°

iff [f(s)] <tt <= [g(t)] < st for all projections s from & and t from 4.
In that case we say that f and g are contraposed.



Examples

1. Given an element a of a von Neumann algebra &/, the maps a*(-)a
and a(-)a* on & are contraposed.
If p and ¢ are projections of &/ with a*pa < ¢ (as in[94 11I)), then the maps
a*()a: plp — qof/q and a(-)a*: g/ ¢ — pef/p are contraposed.
In particular, the standard corner ms: &/ — s/s and the standard filter
cs: 8/s — o for a projection s from o7 are contraposed.

2. An ncp-isomorphism f: &/ — % between von Neumann algebras is con-
traposed to its inverse f~': Z — .

3. There may be many maps equivalent to a given ncp-map f: &/ — XA
between von Neumann algebras: show that (zf)® = f° for every positive
central element z of & with [z] = 1.

Exercise Let & —f—= % —9—> % be ncp-maps between von Neumann alge-
bras o/, 4 and €.

1. Show that (g0 f)° = g° o f° (using BOV), and (g f)o = fo © go.

2. Assuming that f is equivalent to an ncp-map f': & — % and g is equiv-
alent to an ncp-map ¢’': B — €, show that g o f is equivalent to ¢’ o f’.

3. Assuming that f is contraposed to an ncp-map f': 8 — & and g is
contraposed to an ncp-map ¢': ¥ — %, show that g o f is contraposed

to ffog'.

Proposition Given ncp-maps f,g: &/ — % between von Neumann algebras

(f+9)°(s) = f7(s) Ug®(s)  and  (f+9)o(t) = fo(t) U go(t)
for all s € Proj(«/) and ¢ € Proj(#).
Proof Note that (f+9)°(s) = [(f +9)(s)] = [f(s) + g(s)] = [f(s)]U[g(s)]
£2(s) U g°(s) by [BON] Since (f + g)o(t) < s* iff £2(s) U g°(s) = °(s)
t+ iff both f°(s) < t* and g°(s) < t* iff both f.(t) < s
iff fo(t) U go(t) < st, we see that (f + g)o(t) = folt) U go(2). a

Lemma Given contraposed maps f: & — % and g: & — o/ between von
Neumann algebras, we have [f] = [gf].

Proof [gf]=(9f)s(1) = fo(9-(1)) = g°([g]) = ¢°(1) = fo(1) = [f]. O
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4.1.5 Rigidity

We now turn to a remarkable property shared by pure and nmiu-maps.

Definition We say that an ncp-map f: & — % between von Neumann algebras
is rigid when the only ncp-map g: & — # with g(1) = f(1) and [ f(p)] = [g(p)]
for all projections p from & is f itself.

Proposition A rigid map f: & — % between von Neumann algebras is extreme
among the ncp-maps g: & — £ with g(1) = f(1).

Proof Given f = Ag; + Atgo where A € (0,1) and g1,902: &/ — % are ncp-
maps with g;(1) = f(1), we must show that f = g; = ¢g2. Note that for every
projection s of & we have f°(s) = (Ag1 + A1 g2)°(s) = g3 (s) U gs(s) by
and and in particular g$(s) < f°(s). Then for h := Ag; + A+ f we have
h(1) = f(1) and h°(s) = g3(s) U fo(s) = f°(s), so that A\g1 + At f=h = f =
Ag1 + At go by rigidity of f; and thus f = go. Similarly, f = g;. d

Proposition A nmiu-map o: &/ — % between von Neumann algebras is rigid.

Proof Let g: & — % be an ncpu-map with [o(p)] = [g(p)] for every pro-
jection p of «/. To show that o is rigid, we must show that ¢ = o, and
for this, it suffices to prove that g(p) = o(p) for every projection p of <.
To this end, we’ll show that g is multiplicative, because then g maps pro-
jections to projections, so that g(p) = [g(p)] = [o(p)] = o(p) for every pro-
jection p of &/. We'll show that g is multiplicative using by proving
that [g(p)] [9(q)] = 0 for projections p and ¢ of & with pg = 0. Indeed,
[9(p)1T9(a)] = [e(p)][e(a)] = o(p)o(q) = o(pg) = 0(0) = 0. O

Lemma Given an element b of a von Neumann algebra ./ the ncp-map a +—
b*ab, (b] < (b] — o is rigid.

Proof Let g: (b]<(b] — & be an ncp-map with g(1) = b*b and [b*pb] = [g(p)]
for every projection p of (b]<Z(b]. To prove that ¢ := b*(-)b: (b].Z(b] — & is
rigid, we must show that g = ¢. Since ¢ is a filter (by and ¢g(1) = b*b there
is a unique ncp-map h: (b].eZ(b] — (b].«7 (b] with g = coh. Our task then is to
show that h = id, and for this it suffices to show that, for all a € (b]</(b],

enh(epaey)e, = ejaey, (4.1)
for some sequence of projections ej,eq,... of (b]<7(b]| that converges ultra-

strongly to (b], because by [45 VI| the left-hand side of the equation above con-
verges ultrastrongly to g(a), while the right-hand side converges ultrastrongly



to a. We'll take ey := Zﬁf:l [tn), where tq,t9,... is an approximate pseudoin-
verse for b, because (b] =", [tn).

Since the identity on e, e, is rigid by [V} it suffices (for ) to show that
enh(en)e, = e, and [e,h(p)e,| = p for every projection p from e, o/e,. Writ-
ing sy = 25:1 tn, we have bs, = e,, and so [e,h(p)e,| = [sib*h(p)bs,] =
[sng(@)snl = [s3[g(p)]sn] = [s7 [b"Pb] sn] = [spb"pbsyn| = [enpen] for
every projection p from (b]e/(b]. In particular, [e,h(p)e,] = p when p is
from e, e,; and we see [enh(ef;)en] = [enef;en] = 0 when we take p = e,
so that e,h(el)e, = 0, which yields e, h(e,)e, = e,.

Theorem Every pure map between von Neumann algebras is rigid. IX

Proof Let f: &/ — 9 be a pure map between von Neumann algebras, and X
let g: &/ — % be an ncp-map with f(1) = g(1) and f® = ¢g°. To show that f
is rigid, we must prove that f = g. We know by 08TX] that f can be written as
[ = crayolflomrsy, and that cp(q) is rigid, by which we’ll use shortly. To this
end, note that since f° = ¢°, we have f, = go, and so [f] = fo(1) = go(1) = [¢].
As 7rs) is a corner of [ f] = [g], there is a unique ncp-map h: [fl/[f] — %
with ho7[s = g. Since then h® o 7r<[>ﬂ =g°=f°= c}i(l) o[f]°o 7r<[>ﬂ, and ﬂfﬂ
is clearly surjective, we get h® = c;i(l) o[f]°, and thus (ho[f]~1)° = c;i(l), using
here that [f] is invertible, because f is pure. Now, using that cg(y) is rigid, and
h([f171(1)) = h(1) = h(mpp (1)) = g(1) = f(1) = cyay(1), we get ho[f]7! =
cf(1), which yields g = homy) = ho [f]_l o[f]o Tf] = Cf(1) © [f]o TrF = 7,
and thus f is rigid. O

4.1.6 o-Positivity

Definition We’ll call an ncp-map f: &/ — o/ between von Neumann algebras 103
1. o-self-adjoint if f is pure and contraposed to itself (f° = f,), and
2. o-positive if f = gg for some o-self-adjoint map ¢: & — .

We added “o-” to “positive” not only to distinguish it from the pre-existing
notion of positivity for maps between C*-algebras, but also to contrast it with
the notion of “i-positivity” that appears in the following thesis (see [2141)).

Examples Let o7 be a von Neumann algebra. [l
1. Given a € @& the map a(-)a: & — & is o-self-adjoint.

2. Given a € &, the map a(-)a: & — 4/ is o-positive.
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Exercise Let f: .o — & be an ncp-map, where o7 is a von Neumann algebra.
1. Show that [f] = [f(1)] when f is o-self-adjoint.

2. Assuming f is ¢-self-adjoint, show that ff is o-self-adjoint, and show

that [ff] = [£] (cf. [[OLXI).

3. Show that f is ¢-self-adjoint when f is ¢-positive.

We now turn to the question roughly speaking to what extent a filter ¢ is deter-
mined by its action ¢°: e — [c(e)] on projections; we will see (essentially in [VII)
that two filters ¢; and ¢y are equivalent, ¢§ = ¢35, if and only if ¢;(1) and (1)
are equal up to some central elements, that is, centrally similar.

Definition We say that positive elements p and g of a von Neumann algebra <7
are centrally similar if ¢p = dq for some positive central elements ¢ and d of &/
with [p] < [¢] and [q] < [d].

Exercise Let p and ¢ be positive elements of a von Neumann algebra 7.

1. Show that when p and ¢ are centrally similar, every element a of < that
commutes with p commutes with ¢ too; and in particular, pg = gp.

2. Show that when p and ¢ are centrally similar, [p] = [q].

3. Show that when p and ¢ commute, and both pr\q and % are central, p
and ¢ are centrally similar.

4. Show that when p and g are pseudoinvertible, then: p and g are centrally
similar iff pg™! is central iff gp™! is central iff both (pAq)p~! and (pAgq)q™?!
are central.

5. Assuming that p and ¢ commute and e; < ey < --- are projections com-
muting with p and ¢ with (J,, e, = [p] such that the e,p and e,q are
pseudoinvertible, and centrally similar, show that p and ¢ are centrally
similar on the grounds that both p% and pT/\q are central.

(Hint: enppﬂ = (enp)A(end) 5y central, and converge ultraweakly to

pAg
enp P )



Lemma Suppose that [¢¥(e) ¢] < e and [q I(et) q-| < et, where e is a projec-
tion of a von Neumann algebra &7, q is a positive element of &7, and ¥: & — &/
is a miu-map. Then eq = ge and ¥(e) = e.

Proof We have ¥(e)ge = ¥(e)q, because e > [qV(e) q] = [V(e)q) (see [59 V).
Similarly, J(e*)get = J(e*)q, because et > [qd(e*)q| = [d(et)q), and
so Y(et)ge = 0, which implies J(e)ge = ge. Thus ge = J(e)ge = V(e)q,
and so ¢%e = qi(e)q is self-adjoint, which gives us that ¢’c = (¢%e)* = eq®.
Since ¢? commutes with e, ¢ = \/qi2 commutes with e too (see . Finally,
¥(e)g = ge = eq and [¢q] = 1 imply that ¥(e) = e by O

Corollary A positive element ¢ of a von Neumann algebra & with [¢] = 1 is
central provided there is a miu-map ¥: &/ — & with [¢d(e) q] < e for every
projection e from &7; and in that case ¥ = id.

Proposition Positive elements p and ¢ of a von Neumann algebra o with [p] =
[¢] = 1 are centrally similar when there is a miu-isomorphism ¢: & — o
with [pep] = [q¥(e) ¢] for all projections e of o7; and in that case ¥ = id.

Proof Let e be a projection from &/ with ep = pe. Since 1 = [p] = [p?] we
have e = [e[p?] €] = [ep®e] = [pep] = [q¥(e)q]. Since et commutes with p
too, we get et = [g¥(et) q] by the same token; and thus eq = ge and V(e) = e
by [IV] Since p is the norm limit of linear combinations of such projections e, we
get pg = gp and J(p) = p.

Since p and ¢ commute, we can find a sequence of projections e; < e < - -+
that commute with p and ¢ with (J, e, = [p] and such that pe, and ge, are
pseudoinvertible — one may, for example, take ey := EnN:1 [t,,] where tq,ts, . ..
is an approximate pseudoinverse of p A g (see . Note that to prove that p
and ¢ are centrally similar, it suffices to show that pe, and ge, are centrally
similar, bym Further, to prove that ©¥(a) = a for some a € 7, it suffices to show
that ¥(enae,) = epae,, because ejae, converges ultrastrongly to a by
Note that ¥(e,,) = e, because e,p = pe,, and so ¥ maps e, e, into e, Fe,.

Thus, by considering e, /e, instead of &7, and the restriction of 9 to e, &7 e,
instead of ¥, and pe,, and ge,, instead of p and ¢, we reduce the problem to the
case that p and ¢ are invertible; and so we may assume without loss of generality
that p and ¢ are invertible to start with. Given a projection e from </ we have
[plq0(e) qp~t] = [p~ [q¥(e) q] p~1] = [p~ ! [pep] p~*] = €; so by V]| we get
that ¥ = id and p~!q is central; and so p and ¢ are centrally similar (by m) O

Proposition A faithful o-positive map f: &/ — < on a von Neumann algebra <7
is of the form f = ,/p(-)\/p where p := f(1).
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Proof Note that f, being faithful and pure, is a filter (by , and thus of
the form f = /p¥Y(-)/p for some isomorphism ¥: &/ — &/. Our task then is
to show that 9 = id, and for this it suffices, by [VTI} to find some positive ¢ in o7
with [¢] =1 and f°(e) = [\/pV(e) /p| = [qeq] for all projections e in 7.
Since f is <>—positive, we have f = &£ for some o-self-adjoint map &: & —
o Simee 1 = [f] = fo(1) = &(6(1) < &(1) = [€] we have [€] =
1, and so, §, belng pure and faithful, is a filter (by m Furthermore,
as € = /€ WE(): o — o is a filter of (1) too, there is an isomor-
phism a: d%dwmhf*&x Now, f° °—§°—gofaogof( )~ 1¢o
implies £° = a°€°a®, and f° = (£8)° = £a0E0a® = £96° = (§§) . In other
words, [/pd(e) /p| = fo(e) = (££)°(e) = [£(1)e&(1)] for all projections e
of &7, which implies that ¥ = id by and hence that f = \/p(-)/p- O

To strip from [104 1X| the assumption that f be faithful we employ this device:

Definition Given an ncp-map f: &/ — % between von Neumann algebras we
denote by (f): [f1[f] — [f(1)]#]f(1)] the unique ncp-map such that

!

o B
”fﬂl Tw(m
AT Y rranrra)

commutes. (Compare this with the definition of [f] in[981X])
Exercise Let f: .o/ — 2 be an ncp-map.
1. Show that (f) = 7mrs1)) © f o crp (using, perhaps, that 7z o ¢4 = id).
2. Show that (f) = 7)1 © cs(1) © [f]-
(Thus (f)(a) = /F(1) [fka) /F(1) for all a from [£1</Tf].)
3. Show that (f) is faithful, and (f)(1) = f(1).
4. Assuming that f is pure, show that {f) is pure, and hence a filter (by.

IV Exercise Let f: .o/ — o/ be an ncp-map, where &/ is a von Neumann algebra.

1. Suppose that f is ¢o-self-adjoint.

Recall that [£] = [£(1)], and so () : [f1/[f] > [f1]f].
Prove that (f) is o-self-adjoint.



2. Suppose again that f is o-self-adjoint, and recall from [103 Ill| that f? is
o-self-adjoint, and [ f?| = [f]. Show that {f?) = (f>2

3. Assuming that f is o-positive, show that (f) is o-positive.

Theorem Given a positive element p of a von Neumann algebra <7 there is a
unique o-positive map f: &/ — & with f(1) = p, namely f = ,/p(-)\/p-

Proof We've already seen in (1031l that f = /p(-)\/p: & — & is a o-

positive map with f(1) = p. Concerning uniqueness, (given arbitrary f) the

map (f): [p|«[p| — [p]<[p] from |l is o-positive by and faithful by [IT]]
and so of the form (f) = \/p(-)\/pP byh (since (f)(1) = f(1) = p); implying
that f = crp) o (f) 0wy = P IP1 () [Pl VP = VvB(-) VP 0

Corollary (“Square Root Axiom”) Given a positive element p of a von Neu-
mann algebra &7 there is a unique o-positive map ¢: & — & with g(g(1)) = p,

namely g = ¥/p () &/p.
Proof Any <>—p081t1ve map g: & — o with g(g(1)) = p will be of the form

(1
9=1+/9(1) (-)/9(1) by [V} so that p = g(g(1)) = g(1)? implies that g(1) = \/p
by [23 VI m thereby giving g = ¢/p () ¥/p- O

Theorem On the effects of every von Neumann algebra o/ there is a unique
binary operation * such that for all p from [0, 1],

A. px1l=p,

B. pxq= f(q) for all ¢ from [0, 1], for some pure map f: & — &,
C. px(pxq) = (p*p)*q for all g from [0,1]

D. p = ¢x*q for some ¢ from [0, 1]

E. pxe; < ey <= px*ey <ej for all projections eg, es from o7;

namely, the sequential product, given by p*q = /pq,/p for all p, ¢ from [0, 1] s
Proof Let p from [0, 1] be given. Pick p’ from [0, 1] with p = p*p/ usingp
and find a pure map f: &/ — & with f(q) = p' x ¢ for all ¢ from [0, 1]
using Then f is o-self-adjoint by and so ff is o-positive. Since f(f(1)) =
pox(p x1)=p' «p' =pby[Al ff=/B(-)ypby[I05V] sopxq=(p'xp')xq=
P (p'xq) = f(f(q)) = /pay/p for all q € 0,1] by [C O
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Il Exercise None of the axioms frommmay be omitted (except perhaps |§|, see :

1. Show that p ¢ := [p] ¢ [p] satisfies all axioms of [ except

2. Show that p*q := |p]q|p| + /p— [p]q/p— |p] satisfies all axioms
except

3. Show that if for every effect p of &7 we pick a unitary u, from [p].</[p]
then * given by p * ¢ = \/pus, q u,./p satisfies E| and
Show that this % obeys |C| when ug = Up2, and |§| when pu, = upp, and

when uy = uy,.
Conclude that when w,, is defined by w, := g(p), where g: [0,1] — {-1,1}
is any Borel function with ¢(2/3) = 1 and g(4/9) = —1 the operation x*

(defined by w, as above) satisfies all conditions of |I| except

4. Show that there is a Borel function g: [0,1] — S! with g(1/2) # 1 and g(\?) =

g(N)? for all X € [0,1], and that x given by p x g = /pg(p)* ¢ 9(p)\/p sat-
isfies all conditions of [l except [E]

IV Problem Is there a binary operation * on the effects [0, 1] of a von Neumann
algebra o7 that satisfies all axioms of [[] except [Df

V  Remark The axioms for the sequential product (on a single von Neumann
algebra) presented here (inlI[) evolved from the following axioms for all sequential
products on von Neumann algebras (). we previously published in [72].

Ax.1 For every effect p of a von Neumann algebra <7 there is a filter ¢: 4 — &/
of p and a corner m: & — € of |p| with pxq = ¢(mw(q)) for all ¢ € [0,1] .

Ax.2 pry (P*ar q) = (p*w D) %o q for all effects p and ¢ from a von Neumann
algebra 7.

Ax.3 f(p*w q) = f(p) 2 f(q) for every nmisu-map f: &/ — % between von
Neumann algebras and all effects p and ¢ from <.

Ax4d pxy e < &32l < Py ey < elL for every effect p from a von Neumann
algebra &7 and projections e; and ey from 7.

Note that Ax.2 and Ax.4 are mutatis mutandis the same as axioms C and E,
respectively, and Ax.1 is essentially the same as the combination of axioms A
and B. In other words, we managed to get rid of Ax.3—and with it the need to



axiomatise all sequential products simultaneously—at the slight cost of adding
axiom D, though that one might be superfluous as well (see .

We refer to §VI of [72] for comments on the relation of our axioms with those
of Gudder and Latémolie¢re [22] and for some more pointers to the literature.

4.2 Tensor product

The tensor product of von Neumann algebras o/ and % represented on Hilbert
spaces . and £, respectively, is usually defined as the von Neumann subalge-
bra of #B(H# ® ') generated by the operators on S @ % of the form A ® B
where A € o/ and B € 4. In line with the representation-avoiding treatment
of von Neumann algebras from the previous chapter we’ll take an entirely dif-
ferent approach by defining the tensor product of von Neumann algebras .o/
and A abstractly as a miu-bilinear map ®: &/ X B — & ® % whose range
generates & ® & and admits sufficiently many product functionals (see ;
we’ll only resort to the concrete representation of the tensor product mentioned
above to show that such an abstract tensor product actually exists (see .

Moreover, we’ll show that the tensor product has a universal property [T12XI]|
yielding bifunctors on W, and W7, (see[1151V] turning them into a monoidal
categories (see([119V). In the next chapter, we’ll see that W7, is even monoidal
closed (see [125 VIII)). This fact is one ingredient of our model for the quantum
lambda calculus from (9] built of von Neumann algebras, but more of that later.

4.2.1 Definition

Definition A bilinear map f: & X & — € between von Neumann algebras is
1. unital when 8(1,1) =1,
2. multiplicative if B(ab, cd) = B(a, c)B(b,d) for all a,b € &7, ¢,d € B,
3. involution preserving if 8(a,b)* = B(a*,b*) for all a € &7, b € A.
4. (This list is extended in [TI21I})

We abbreviate these properties as in[I0Tl} and say, for instance, that 8 is miu-
bilinear when it is unital, multiplicative and involution preserving.
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Definition A miu-bilinear map v: & x 8 — 7 between von Neumann algebras
is a tensor product of & and % when it obeys the following three conditions.

1. The range of y generates .7 (which means in this case that the linear span
of the range of « is ultraweakly dense in .7.)

This implies that for all f € <7 and g € %, there is at most one h € 7,
with, for all @ € & and b € £,

h(v(a,b)) = f(a)g(b),

which we’ll call the product functional for f and g, and denote by v(f, g)
(when it exists).

2. For all np-functionals 0: & — C and 7: £ — C the product functional
v(o,7): T — C exists and is positive.

3. The product functionals (o, 7) of np-functionals ¢ and 7 form a faithful
collection of np-functionals on 7.

(We'll see a slightly different characterisation of the tensor in which not all
product functionals of np-functionals are required to exists upfront in [116 VII})

Remark This compact definition of the tensor product leaves four questions
unanswered: whether such a tensor product of two von Neumann algebras al-
ways exists, whether it has some universal property, whether it is unique in some
way, and whether it coincides with the usual definition. We’ll shortly address
all four questions.

4.2.2 Existence

We'll start with the existence of a tensor product of von Neumann algebras for
which we’ll first need the tensor product of Hilbert spaces.

Definition We’ll call a bilinear map v: 5 x & — 7 between Hilbert spaces
a tensor product when it obeys the following two conditions.

1. The linear span of the range of ~ is dense in 7.

2. (v(z,y),v(@',y)) = (x,2') (y,y') for all x,2' € H# and y,y' € A .



Exercise We're going to prove that every pair of Hilbert spaces ¢ and &
admits a tensor product.

1. Given sets X and Y show that v: £2(X) x £2(Y) — £?(X x Y) given by

1f9) = (F(@)9(y) )Jeexyey
is a tensor product of £2(X) and £2(Y).

2. Show that a subset & of a Hilbert space # is an orthonormal basis
(see B91V)) iff the map T': (*(&) — A given by T(z) = Y cpxce is

an isometric isomorphism.

3. Show that any pair JZ and £ of Hilbert spaces has a tensor product
(using the fact that every Hilbert space has an orthonormal basis).

Proposition Let v: 57 x # — .7 be a tensor product of Hilbert spaces.
1. We have [|[v(z,y)|| = ||z]/||y|| for all x € S and y € % .
2. Given orthonormal bases & and % of J# and %, respectively, the set
G = (e, f): ce &, feF)

is an orthonormal basis for 7.

Proof [[] We have ||y(x, )| = (v(z,y),v(x,9)) = (z,2) (y,y) = ||=[]*||ly]|*.

2| Since (y(e,€'),v(f, f')) = (e,€’) (f, ') where e,¢’ € & and f, f' € .F, the
set ¢ is clearly orthonormal. To see that ¢ is maximal (and thus a basis) it
suffices to show that the span of ¥ is dense in 7, and for this it suffices to
show that each v(x,y) where x € 5 and y € ¥ is in the closure of the span
of 4. Now, since y = > .z (f,y) f, by @ and (z,(-)) is bounded by [1| we

have y(2,y) = 3> e 7 (v, f) v(@, f). Since similarly y(z, ) = 3" c s (e, 2) V(e f)
for all f € %, we see that v(x,y) is indeed in the closure of the span of 4. O

Definition We’ll say that a bilinear map n: 7 x & — £ between Hilbert
spaces is £2-bounded by B € [0, c0) when

| Zﬁ(xi,yi)\P <B*Y (wi,25) (Ui yy)

.3

for all z1,...,x, € € and y1,...,yn € K .
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Remark We added the prefix “/2-” to clearly distinguish it from the boundedness
of (sesquilinear) forms from which one might call “/*°-boundedness.”

This distinction is needed since for example given a Hilbert space 4 the
bilinear map (f,z) — f(x): S x S — C is always £°-bounded in the sense
that |f(x)| < ||f|l||z]| for all f € 5#* and = € S, but it is not £2.-bounded
when 7 is infinite dimensional

Theorem A tensor product v: 5 x # — 7 of Hilbert spaces is £2-bounded,
and initial as such in the sense that for any by B € [0, 00) ¢?>-bounded bilinear
map f: A x K — £ into a Hilbert space .Z there is a unique bounded linear
map By: I — &£ with p,(y(z,y)) = B(z,y) for all x € S and y € X
Moreover, ||3,]| < B for such .

Proof Note that + is £2-bounded, since for all 21, ..., 2, € J, y1,...,Yn € A,
we have || 32, (i, va)[1* = 32, 5 (v (@i, ) v(25,95)) = 22, 5 (xas 25) (Yir y5)-

Let & and % be orthonormal bases for J# and ¢, respectively. Then
since {y(e, f): e € &, f € F } is an orthonormal basis for .7 by and 3,
is fixed on it by B4 (y(e, f)) = B(e, f), uniqueness of 3, is clear.

Concerning existence of 3, note that since t = Zeeg,feﬂ (v(e, ), t)v(e, f)
for all t € .7 by B91V] we’d like to define 3, by

By(t) = > (e )it} e, f); (4.2)

ecé, feF

but before we can do this we must first check that this series converges. To this
end, note that since 3 is £2>-bounded by B we have, given t € .7,

IS e osen)” =1 Ble (e ).ty )]

eEE, feF e€E, fEF
< B> (de) (tale 1)) () (vl f).t)
ele€E, fIfeF
2>
ecE, feF
for all finite subsets E C & and F C .%. Since [|t]|? = e rez (Y >|2
by Parseval’s identity (39 |V , we see that the series from l 2)) converges deﬁn—

ing 3,(t), and, moreover, that ||3,(¢)||* < B?||t/|*.
The resulting map ,: 7 — £ is clearly linear, and bounded by B. Further,

By(v(e, f)) = Ble, f) for all e € & and f € F implies that 8, (v(z,y)) = B(z,y)
for all x € 77 and y € £, and so we're done. |



Exercise Show that the tensor product of Hilbert spaces # and J# is unique
in the sense that given tensor products v: ' x # — Z and v : ' x H — T’
there is a unique isometric linear isomorphism ¢: 7 — 7/ with v/(z,y) =
o(y(x,y)) for all x € S and y € Z .

Notation Now that we’ve established that that the tensor product of Hilbert
spaces . and £ exists and is unique (up to unique isomorphism) we just pick
one and denote it by ®: X H — H R K .

Essentially to turn ® into a functor on the category of Hilbert spaces in we’ll
need the following result (known as part of Schur’s product theorem), which will
be useful several times later on.

Lemma For any natural number N the entrywise product (@) of positive
N x N-matrices (@) and (b, ) over C is positive.

Proof Let 21,...,2ny € Cbe given. To show that (aymbn.m) is positive, it suffices
by to prove that me ZnGnmbnmzm = 0 for all n,m. Since (anm) is a
positive element of the C*-algebra My it’s of the form (a,.,) = C*C for some
N x N-matrix C' = (cpm) over C, S0 pm = Y CknCrm for all n,m. Similarly,
there a N x N-matrix (dym,) over C with by, =), dendem for all n,m. Then

E ZnQnm bnm Zm = E Zn CknCkm déndlmzm
n,m

n,m,k,¢
= Z(Z Enéknaén) (Z chk:mdfm)
k.l n m
2
= Z ’Zznckndén >0,
k4 n
and so (@nmbnm) 1s positive. O

Exercise Given square matrices (anm) < (Gnm) and (bym) < (bpm) over C of
the same dimensions, show that (@nmbnm ) < (Gnmbum )-

Proposition Given bounded linear maps A: 5 — ' and B: ¥ — X"’
between Hilbert spaces there is a unique bounded linear map

ARQB: HQH = H @A

with (A® B)(z ®y) = (Az) ® (By) for all z € 5 and y € F.

Proof In view of [110 Il the only thing we need to prove is that the bilinear map
®0(AXB): HxH — AR is (2-bounded (for then AQB = (®0(AXB))g.)
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So let x1,...,x, € S and y1,...,yn € & be given, and note that

IIZ(®°(A>< B)(wi,yi) |7 = IIZ (Az;) ® (By)|”

Z (Az;, Azj) (Byi, By;)

4,9

AIPIBI® D (i) (i ys) -

4,9

N

so ® o (A x B) is bounded by ||A||||B||. The last step in the display above
is justified by and the inequalities ((Awz;, Az;)) < ([|A|? (z;,2;)) and
({Byi, By;)) < ([BI (i, ;) )- O

Theorem Let & and & be von Neumann algebras of bounded operators on
Hilbert spaces 5 and ¢, respectively. Sending operators A € &/ and B € £
to A® B: # @ X — A @ K from |V gives a miu-bilinear map

Q: A X B — B(HRHX).

Letting .7 be the von Neumann subalgebra of #(.7 ® %) generated by the
range of ®, the restriction v: &/ x # — 7 of ® is a tensor product of &/ and A.

Proof We’ll check that the three conditions of hold; we leave it to the
reader to verify that ® is miu-bilinear.

The range of v being the same as the range of ® generates 7
simply by the way .7 was defined.

Let 0: & — C and 7:  — C be np-maps. We must find an np-
functional w on 7 with w(A® B) = 0(A)7(B) for all A € o, B € #. Note that
byma and 7 are of the form o =3 (@, (- )z,) and 7 =3 (yn, (- )yn) for
some 1, Za,... € H and y1,ya,... € X with Y ||lz,]? < ccand Y, [lym|* <
. Soas Y, Nzn@unl?=>, lzall® X, ||ymH2 < 00, we can define an np-
functional w on .7 by w(T) := Y nm (T @ Ym, T Tn ® ym) which does the job:
wA®B) =3, . (Tn, Azp) (Ym» Bym) = o(A)7(B) for all A € o and B € A.

It remains to be shown that the product functionals on .7 form
a faithful collection. These functionals are—as we’ve just seen—all of the form
Zm’n (X @ Yn, (+) Ty, @ Ym) for some x1,za,... € H and y1,ya,... € A (and,
conversely, it’s easily seen that a functional of that form is a product functional).
It suffices, then, to show that the subset of product functionals of the form
(x®y,(-)r®y) where x € S and y € £ is faithful. To this end, let T € J;
with (z @y, Te®y) = 0 for all z € # and y € ¥ be given in order to



show that T = 0. Note that since |[VTz @ y||? = (z®@y,Tz®y) = 0, and
soVTz®@y =0 forall z € #, y € X, we have VT = 0 (since the linear span
of the x ® y is dense in # ® %), and thus T = 0. O

Exercise Given von Neumann algebras o/ and % (which are not a priori rep-
resented on Hilbert spaces) construct a tensor product v: & x Z — 7 of of

and 2 using and [VI1]
4.2.3 Universal Property

Before we bring our categorical faculties to bear upon the tensor product for
von Neumann algebras we quickly review the (algebraic) tensor product of plain
vector spaces V and W first — it is a vector space VOW equipped with a bilinear
mapping ©: V x W — V ® W which is universal in the sense that for every
bilinear mapping 8: V x W — Z into some vector space Z there is a unique
linear map fBo: VOW — Z with fo(vow) = B(v,w) for allv € V and w € W.
This property uniquely determines the algebraic tensor product in the sense
that for any bilinear map ®: V x W — V ® W into a vector space V ® W which
shares this property there is a unique linear isomorphism ¢: VoW =V O W
with p(v ©w) =vOw forallv € V and w € W.

In fact, one may take this property as a neat abstract definition of the
algebraic tensor product. However, to see that the darn thing actually exists,
one still needs a concrete description such as this one: take given a basis B of V/
and a basis C of W the bilinear map @ on V' x W to the vector space (B x C)-C
with basis B x C determined by b ® ¢ = (b,¢) for b € B and ¢ € C. This shows
us not only that the algebraic tensor product exists, but also that ® is injective
(among other things).

This is all, of course, well known, and we already saw in[LTI011] that the tensor
product for Hilbert spaces has a similar universal property; the interesting thing
here is that with some work one can see that a tensor product v: & x & — 7
of von Neumann algebras o7 and % has a similar universal property too! We’ll
see that any bilinear map : & x Z — € into a von Neumann algebra ¢ which
is sufficiently regular extends uniquely along v to a ultraweakly continuous map
By: T — C, where regular will mean that the extension fo: & © B — ¢
from the algebraic tensor product is ultraweakly continuous and bounded with
respect to the norm and ultraweak topology induced on &7 ©® £ by 7 via .

To prevent a circular description here, we’ll first describe the norm and
ultraweak topology that the tensor product induces on & ® % directly, which
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turns out to be independent (as it should) from the choice of 4. This description
is essentially based on the fact that the product functionals on .7 are centre
separating; and that this determines both norm and ultraweak topology is just
a general observation concerning centre separating sets, as we saw in [90 I}

I Definitions Let &/ and £ be von Neumann algebras.

1. A basic functional is a map w: & ©@ # — C with w = (o © 7)(t*(-)t) for
some np-maps 0: &/ - C, 7: B - C,and t € &/ © A.

A simple functional is a finite sum of basic functionals.

2. Each basic functional w: & ©@ £ — C gives us an operatlon [ s Jw, that
will turn out to be an inner product in |V . by [s,t], = w( (cf. 3 -,
and an associated semi-norm denoted by ||t/ := [t,t]./> = w(t* )1/2

The tensor product norm on &7 ® % is the norm (see [VIII)) given by

[tll = sup,, [t
where w ranges over all basic functionals on &/ © £ with w(1) < 1.

3. Note that having endowed & ©® £ with the tensor product norm we can
speak of bounded functionals on & ® %, and the operator norm on them;
and note that the basic and simple functionals are bounded.

The ultraweak tensor product topology is the least topology on &/ ® %

that makes all operator norm limits of simple functionals continuous.

4. A bilinear map 3: & x 8 — € to a von Neumann algebra % is called

(a) (continues the list from [108 |
(b) bounded when the unique extension fg: & © B — € is bounded,

(¢) normal when fg is continuous with respect to the ultraweak tensor
product topology on &/ ® % and the ultraweak topology on €,

(d) completely positive when }, ., cj B(aja;, b7bj) ¢ > 0 for all tuples

ai,...,any € A, by,...,by € B, and ¢1,...,cy €F.

Il Lemma Given C*-algebras &7 and # we have (c ©7)(t*t) > 0forallt € &/ © A
and p-maps 0: & — C and 7: 4 — C.



Proof Note that writing¢t = )" a,, ®b,, whereay,...,an € &, b1,...,by € B,
we have (0 © 7)(t"t) = >, . 0(akam)T(biby). Since (alan,) is a positive
matrix over &/, and o: & 5 Cis completely positive (by , the ma-
trix (o(alan)) is positive. Since (7(b%by,,)) is positive by the same token,
the entrywise product (o(a}am)7(bhan,)) is positive too (by [IILTI). Whence
(GON)E) = ¥, 0(@han) T(B;bm) > 0. 0

Exercise Use m to show that [-, -], from |E| is an inner product.

Lemma Product functionals on &/ ® % formed from separating collections €2
and = of linear functionals on C*-algebras &/ and %, respectively, are separating
in the sense that given t € o7 ® % the condition that (c ®7)(t) =0 for all ¢ € Q2
and 7 € = entails that ¢t = 0.

Proof Write t = > a, ® b, for some ai,...,ay € & and by,...,by € A.
Note that (by replacing them if necessary) we may assume that the aq,...,an
are linearly independent. Let 7 € Z be given. Since 0 = (0 © 7)(t) =
Yo 0(an)T(bp) = 0(), an7(by)) for all o from the separating collection €2,

we have 0 = Y a,7(b,), and so—ay,...,ay being linearly independent—we
get 0 = 7(by) = --- = 7(by). Since this holds for any 7 in the separating
collection Z we get 0 =b; =--- =by, and thus t =) a, ® b, =0. O

Exercise Show that the tensor product norm from |E| is, indeed, a norm.

Exercise Note that given np-functionals o: & — C and 7: 4 — C on von
Neumann algebras, the functional c ©®7: & ©® B — C is ultraweakly continuous
and bounded, almost by definition.

Show that f ® g is bounded and ultraweakly continuous too for all f € <
and g € %A, (perhaps using [72 XI)).

Exercise We’re going to show that the ultraweak tensor product topology and
tensor product norm from [l actually describe the norm and ultraweak topology
on &/ ® % induced by a tensor product &/ x # — 7 (via ) by establishing
the two closely related facts that vo: o © B — Z is an isometry and an
ultraweak embedding, and that certain functionals w: & © Z — C can be
extended uniquely to .7 along 7e.

1. Show using [90T]] that the collection 2 of np-functionals on .7 of the form
Y(o, 7) (0 (8)* (- )ve(8)), where o: &/ — C, 7: 8 — C are np-functionals
and s € & ® A, is order separating, and that every np-functional on 7
is the operator norm limit of finite sums of functionals from €.

Show that w o 75 is a basic functional (see |E[) for every w € (2, and that
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every basic functional is of this form for some unique w € Q.

2. Show that the subset ; of Q of unital maps is order separating, and

so determines the norm on 7 via |[a||* = ||a*al| = sup,cq, w(a*a) for
all a € 7 (see 21 VII)).
Prove that [y (s)]] = supcq, w(5%9) = sup,co, [sluor, = [l for

all s € o ® A, and conclude that g is an isometry.

3. Show that ||f o yel| < ||f|| for every f € Z., and deduce from this that
when w: 7 — C is an np-functional its restriction w o 74 is the operator
norm limit of simple functionals on & ® % implying that w o yo—and
thus vq itself—is ultraweakly continuous.

4. In order to show that v is an ultraweak embedding, we’ll need the equality
1 00l = 1] for all f € 7.

In order to show this in turn, recall (from [86 IX]) that there is a partial
isometry w in 7 with f(u) = || f] (see[86 XIV]).

Show that given & > 0 there is a net (s4)q in & © % with ||s,|| < 1+4¢ for
all @ such that v (s,) converges ultrastrongly to t as o — oo (cf. [74 VI)).

Deduce that [|f]| = f(u) = |f(u)| = lima [f(7e (sa))| < [If 0101 +€),
and conclude that || f]| = ||f o vell-

5. Show that any functional w’': & ® % — C that is the operator norm limit
of simple functionals on & ® % can be extended uniquely along 5 to
an np-functional on 7 (using the fact that the operator norm limit of
np-functionals is an np-functional again, see .

Deduce from this that vq is a ultraweak topological embedding.

(Note that by any bounded ultraweakly continuous functional on &/ ®
2 can be extended uniquely to a normal functional on 7.)

Theorem A tensor product v: & x & — 7 of von Neumann algebras o/
and Z has this universal property: for every normal bounded bilinear map
B: o x B — € to a von Neumann algebra & there is a unique ultraweakly
continuous map f: J — € with 8, oy = . Moreover, ||3,| = |5l

Proof Since fo: o © B — € is ultraweakly continuous and bounded, and

o/ © % can by [X be considered an ultraweakly dense *-subalgebra of .7 via ye,
the theorem follows from except for some trivial details. O



We'll need some observations concerning completely positive bilinear maps.

Exercise Show that a mi-bilinear map 8: &/ X B8 — € between von Neumann
algebras is completely positive.

Notation Given a bilinear map 3: &/ X %8 — % between von Neumann algebras,
we define MN/B MNJZ{ X MN% — MN% by (MN6>(A, B) = (B(Aija Bij))ij for
each N.

Exercise Show that for a bilinear map 3: & X & — € between von Neumann
algebras the following are equivalent.

1. B is completely positive.
2. Mpyp is completely positive for each V.
3. (MnB)(A,B) >0 for all A€ My(«)4, B € My(%)4 and N.

Deduce as a corollary that hoBo(f X g) is completely positive when f: &' — o
g: B — B and h: € — €' are cp-maps between von Neumann algebras.

Exercise Let v: & x 8 — 7 be a tensor product of von Neumann algebras,
B: o/ x BB — € anormal bounded bilinear map, and 8,: 7 — % its extension

along o from [II2XI] Show that
1. B, is multiplicative iff 5 is multiplicative (see ;
2. f, is involution preserving iff 3 is involution preserving;
3. B is unital iff 3 is unital;

4. By is positive iff 37, ; B(aja;, b7b;) > 0 for all tuples ay,...,ayn from &
and by,...,by from £;

Ut

. By is completely positive iff 3 is completely positive.

Exercise Show that the tensor product of von Neumann algebras & and & is
unique in the sense that when v: & x B — 7 and v': & x  — J' are tensor
products of &/ and %, then there is a unique nmiu-isomorphism ¢: F — J’
with ¢(y(a,b)) =+'(a,b) for all a € &/ and b € A.
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4.2.4 Functoriality

Notation Now that we’ve established that that the tensor product of von Neu-
mann algebras & and % exists and is unique (up to unique nmiu-isomorphism)
we just pick one and denote it by ®: &/ X B — o ® B.

Proposition Given ncp-maps f: & — € and g: £ — & between von Neumann
algebras there is a unique ncp-map f® g: & @ B — € ® P with

(feg)la®b) = fla)® f(b)
for all a € & and b € B. Moreover,
1. f ® g is multiplicative when f and g are multiplicative;
2. f® g is involution preserving when f and g are involution preserving; and

3. f® g is (sub)unital when f and g are (sub)unital.

Proof As uniqueness of f ® g is rather obvious, we leave it at that. To establish
existence of f ® g, it suffices to show that the bilinear map §: & x & —
% @ 2 given by B(a,b) = f(a) ® g(b), which is completely positive by is
bounded and normal; because then we may take f ® g := fg as in [IT12X]] and
all the properties claimed for f ® g will then follow with the very least of effort
from [[141

To see that S is bounded, we’ll prove that ||Bo(s)|| < IfIllglllls]] given an
element s of & ® %, and for this it suffices (by the definition of the tensor
product norm, [[T21) to show that w(@s(s)*Bu(s)) < IIfI2lgI]s|? given a
basic functional w on & ©® # with w(1l) < 1. We'll prove in a moment that
[wo Boll < IF1llgll and Be(s)*Ba(s) < [ fllllgllBo(s™s), because with these two
claims we get w (8o (s)*Ba(s)) < |fllllglw(Bo(s*s)) < Ifllllghllw o Bollllsl® <
Il£1121lg]I?]Is]|> — which is the result desired.

Concerning the first promise, that ||w o Bgl < ||f|lllgll, note that writing
w = (o ©7)(t*(-)t), where o and 7 are np-maps on ¢ and &, respectively,
and t = Zij ¢; ®d; is from € © 2, we have

wo Bo =3 0(cif(+)eg) © T(dig(-)d;),

and so w o g is ultraweakly continuous and bounded by because the

*

o(cif(-)e;) and 7(dfg(-)d;) are bounded ultraweakly continuous functionals.



Although the bound for w o S5 thus obtained is in all probability nowhere
near ||f||lgll, it does allow us by to extend w o By to an ultraweakly
continuous functional w’ := (wo f)g on € ® P with the same norm, ||o'|| =
|lwoBs |- Since this extension w’ is completely positive (because 8 and thus wo
are completely positive, see[TI31V) its norm is by 34 XVl given by ||| = w'(1) =
w(F(1)@g(1)) < [|£lllgll, where we used that w(1) < 1. Thus [lwo A = ' <
I fllgll, as was claimed.

Incidentally, since each wo g is ultraweakly continuous, so is B, and thus 3
is normal. The only thing that remains is to make good on our last promise,
that 5o (s)*Bo(s) < || fllllgllBe(s*s). To this end, write s = Y. a; © b;, and
consider the matrices A and B given by

a1 as G b1 by bn
0 0 0 0 O 0

A = . B = ’
0 0 0 0 O 0

and the cp-map h: M, (¥®%) - €®% given by h(C) = ((1,...,1),C(1,...,1)) =
Zij Ci;. We make these arrangements so that we may apply the inequality
(M f)(A)* (M f)(A) < (Mo H)Y(D||(Myf)(A*A) easily derived from [34 XIV

Indeed, noting also |[(M, f)(1)] = ||f (1] = || f]l, we have

Po(s) Bals) = 224 flai)* fla;) © g(bi)"g(b;)
h( (My, f)(A)" (Mp f)(A) (Mn®) (Mng)(B)"(Mng)(B) )
£ HlgllhC (M f)(A*A) (Mn®) (Mng)(B*B))

<
= [Ifllllgll >=,; f(afa;) ® g(b7b;)
= [[flllgll Ba(ss),
which concludes this proof. O

Exercise Show that the assignments (&7, #) — o/ @ A, and (f,g) — fRg give
a bifunctor ®: C x C — C where C can be W} ., W/, , W, or W}

MIU? CcpPo CPU CPSU*
Proposition Given injective nmiu-maps f: & — € and g: & — 2, the nmiu-
map fRg: & @B — € ® P is injective.
Proof The trick is to consider the von Neumann subalgebra .7 generated by the
elements of ¥ ® Z of the form f(a)® g(b) where a € &/ and b € %, and to show
that the miu-bilinear map v: & x B —  given by v(a,b) = f(a) ® g(b) is a
tensor product of &7 and . Indeed, if this is achieved, then there is, by
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a unique nmiu-map ¢: & @ B — 7 with p(a ® b) = v(a,b) = f(a) ® g(b), so
that the following diagram commutes.

o X B fx9 ExD

®l \ i®

dRAB @ T C—=CR9D

The map on the bottom side of this rectangle above is none other than f ® g,
and is thus, being the composition of the isomorphism ¢ with the inclusion
T C ¥ ® 2, injective.

It remains to be shown that v is a tensor product, that is, obeys the con-
ditions from Condition [I] holds simply by definition of 7. To see that ~
obeys condition [2] let np-functionals §: &/ — C and 7: Z — C be given; we
must find an np-functional v(5,7) on .7 with v(6,7)(a ® b) = v(a, b).

By ultraweak permanence 6 and 7 can be extended along f and g, re-
spectively, see [89XII] giving us np-functionals ¢: ¢ — C and 7: 2 — C
with & = oo f and 7 = 7 o g. Now simply take v(5,7) to be the restriction of
o ® 7 to 7, which does the job.

Finally, concerning condition [3] let z be a central projection of 7 with
~v(&,7)(z) = 0 for all & and 7 of aforementioned type. We must show that z = 0,
and for this it suffices to show that (¢ ® 7)(z) = 0 for all np-functionals o and 7
on ¢ and 9, respectively. Since for such o and 7 we have v(¢,7)(v(a,b)) =
o(f(a))m(g(b)) = (c®@7)(y(a,b)) for all @ € o and b € HA, we have v(&,7)(t) =
(c @ 7)(t) for all ¢ € 7, and, in particular, 0 = v(7,7)(z) = (¢ @ 7)(2).
Hence z = 0. [

4.2.5 Miscellaneous Properties

Lemma Given von Neumann algebras &/ and %, we have ||f ® g|| = [|f|lllgll
for all f € &, and g € A..

Proof The trick is to use the polar decomposition for normal functionals, W
On its account we can find partial isometries ©u € & and v € % such that
fu(+)) and g(v(-)) are positive, and f = f(uu*(-)), g = g(vv*(-)). Then
u® v is a partial isometry such that (f ® ¢g)((u®v)(-)) is positive, and f Qg =
)

(f@g)((u®v) (u®v)* (+)) so that || f@g| = (f@g)(u®v) = f(u)g(v) = [[fllgll
by BEXIV} O



Exercise There are some easily obtained facts concerning the tensor prod-
uct &7 ® A of von Neumann algebras that nevertheless deserve explicit mention.

1. Show that a ® b > 0 for all @« € &7 and b € A;; and conclude that
a1 @by < ag ®by for all a; < as from &7 and b; < by from A.

2. Show that ||a ® b|| = ||a||||b]| for all @ € &/ and b € A.
Conclude that ®: &/ x B — &/ ® A is norm continuous.

(Warning: as ® is not linear this is not entirely trivial.)
3. Show that ®: &, x &, — (& ® %), is norm continuous (using [l).

4. Show that ®: &/ X B — & ® £ is ultraweakly continuous.

(Hint: since we already know that ®g: & © Z — & ® £ is ultraweakly
continuous, by an equivalent question is whether ©: & x & —
o © A is ultraweakly continuous, which may be boiled down to the fact
that (a,b) — 3 ;; o(ajaa;) T(bjbbj): & x 2 — C is ultraweakly contin-
uous, where o and 7 are np-functionals on & and £, respectively, and
ay,...,an, € &, and by,..., b, € AB.)

5. Show that a® (-):  — &/ ® A is a ncp-map for every a € &7, and that
1®(+): B — o @A is a nmiu-map.

Proposition Let &/ and & be von Neumann algebras.

1. If S and T are ultraweakly dense subsets of &/ and %, respectively,
then {s®t: s € S, t €T} is ultraweakly dense in & ® Z.

2. If Q and O are centre separating collections of np-functionals on <7 and %,
respectively, then {w®¥: w € Q, ¥ € O } is centre separating for & @ A.

Proof Concerning since the elements of &7 ® A of the form a®b lie ultraweakly
dense in &/ ® % where a € &/ and b € A, it suffices to show that such element a®
b is the ultraweak limit of elements of the form s®t where s € S and ¢t € T. This
is indeed the case as there are nets (sq)q and (t3)s in S and T that converge
to a and b, respectively, and so, because ® is ultraweakly continuous by [[Tl, we
see that s, ® tg converges ultraweakly to a ® b as a, 8 — 00.

Concerning[2] let ¢ be a positive element of &/ ® 2 with (w®1)(s*ts) = 0 for
allw e 0,9 €0, and s € & ® B; we must show that ¢ = 0. For this it suffices
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Vv



\

VIl

VIl

to show that (¢ ® 7)(t) = 0 for all np-functionals o: & — C and 7: # — C
(since the product functionals o ® 7 form a faithful collection.) Now, since 2
is centre separating such ¢ may by [001]] be obtained as operator norm limit
of finite sums of functionals of the form w(a*(-)a) where w € Q and a € .
Since a np-functional 7: £ — C can be obtained in a similar fashion from ©,
and ®: A, @ B, — (& @ HB). is operator norm continuous (by @, we see
that a product functional o ® 7 can be obtained as the operator norm limit of
finite sums of functionals of the form w(a*(-)a) ® J(b*(-)b) = (W@ ) ((a ®
b)*(-)(a ®b)); and since those functionals map ¢ to 0, by assumption, we
conclude that (o ® 7)(t) = 0 too. O

To obtain certain examples the following characterisation of the tensor product
of von Neumann algebras proves useful.

Theorem Given centre separating collections ¥ and I' of np-functionals on von
Neumann algebras & and %, respectively, a miu-bilinear map v: & x Z — 7
is a tensor product iff all of the following conditions hold.

1. The range of vy generates 7.

2. For all 0 € ¥ and 7 € T the product functional vy(o,7): J — C exists

(see|1081l) and is positive.

3. The set {v(o,7): 0 € ¥, 7 € I'} is centre separating for 7.

Proof A tensor product -y obeys these conditions by definition and by M SO
we only need to show that a - that obeys these conditions is a tensor product,
and for this it suffices to show that + can be extended to a nmiu-isomorphism
Vo: d QB — T. To extend v to just a miu-map g (to begin with) it suffices
by and to show that vo: & ® B — 7 is bounded with respect to
the tensor product norm on &/ ® % and continuous with respect to the tensor
product topology on &/ ® % and the ultraweak topology on 7.

To see that ¢ is bounded, let t € &7/ ©.% be given; we’ll show that || (¢)]|?
7o (t*t)]| < ||t]|* where ||t|| is the tensor product norm of t. Since by @ the
np-functionals on 7 of the form

(o, 7) (10 (s)" (+)1e(s)) (4.3)

where o € X, 7 € " and s € & ® £, are order separating, also with the restric-
tion that 1 = (o, 7) (v (s*s)) = (0 ©®T)(s"s), and therefore determine the norm

of t*t as in 21 VII} it suffices to show that v(o,7) (Ve (s)* e (t*t)Ve(s)) < ||t]|?




given such o, 7, and s (with (cO7T)(s*s) = 1). But since v(o, 7) (76 (s)*va (t*t)va(s)) =

(cOT)(s*t*ts) = ||tH%U®T)(S*( ey S ||lt||? by the definition of the tensor product
norm (see [L1211), this is indeed the case.

To see that 7o : &/ ©A — 7 is ultraweakly continuous it suffices to show that
w 0 7ye is the operator norm limit of finite sums of basic functionals on &7 © £
(see given any np-functional w: .7 — C. Since by such w is the
norm limit of finite sums of functionals on 7 of the form displayed in ,
and v is bounded, we may assume without loss of generality that w itself is as
shown in (4.3). Since wo s = (0 © 7)(s*(+)s) is then a basic functional g is
ultraweakly continuous.

Having established boundedness and continuity of y5 we obtain our nmiu-
map Vg: & @ B — 7 with vg(a ® b) = y(a,b) for all « € & and b € A.
To show that v is a tensor product, it suffices to show that vg is a nmiu-
isomorphism, and for this, it suffices to show that g is a bijection. In fact,
we only need to show that 7 is injective, because since the elements of .7 of
the form vy(a,b) = vg(a ® b) generate .7 (by assumption), and are in the range
of v (which is a von Neumann subalgebra of 7 by, Yg will be surjective.

To show that 7g is injective, it suffices to show that [yg] = [1g] = 1
(see[691V)). Since the product functionals on & ®.% of the form c®7 where o € X
and 7 € T are centre separating (by [[V), and [+g] is central, it suffices to
show that (0 @ 7)([vg]") = 0 given 0 € ¥ and 7 € I'. But this is casy —

(c @ 7)( H—V@J]L) =v(0,7) (1% ( ﬂ—'y®'|]J‘ )) = 0. Whence 7 is a tensor product. [J

Using the characterization from |116 VII| it is pretty easy to see that the tensor
product distributes over (infinite) direct sums (see m after some unsurprising
observations regarding direct sums (in |E[)

Exercise Let (& );cs be a collection of von Neumann algebras.

1. Show that given a generating subset A; for each von Neumann algebra 7
the set |, wi(Ai) generates @, ; o, where k;: o — @, < denotes
the np-map given by (k;(a)); = a and (k;(a)); = 0 when j # 1.

2. Show that given a centre separating collection €2; of np-functionals on <7
for each i € I the collection {wom;: w € Q;, i € I} is centre separating

for B, ; .

Proposition Given von Neumann algebras o and (%;);c; the bilinear map

v Mx@z,%l%@lrs%@c%’“ (a,b)'—>(al®b)z
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is a tensor product. (Whence & @ @, %, = P, ¥ @ B;.)

Proof We use to show that ~ is a tensor product. Note that ~ is clearly
miu-bilinear, and that the elements of the form ~(a, x;(b)) = k(a ® b) from the
range of v where a € o7, i € I, and b € %; generate @, o/ ® %, by E Further,
since given ¢ € I and np-functionals ¢: &/ — C and 7: ¥; — C the product
functional (o, 7 o m;) exists being simply (o @ 7) om;: P, & ® #B; — C, and
such product functionals form a centre separating collection by [[l} we see that +
is indeed a tensor product. [l

The tensor interacts with projections as expected.

Lemma Let &/ and & be von Neumann algebras.
1. We have [a® b] = [a| ® [b] for all a € &7, and b € A,.
2. We have J[a®b] = [a] ® [b] for all a € o and b € L.

Proof Let alﬁgﬁ and b € A, be given. Since the map (- )®b: & — F @B is
np, [a ®b] == [[a] ® b]. Since similarly [[a] @ b] = [ [a] ® [b] ] = [a] @ [b]
using here that [a] ® [b] is already a projection, we get [a] ® [b] = [a ® b].

Let a € o and b € £ be given in order to prove that [a ® b] = [a] @ [b].
Since [a] ®1 commutes with all elements of &7 ® £ of the form o/ ® V', and thus
with all elements of & ® %, we see that [a]®1 is central. Since similarly 1® [b]
is central, we see that [a] ® [b] = (Ja] ®1) ® (1® [b]) is central too. Since in
addition [a] ® [b] is a projection, and ([a] @ [b]) (a®b) = ([a] a) @ ([b] b) =
a® b we see that [a ® b] < [a] ® [b] (by definition, see [6811I).

So all that remains is to show that [a] ® [b] < [a ® b]. Recall that [a] =
Uscor [a*a*aal by Using this, a similar expression for [b], and we see
that [a] ® [b] = Uzew Upes [(@"a*aa) @ (b*b*bb)], and so it suffices to show
that [(@*a*aad) ® (b*b*bb)] < [a ® b] given @ € o and b € . This is indeed the
case since [(@*a*a@) ® (b*b*bb)] = [(a®b)* (a®b)*(a®b) (@a®b)] < [a®b]
(by again.) O
Exercise Let f: o/ — % and g: ¥ — 2 be np-maps between von Neumann
algebras. We're going to prove that [f ® g] = [f] ® [g].

1. Show that (f®g)([f]®[g]) = 1®1, and conclude that [ f ® g] < [f]®[g].

2. Assume for the moment that &/ and ¥ are von Neumann algebras of
bounded operators on Hilbert spaces ¢ and £, respectively, and that f



and g are vector functionals, that is, Z# = ¥ = C, and f = (z,(-)z) for
some x € J, and g = (y, (-)y) for some y € &

Show that [f] = J,cn0 [ a*|z)(z|a] using[881V|and 88 VI

3. With the same assumptions as in the previous point, suppose, further-
more, without loss of generality that &/ ® 4 is given as the von Neumann
subalgebra of #B( ® %) generated by the operators A® B where A € o

and B € B (cf. [TTVII).
Show that f®g={(x®y, (- )z ®y).
Given a € &5 and b € B show that a @ b € (& ® $)Y, and thus

[a” |z)(z[a] @ [b" |y){y|b] < [f@g].

Deduce from this that [f]® [¢g] < [f®g],s0 [fl®[g] =[f®g].

4. Let f and g be arbitrary again, and assume now that f and g are func-
tionals, that is, Z = 2 = C. Show that [f ® ¢g] = [f] ® [g].

5. Let f and g be arbitrary again, and recall from 66 V| that 1 = J, [o]
when o ranges over the np-functionals o on Z.

Show that 1®1 = |J, , [0 ® 7| where o and 7 range over the np-functionals
on £ and %, respectively.

Show using [101 IV]and [L01 VIl that [f ® g] = (f®9).(1®1) = [f]®[g].

6. Show that (f ®¢)s(s®1t) = fo(8) ® go(t) for projections s € Z and t € 2.

4.2.6 Monoidal Structure

Up to this point we have only written about the tensor product &/ ® £ of 119
two von Neumann algebras (to save ink), but all of it, as you will no doubt
have observed already, can be easily adapted to deal with a tensor product
QR: e X ...xX Ay — G Q-+ R, of a tuple &, ..., of von Neumann
algebras, which will then, of course, be a multilinear map instead of a bilinear
map, etc..

What is less obvious is that there should be any relation between (&7 ® %) ®
%,and o @ (BRF) and & ® B ® E; but there is.
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Proposition Given von Neumann algebras &/, % and %, the trilinear map
v:(a,b,¢) = (a®@b)®c, o X BXEC — (o @ PB)R®F is a tensor product.

Proof We need to verify the three conditions from m (adapted to trilinear
maps). The first condition, that the elements of the form (a ® b) ® c generate
(A RPB)RFE follows bysince the elements of the form a®b generate o7 @ %
(and € generates ). The second condition is met by defining v(o, 7,v) :=
(c®7)®w for all np-functionals o: &7 — C, 7: & — C and v: ¥ — C. Finally,
these product functionals (o, 7,v) are center separating by because the
functionals on &7 ® # of the form o ® 7 are center separating (and so is the set
of all np-functionals on %), which was the third condition. O

Corollary There is a unique nmiu-isomorphism
a: dRQRABRIC) — (A RAB)RE,

with a(a®@ (b®¢)) = (a®@b)®cforall a € &, b € B, ¢ € €, for any von
Neumann algebras o/, &, €.

Exercise Show that W}, ,, Wi,, Wi, and W/, , endowed with the tensor
product are symmetric monoidal categories with C as unit.

4.3 Quantum Lambda Calculus

In this section we provide the parts needed to built a model of the quantum
lambda calculus using von Neumann algebras. We will not venture to describe
the quantum lambda calculus in all its details here, nor will we describe how to
built the model from these parts (as we did in [9]); we’ll just touch upon the
two key ingredients: the interpretation of “!” and “—” — with them the expert
can easily produce the model.

Let us, nevertheless, try to give some impression to those who are not familiar
with the quantum lambda calculus. The quantum lambda calculus is a type
theory proposed by Selinger and Valiron in [64}/65] to describe programs for
quantum computers especially designed to include not only function types (—o)
and classical data types (such as bit), but also quantum data types (such as
gbit), so that there can be a term such as new: bit —o gbit that represents the
program that initialises a qubit in the given state. There are of course also terms
such as 0: bit and 1: bit, so that new 0: gbit represents a qubit in state |0). The
addition of quantum data to a type theory is a very delicate matter for if one
were to allow for example in this system a variable to be used twice (a thing



usually beyond dispute) it would not take much more to construct a program
that duplicates the contents of a qubit, which is nonphysical.

Still, classical data such as a bit can be duplicated freely, so to accommodate
this the type !bit is used. More precisely, the type !A represents that part of
the type of A that is duplicable, so that !bit is the proper type for a bit, and
lgbit is empty. For example, the term that represents the measurement of a
qubit is meas: gbit —o !bit, where the ! indicates that the bit resulting from the
measurement may be duplicated freely.

The model we alluded to assigns to each type A a von Neumann algebra [A],
e.g. [qbit] = M; and [bit] = C2. A (closed) term ¢ : A is interpreted as an npsu-
functional [t : A]: [A] — C, so for example [0: bit]: (z,y) — z: C*2 — C.
When t : A has free variables x1 : By,...,xy : By the interpretation becomes
an ncpsu-map [t]: [A] = [B1] ® --- ® [Bn], so for example,

x: gbit - measz ||: (z,y) — (£9): C? — M,.
[[ 0y

In short, there are no surprises here. As said, the difficulty lies in the definition
of ['A] and [A — B], for which we will provide the following three ingredients.

e The observation (by to Kornell, [44]) that the category (W}, )°P is monoidal
closed, that is, that for every von Neumann algebra %, the functor £ ®
(+): Wi, — Wi, has a left adjoint (-)*%.

e The following two adjunctions.

£2° Cc
> —_— >
Set L1 (W;HU)OP L (WéPSU)OP
~_ -~
nsp:=Wj, (—,C) F

The interpretation of [!A] and [A — B] will then be
Al = ¢*(usp([A])) and  [A—B] = F([B])"T.

Note that [!A] will always be a discrete von Neumann algebra no matter
how complicated [A] may be, so that although this does the job perhaps a more
interesting interpretation of ! may be chosen as well. This is not the case: in the
next section we’ll show that any von Neumann algebra that carries a ®-monoid
structure (such as [!A]) is commutative and discrete, and that ¢°°(nsp(#)) is
moreover the free ®-monoid on 7.

In this section, we’ll need the following result from the literature on von Neu-
mann algebras.
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Proposition Given Hilbert spaces 7 and %, and von Neumann subalgebras .7}
and o of B() and von Neumann subalgebras %; and %5 of B(. %), we have

(P @ PB1) N (@ Ba) = (h Nh) @ (BN Ba).

Here @) ® %, denotes not just any tensor product of o/ and %, but instead
the “concrete” tensor product of & and Z;: the least von Neumann subalgebra
of B(H# ® ) that contains all operators of the form A ® B where A € @4
and B € %.

Proof See Corollary IV.5.10 of [67]. O
4.3.1 First Adjunction

Definition We write nsp := W7, (-, C) for the functor (W},,)°® — Set which
maps a von Neumann algebra &7 to its set of nmiu-functionals, nsp(«), and
sends a nmiu-map f: & — % to the map nsp(f): nsp(#) — nsp(«) given
by nsp(f)(¢) = ¢ o f for ¢ € nsp(#).

Proposition Given a set X the map
n: X — nsp(£>(X)) given by n(z)(h) = h(x)

is universal in the sense that for every map f: X — nsp(«&/), where &/ is a von
Neumann algebra, there is a unique nmiu-map g: & — £°°(X) such that

X —Ls nsp(£2(X)) >° /(\X)
nsp() o

commutes. Moreover, and as a result, the assignment X +— ¢*°(X) extends
to a functor £°: Set — (W},)°P that is left adjoint to nsp, and is given by
2(f)(h) =ho f for any map f: X =Y and h € £>°(Y).
Proof Note that if we identify ¢°°(X) with the X-fold product of C, we see
that n(x): £°(X) = @,.x C — C is simply the z-th projection, and thus a
nmiu-map (see 471V)). Hence we do indeed get a map n: X — nsp(£>(X)).

To see that n has the desired universal property, let f: X — nsp(&/) be
given, and define ¢g: & — ¢°(X) by g(a)(z) = f(z)(a). One can now either
prove directly that g is nmiu, or reduce this in a slightly roundabout way from



the known fact that ¢°°(X) is the X-fold product of C with the n(x) as projec-
tions; indeed g is simply the unique nmiu-map with n(xz)og = f(x) for allz € X,
that is, g = (f(2)),cx. In any case, we see that nsp(g)(n(z)) =n(xz)og = f(x)
for all x € X, and so nsp(g) on = f. Concerning uniqueness of such g, note
that given a nmiu-map ¢': & — (*°(X) with nsp(g’)on = f we have n(z)og’ =
nsp(g')(n(z)) = f(x) for all z € X, and so ¢’ = (f(z)),cx = 9-

Hence 7 is a universal arrow from X to nsp. That as a result the assignment
X — £°(X) extends to a functor Set — (W},,)° by sending f: X — Y to the
unique nmiu-map £°(f): £°(Y) — £°°(X) with nsp({>*°(f))onx =ny o fisa
known and easily checked fact (where nx :=nand ny: Y — nsp(£>°(Y")) is what
you’d expect). Finally, applying z € X and h € £°(Y) we get £°(f)(h)(z) =
x (2) (= (F) (1)) = nsp(E=(2)) (nx (2))(h) = iy (@) (B) = h(f()). O

Lemma A nmiu-functional ¢ on a direct sum €, <% of von Neumann algebras
is of the form ¢ = ¢’ o m; for some 7 and nmiu-functional ¢’ on .&;.
Proof Let e; denote the element of &, 7 given by e;(j) = 1 and e;(i) = 0
for all ¢ # j. Note that given ¢ and j with ¢ # j we have e;e; = 0 and so 0 =
v(eie;) = p(ei)p(e;); from this we see that there is at most one ¢ with ¢(e;) # 0.
Since for this i we have e = > j4i € and 50 oled) = > ¢(e5) =0, we see
that ¢(a) = ¢(e;a) for all a € P, . Letting k;: & — D, & be the nmisu-
map given by k;(a)(i) = a and k;(a)(j) = 0 for j # i we have p = p o K; o ;.
Hence taking ¢’ := ¢ o k; does the job. g
Exercise Deduce from that the functor nsp: (W},,)°® — Set preserves
coproducts, and that the map 7: X — nsp(¢*°(X)) from |E| is a bijection.

Show that £>°: Set — (W3,,)°P is full and faithful. Whence Set is (isomor-
phic to) a coreflective subcategory of (WF,,)°P via £>°: Set — (W},,)°P.

MIU MIU
Exercise We're going to prove that £°(X x V) 2 {*°(X) ® £>°(Y).

1. Given an element x of a set X let & denote the element of ¢>°(X) that
equals 1 on = and is zero elsewhere.

Show that {&: = € X } generates {>°(X).

2. Show that the projections m,: (*°(X) = ,cx C — C form an order
separating collection of nmiu-functionals on £*°(X).

3. Using this, and prove that given sets X and Y the map
©: (X)X £2(Y) = (X x Y)
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given by (f ® g)(z,y) = f(z)g(y) is a tensor product.
Conclude that £°(X x V) 2 (°(X) @ £=2(Y).

(In fact, it follows that £°° is strong monoidal.)

Il Exercise Let o/ and % be von Neumann algebras. We're going to show
that nsp(« ® B) = nsp() X nsp(4).

1. Given a nmiu-functional ¢: & ® £ — C show that ¢ = ¢((-) ® 1)
and 7 := (1 ® (-)) are nmiu-functionals on &7 and 4, respectively; and
show that ¢ = ¢ ® 7 (by proving that ¢(a ® b) = o(a)7(b).)

2. Show that o, 7 — o ®T gives a bijection nsp(#) x nsp(#) — nsp( ® AB).

(This makes nsp strong monoidal.)

4.3.2 Second Adjunction

124 Lemma If a von Neumann algebra o is generated by S C &7, then

#CH#S
22

# <

)

where #S denotes the cardinality of S, and so on.

Il Proof Note that the x-subalgebra S’ of &7 generated by S is ultraweakly dense
in «/. Since every element of S’ can be formed from the infinite set S U C
using the finitary operations of addition, multiplication, and involution, #5" <
#C++4S. Since every element of & is the ultraweak limit of a filter (see 76l §12])

on S’ of which there no more than 22%° , we conclude #.47 < Q2#CH#S O

[l Theorem The inclusion Wy, = W/, , has a left adjoint F: Wj,o, = W ..

IV Proof Note that since the category W}, has all products , and equalis-
ers ([47V), Wy, has all limits (by Theorem V2.1 and Exercise V4.2 of [46]).
Moreover, the inclusion U: W, — W, preserves these limits (see
and [47V). So by Freyd’s adjoint functor theorem (Theorem V6.1 of [46]) it

suffices to check the solution set condition, that is, that



for every von Neumann algebra o7 there be a set I, and for each i € [
an ncpsu-map f;: &/ — &7 into a von Neumann algebra .7 such that
every ncpsu-map f: &/ — 9% into some von Neumann algebra 4 is
of the form f = ho f; for some i € I and nmiu-map h: <7 — AB.

2#C+#.u¢

To this end, given a von Neumann algebra &7, let k := 2 , define

I = {(%,7): € is a von Neumann algebra on a subset of x,

and v: & — € is an ncpsu-map },

and set f; :=~ for every i = (¢,7) € I.

Let f: @ — 2 be an ncpsu-map into a von Neumann algebra %B. The
von Neumann algebra %’ generated by f(<7) has cardinality below x bylﬂ and
so by relabelling the elements of %’ we may find a von Neumann algebra &
on a subset of k isomorphic to %’ via some nmiu-isomorphism ®: 8’ — %.
Then the map v: & — € given by v(a) = ®(f(a)) for all a € & is ncpsu,
so that i := (¥¢,7) € I, and, moreover, the assignment ¢ — ®1(c) gives a
nmiu-map h: € — % with ho f; =ho~y = f. Hence U: W}, = W, obeys
the solution set condition, and therefore has a left adjoint. O
Remark A bit more can be said about the adjunction between the inclu-
sion U: W}, = Wi, and F: since W}, has the same objects as W4,
the category (W4, )P is, for very general reasons, equivalent to the Kleisli cat-
egory of the (by the adjunction induced) monad FU on (W},,)° in a certain
natural way (see e.g. Theorem 9 of [71]).

4.3.3 Free Exponential

We’ll prove Kornell’s result (from [44]) that the functor B@ (- ): W, = Wi,
has a left adjoint (-)*# for every von Neumann algebra 8. Kornell original
proof is rather complex, and so is ours, unfortunately, but we’ve managed to
peel off one layer of complexity from the original proof by way of Freyd’s Adjoint
Functor Theorem, reducing the problem to the facts that Z® (-): Wi, —
W}, preserves products, equalisers, and satisfies the solution set condition.

Lemma A von Neumann algebra <7 can be faithfully represented on a Hilbert

space which contains no more than 2#% vectors.

Proof If @7 = {0}, then the result is obvious, so let us assume that o/ # {0}.
Then ./ is infinite, and so Ny - #./ = #.47.

..123-125..

125



Let Q2 be the set of np-functionals on 7. Recall that by the GNS-construction
(see </ can be faithfully represented on the Hilbert space #6 = @, ., -
Since every element of J#, is the limit of a sequence of elements from o7, we
have #., < REY < (280)#9 — 9#9  hecause N - #4/ = #47. Since every
normal state is a map w: & — C, we have #Q < #C#7 = (QRo)#7 = 2#
because Rg - #.o7 = #./. Hence #H =) o #, < o# A it — o# ]

Lemma Every nmiu-map h: ¥ — & ® €, where o/, € and 2 are von Neu-
mann algebras, factors as & —i—> o @ € —wid> o @ € , where </ is a von
Neumann algebra, and ¢ and h are nmiu-maps, such that for all nmiu-maps
fyg: & — 2P into some von Neumann algebra 2 with (f ®id)oh = (g®id)oh
we have for=gou.

Moreover, 27/ can be generated by less than #2 - 2#% elements.

Proof Assume (without loss of generality) that % is a von Neumann algebra of
operators on a Hilbert space /¢ with no more than 2#% vectors, see E

For every vector § € J let r¢: &/ ® ¢ — o/ be the unique np-map given
by re(a®c) = (€, c€)aforalla € o andce @ (seeand@ and let o/
be the least Neumann subalgebra of & that contains S := g r¢(h(2)), and
let ¢: o/ — o/ be the inclusion (so ¢ is nmiu). Note that S (which generates )
has no more than #9 - # < #9 - 2#7% elements.

Let f,g: @ — % be nmiu-maps into a von Neumann algebra % such that
(f®id)oh = (¢ ®id) o h. We must show that fo:. = go. By definition
of & (and the fact that f and g are nmiu), it suffices to show that forgoh =
goregoh for all £ € /7. Note that given such &, we have fore = ré o(f®id),
where r;: 8 ® ¢ — 2 is the np-map given by r;(b ® ¢) = (,c€)b. Since
similarly, gore = rio(g®id), we get forgoh =rio(f®id)oh =rio(g®id)oh =
gorgoh.

It remains only to be shown that h(Z) C @ @ €, because we may then
simply let h be the restriction of A to o ® . It is enough to prove that
WMP) C o @ B(H), because o @C = (o @ B(A)) N (o @F) (see
and we already know that h(2) C & ® €. Let (er)r be orthonormal basis of
. Since 1 = )", |ex)(ex| in B(H), we have, for all d € 2,

h(d) = (1@ lex)(erl) h(d) (,1® lec){eel)
2ok 20 (1@ er){er]) h(d) (1@ |ee)(ed]).

We are done if we can prove that, for all £,( € J2,
(1@ [&El) Md) (110 € o © B(H). (4.4)




By an easy computation, we see that, for all e € & ® € of the form e = a ® c,

(1@]€)(€]) e (1®1)(C]) Zz riverc(€) @ 16)(C]

It follows that the equation above holds for all e € &/ ® €. Choosing e = h(d)
we see that (4.4) holds, because rre ¢ (h(d)) € 7. O

Proposition Let e: & — & be an equaliser of nmiu-maps f, g: &/ — % between
von Neumann algebras. Then e ®id: & ® € — &/ ® € is an equaliser of f ® id
and g ® id for every von Neumann algebra % .

Proof Let h: 2 — & ®%€ be a nmiu-map with (f®id)oh = (g®id)oh. We must
show that there is a unique nmiu-map k: 2 — & ® € such that h = (e®id) o k.
Note that since the equaliser map e is injective, e®id: £RE — &/ XF is injective
(by [115V) and thus uniqueness of k is clear. Concerning existence, by m h
factors as @ — > @ C —@id> o @€ where h and ¢ are nmiu- maps, and
moreover, we have for = got. Since e is an equaliser of f and g, there is a unique
nmiu-map i: & — & with eoi = . Now, define k := (i®id)oh: 7 - EQE.
Then (e ®id) ok = ((ecl) ®id) o h = (1 ®id) o h = h. O

Theorem (Kornell) The functor (—) ® o/ : W3, — W}, has a left adjoint for
every von Neumann algebra 7.

Proof The category W7, is (small-)complete, and (—) ® &/: W, — W7,
preserves (small-)products and equalisers. Thus, by Freyd’s (General) Adjoint
Functor Theorem [47, Thm. V.6.2], it suffices to check the following Solution

Set Condition (where we’ve used that W, is locally small).

e For each # € Wy, there is a small subset S of objects in W7, such that
every arrow h: & — € ®4/ can be written as a composite h = (t®idy)o f
for some 2 €S, f: B—> PR, and t: D — F.

Let & be an arbitrary von Neumann algebra. We claim that the following set
S satisfies the required condition:

. #C- B 2HA
S={2| 2 is a von Neumann algebra on s}, where & = 22

Indeed, suppose that h: B — ¢ @ o is given. By [[V] h factors as

B CRA —iid—>C R A,
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where ¢ is a von Neumann algebra generated by no more than #% - o
elements. It follows that 4 has no more than x elements (by [1241). Thus we
may assume without loss of generality that % is a subset of x, that is, ¥ € §.0J

Remark It should be noted that analogues of the first and second adjunctions
can be found in the setting of C*-algebras, which raises the question as to
whether a variation on the free exponential exist for C*-algebras, that is, is
there a tensor ® on Cf,, such that (—) ® &: C},, — C},, has a left adjoint?
Such a tensor does not exist if we require that on commutative C*-algebras
it is given by the product of the spectra (as is the case for the projective and
injective tensors of C*-algebras) in the sense that there is a natural isomor-
phism ®xy: C(X)®C(Y) —=> C(X xY) between the obvious functors of
type CH x CH — (C},,)°. Indeed, if (—) @ &: C},, — Cj,, had a left
adjoint and so would preserve all limits for all C*-algebras <, then the func-
tor (—)x X : CH — CH would preserve all colimits for every compact Hausdorff
space X, which it does not, because if it did the square SN x SN of the Stone—
Cech compactification SN of the natural numbers (being the N-fold coproduct
of the one-point space) would be homeomorphic to the Stone-Cech compactifi-
cation S(N x N) of N x N, which it is not (by Theorem 1 of [19]).
Whence Cf,q, does not form a model of the quantum lambda calculus in
the same way W/, that does.

4.4 Duplicators and Monoids

When asked for an interpretation of the type !A as a von Neumann algebra
4] = @rae” (4.5)

definitely seems like a suitable answer given the cue that !A should represent as
many instances of A as needed, which makes the interpretation we actually use
in our model of the quantum lambda calculus (namely [!A] = ¢>°(nsp([4])))
rather suspect. To address such concerns we’ll show that any von Neumann
algebra that carries a ®-monoid structure (in W}, as [!A] should) must be
nmiu-isomorphic to £>°(X) for some set X (see ruling out the interpre-
tation for all but the most trivial cases. We’ll show in fact that ¢°°(nsp(«))
is the free ®-monoid over & in W}, (see exonerating it in our minds

from all doubts.



4.4.1 Duplicators

Definition A von Neumann algebra 7 is duplicable if there is a duplicator
on ¢/, that is, an npsu-map ¢: & ® & — &/ with a unit u € [0, 1] satisfying

da®u) = a = J(u®a) forallae .

(Note that we require of § neither associativity nor commutativity.)

Remark The unit u can be identified with a positive subunital map u: C — &
via @(A\) = Au. The definition is motivated by the fact that the interpretation
of A must carry a commutative monoid structure in W},,. The condition is
weaker, requiring the maps to be only positive subunital, and dropping associa-
tivity and commutativity. Nevertheless this is sufficient to prove the following.

Theorem A von Neumann algebra 7 is duplicable if and only if &7 is nmiu-
isomorphic to £°°(X) for some set X. In that case, the duplicator (J,u) is
unique, given by d(a ® b) =a-b and u = 1.

Thus, to interpret duplicable types, we can really only use von Neumann alge-
bras of the form ¢>°(X). It also follows that a von Neumann algebra is duplica-
ble precisely when it is a (commutative) monoid in W}, or in the symmetric
monoidal category W, of von Neumann algebras and normal completely pos-
itive subunital (CPsU) maps.

To prove m we proceed as follows. First we prove in every duplica-
ble von Neumann algebra &/ is commutative (and that the duplicator is given
by multiplication). This reduces the problem to a measure theoretic one, be-
cause &/ = @, L°°(X;) for some finite complete measure spaces X; (by [701).
Since each of the L*°(X;)s will be duplicable (see we may assume
without loss of generality that o7 = L°°(X) for some finite complete measure
space X. Since X splits into a discrete and a continuous part (see ,
and the result is obviously true for discrete spaces, we only need to show
that L>°(C) = {0} for any continuous complete finite measure space C' for
which L*°(C) is duplicable. In fact, we’ll show that u(C) = 0 for such C

(see (129 VIII]).

Lemma Let § be a duplicator with unit » on a von Neumann algebra ..
Then u =1 and §(1 ® ):1

Proof Since 1 = j(u® 1) < 6(1® 1) < 1, we have §(1® 1) = 1, and so
S(ut ®1) = 0. But, becauseu :5( e ) <d(ut ®1) =0, we have ut = 0,
and thus v = 1. Hence 1=01®u)=501&1). O
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To prove that a duplicable von Neumann algebra is commutative we’ll need the
following two results from the theory on C*-algebras.

Theorem (Tomiyama) Given a C*-subalgebra % of a C*-algebra &7, any linear
map f: o/ — B with f(f(a)) = f(a) and ||f(a)|] < ||a|| for all a € & must be
positive and obey bf(a)b’ = f(bal’) for all a € o and b, b € B.

Proof See |68] or 10.5.86 of [43]. O

Theorem (Russo—Dye) We have ||f|| < 1 for any pu-map f: & — £ between
C*-algebras &/ and 4.

Proof See Corollary 1 of [61]. O

Lemma Let o be a C*-algebra, and let f: & & &/ — &/ be a pu-map with
fla,a) = a for all @ € /. Then p:= f(1,0) is central, and

f(a,b) = ap + bp*
for all a,b € o/

Proof (Based on Lemma 8.3 of [26].)

Note that (¢,d) — (f(c,d), f(e,d)) gives a pu-map f/ from o @ &7 onto
its C*-subalgebra { (a,a): a € & } with f'(f'(¢,d)) = f'(c,d) for all ¢,d € .
Since || f/|| < 1 by Russo-Dye’s theorem (IV]), Tomiyama’s theorem (T) implies
that for all a,b,c,d € o7,

(a,a) f'(c,d) (b,b) = f'(acb,adb), andso af(c,d)b = f(acb, adb).

In particular, ap = af(1,0) = f(a,0) = f(1,0)a = pa for all a € &7, and so p is
central. Similarly, f(0,b) = bp* for all b € .o/. Then f(a,b) = f(a,0)+ f(0,b) =
ap + bp* for all a,b € o7. O

Lemma Let 0: & ® & — & be a duplicator on a von Neumann algebra 7.
Then 7 is commutative and d(a @ b) = a - b for all a,b € &7

Proof To prove &/ is commutative we must show that all a € &/ are central,
but, of course, it suffices to show that all p € [0, 1], are central (by the usual
reasoning). Similarly, we only need to prove that d(a ® p) = a - p for all a € &7
and p € [0,1]o. Given such p € [0,1] define f: & & o — & by f(a,b) =
Sla®p+b®pt) for all a,b € /. Then f is positive, unital, f(1,0) = p, and
fla,a) = a for all a € &/. Thus by p is central, and f(a,b) = ap + bp™* for
all a,b € /. Then a-p = f(a,0) = §(a ®p). O

Remark The special case of in which ¢§ is completely positive can be found
in the literature, see for example Theorem 6 of [45] (in which 47 is also finite
dimensional).



Corollary Let & be a von Neumann algebra. Then .o is duplicable iff there is
an np-map §: & @ & — o with §(a®b) = a-b for all a,b € &7, (and in that
case &/ is commutative.)

Remark Thus for a non-commutative von Neumann algebra ./ multiplication
(a,b) — ab: & X &/ — </ is not a normal bilinear map in the sense of 11211

Corollary When the direct sum o7 @ £ of von Neumann algebras &/ and 4 is
duplicable, &7 and % are duplicable

Proof Let §: (& & B) @ (& ® B) — o & B be a duplicator on & G
%. By o ®& A is commutative and 6((a1,b1) ® (az,b2)) = (a1az2,b1b2)
for all aj,a0 € & and by,by € B. Let k1: &/ — o & A be the nmiu-
map given by k1(a) = (a,0) for all @ € «/. Let d be the composition of

A R A s @k (A DRB)R (A DB)—s—>o BB —mi—> . Then by is

normal, positive, and (a1 ® a2) = 7m1(6((a1,0) @ (az,0))) = mi(a1a2,0) =
aras for all aj,as € &/. Thus, by [XI| < is duplicable. O

We will now work towards the proof that if C' is a continuous complete finite
measure space, then L°°(C) cannot be duplicable unless p(C) = 0, see [X| Let
us first fix some more terminology from measure theory (see 51| and [16]).

Definition Let X be a finite complete measure space.

1. A measurable subset A of X is atomic if 0 < u(A) and p(A’) = u(A) for
all A’ € ¥x with A’ C A and u(A") > 0.
2. X is discrete if X is covered by atomic measurable subsets.

(This coincides with being “purely atomic” from 211K of [16].)

3. X is continuous (or “atomless”) if X contains no atomic subsets.

The following lemma, which will be very useful, is a variation on Zorn’s Lemma
(that does not require the axiom of choice).

Lemma Let S be a collection of measurable subsets of a finite complete measure
space X such that for every ascending countable sequence A; C A, C--- in S
thereis A € S with 41 C A, C-.- C A.

Then each element A € § is contained in some B € S that is maximal in S
in the sense that p(B’) = u(B) for all B’ € S with B C B'.

128, 129..
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Proof The trick is to consider for every C' € S the quantity
Be = sup{u(D): CCDand DeS}.

Note that u(C) < B < p(X) for all C € S, and B¢, < B, for all C1,Cp € S
with C; C C5. To prove this lemma, it suffices to find B € S with A C B
and u(B) = .

Define By := A. Pick By € § such that By C By and 8p, — u(Bs) < /2.
Pick B3 € S such that By C Bs and Op, — 11(B3) < /3. Proceeding in this
fashion, we get a sequence B =By C B, C -+ in § with 8g, — u(Bp11) < Y/n
for all n. By assumption there is a B € S with By C By, C --- C B. Note that

w(B1) < p(B2) < --- < p(B) < Bp < --- < BB, < BB,

Since for every n € N we have both u(B,41) < p(B) < g < B, and g, —
w(Bnt1) < Yn, we get B — u(B) < Y/n, and so fp = u(B). O

Lemma Each finite complete measure space X contains a discrete measurable
subset D such that X\ D is continuous.

Proof Since clearly the countable union of discrete measurable subsets of X
is again discrete, there is by [[V] a discrete measurable subset D of X which is
maximal in the sense that pu(D’) = (D) for every discrete measurable subset D’
of X with D C D’. To show that X\ D is continuous, we must prove that X\ D
contains no atomic measurable subsets. If A C X\D is an atomic measurable
subset of X, then DU A is a discrete measurable subset of X which contains D,
and p(DU A) = (D) U pu(A) > p(D). This contradicts the maximality of D.
Thus X\ D is continuous. O

Lemma Given a continuous finite complete measure space X, and r € [0, u(X)],
there is a measurable subset A of X with pu(A) = r.

Proof Let us quickly get rid of the case that u(X) = 0. Indeed, then r = 0,
and so A = @ will do. For the remainder, assume that p(X) > 0.

For starters, we show that for every e > 0 and B € ¥x with p(B) > 0 there
is A€ Xx with A C B and 0 < pu(A) < e. Define A; := B. Since u(B) > 0,
and A; is not atomic (because X is continuous) there is A € Y x with A C A,
and p(A) # p(Ar). Since j(A) + u(A1\A) = u(Ay), either 0 < u(4) < Lu(Ay)
or 0 < pu(X\A) < %,U(Al)- In any case, there is Ay C A; with A3 € Xx and 0 <
1(As2) < 2p(A;). Similarly, since A is not atomic (because X is continuous),
there is Ag C Ay with A5 € ¥x and 0 < p(As) < %/1,(142). Proceeding in a



similar fashion, we obtain a sequence B = A; D A O - -+ of measurable subsets
of X with 0 < p(4,) < 27"u(X). Then, for every ¢ > 0 there is n € N such
that 0 < p(A,) <eand A, C B.

Now, let us prove that there is A € Xx with pu(A4) = r. By [IV| there is a
measurable subset A of X with u(A) < r and which is maximal in the sense
that p(A") = p(A) for all A’ € ¥y with u(A4) <rand A C A’. In fact, we claim
that p(A) = r. Indeed, suppose that € :=r —u(A) > 0 towards a contradiction.
By the previous discussion, there is C' € ¥ x with C' C X\ A such that p(C) < e.
Then AUC is measurable, and p(AUC) = u(A) + pu(C) < pu(A) +¢e < r, which
contradicts the maximality of A. O

Lemma Let X be a continuous finite complete measure space for which L>°(X)
is duplicable. Then u(X) = 0.

Proof Suppose that p(X) > 0 towards a contradiction. Let ¢ be a duplicator

on L>(X). By[128VIN|§(f® g) =f- g for all f,g € L>=(X).

Let w: L®(X) — C be given by w(f°) = M%ffdu for all f € L£L>(X).
Then w is normal, positive, unital and faithful (cf.[51X]). We’ll use the product
functional w ® w: L*(X) ® L*(X) — C, (which is also faithful, by [1181V)) to
tease out a contradiction, but first we need a second ingredient.

Since X is continuous, we may partition X into two measurable subsets
of equal measure with the aid of [VITI, that is, there are measurable subsets
X1 and X2 of X with X = Xl UXQ, Xl ﬁXg = @, and /J/(Xl) = /J/(Xg) =
$44(X). Similarly, X; can be split into two measurable subsets, X1; and X2,
of equal measure, and so on. In this way, we obtain for every word w over the
alphabet {1,2} — in symbols, w € {1,2}* — a measurable subset X, of X such
that X, = X1 U Xy, X1 N Xuwe = &, and pu(Xp1) = p(Xw2) = %M(Xw)' It
follows that 11(X,) = 53w 1(X), where #w is the length of the word w.

Now, py, := 1%, is a projection in L*>°(X), and w(p.,) = 277 for every w €
{1,2}*. Moreover, p,, = pw1 + Puw2, and so

Pw @Pw = Pwl @Puwl + Pwl @ Pw2 + Puw2 @ Puwl + Pw2 & Pw2
Z Pwl @ Pwl + Pw2z @ Pw2-

Thus, if we define qn := Zwe{1,2}N Pw ® Py for every natural number N,
where {1,2}" is the set of words over {1,2} of length N, then we get a descend-
ing sequence q; > ¢ > g3 = - - of projections in L*(X)® L>®(X). Let ¢ be the
infimum of ¢; > g2 > -+ - in the set of self-adjoint elements of L>°(X)® L (X).
Do we have ¢ =07

On the one hand, we claim that §(¢) = 1, and so g # 0. Indeed, §(p, @py) =

.129..

Xl



130

131

Pw - Pw = pw for all w € {1,2}". Thus §(gn) = > we1,23y 0(Pw ® pu) =
Ywef{1,2yy Pw = 1 for all N € N. Hence 6(g) = A, d(qn) = 1, because ¢ is
normal. On the other hand, we claim that (w®w)(q) = 0, and so ¢ = 0 since wWw
is faithful and ¢ > 0. Indeed, (w ® w)(gn) = X, c(12yn W(Pw) - W(Pw) =
Zwe{LQ}N 27N.27N = 27N forall N € N, and so (w@w)(q) = Ay (w@w)(gn) =
An 27N =0. Thus, ¢ = 0 and ¢ # 0, which is impossible. O

This takes care of the continuous case. To deal with the discrete case we first
need some simple observations.

~

Lemma Let A be an atomic measure space. Then L>(A4) = C.

Proof Let f € L£L>*(A) be given. It suffices to show that there is z € C such
that f(x) = z for almost all € A. Moreover, we only need to consider the case
that f takes its values in R (because we may split f in its real and imaginary
parts, and in turn split these in positive and negative parts).

Let S be some measurable subset of A. Note that either p(S) = 0 or u(A\S).
Indeed, if not p(S) = 0, then p(S) > 0, and so pu(S) = u(A) (by atomicity of A),
which entails that p(A\S) = 0.

In particular, for every real number ¢t € R one of the sets

{zeA: t< f(x)} {ze€eA: flx)<t}

must be negligible. Whence either ¢ < f° or f° < ¢t. It follows that the two
closed sets L := {t € R: t < f°} and U := {t € R: f° < t} cover R. Since
clearly —||f|| € L and || f|| € U, the sets L and U can’t be disjoint, because they
would partition R into two clopen non-empty sets. For an element ¢t € LN U in
the intersection we have ¢ < f° < t, and so t = f°. Hence L™ (X) = C. O

Exercise Let X be a measure space with p(X) < oo. Show that L>(X)
D scq L7 (A) for every countable partition A of X consisting of measurable
subsets.

Corollary For every discrete measure space X with pu(X) < oo there is a set Y
with L®(X) = (°(Y).

We are now ready to prove the main result of this section.

Proof of [127 Ill] We have already seen that ¢°°(X) can be equipped with a

commutative monoid structure in Wy, for any set X, and is thus duplicable.

Conversely, let §: & ® &/ — o be a duplicator with unit « on a von Neumann
algebra «/. By we know that v = 1, and by [I28 VI, we know that &/



is commutative and d(a ® b) = a - b for all a,b € <. Thus, the only thing that
remains to be shown is that &/ is miu-isomorphic to ¢>°(Y’) for some set Y.
By o = @, L>(X;) for some finite complete measure spaces X;. So
to prove that o = ¢>°(Y) for some set Y it suffices to find a set Y; with
L (X;) = £>(Y;) for each i, because then & = @, ., 1>°(Y;) = (U, Vi).

Let i € I be given. Since & = L*(X;) & @, L>(X;) is duplica-
ble, L*>(X;) is duplicable by [I128 X1l By [129 V| there is a measurable sub-
set D of X; such that D is discrete, and C' := X\D is continuous. We
have L*>°(X;) & L>(D)&L>(C) by[1301V] and so L>°(D) and L>(C) are dupli-
cable (again by [[28 XITI). By [129X] L>(C) can only be duplicable if u(C) = 0,
and so L*°(C) = {0}. On the other hand, since D is discrete, we have L (D) =
£°(Y') for some set Y (by [[30V)). All in all, we have L>(X;) = (>(Y). O

4.4.2 Monoids

We further justify our choice, [!A] = ¢*°(usp([A])), by proving that £>°(nsp(</))
is the free (commutative) monoid on & in W} . As a corollary, we also obtain
that £°(WZ,., (&, C)) is the free (commutative) monoid on & in W}

CPSU*

Let us first recall some terminology. Given a symmetric monoidal category
(SMC) C, a monoid in C is an object A from C endowed with a multiplication
map m: A® A — A and a unit map u: I — A satisfying the associativity and
the unit law, i.e. making the following diagrams commute.

m®id

u®id id ®u

(ARA)®A AR A I®A AR A AT

| | i

AD(AQA) > AQA—— A A

Here a, A, p respectively denote the associativity isomorphism, and the left and
the right unit isomorphism. A monoid A is commutative if m o v = m, where
v: A® A — AR® A is the symmetry isomorphism. A monoid morphism between
monoids A; and As is an arrow f: A; — Aj that satisfies ma,o(f®f) = foma,
and uag, = foua,. We denote the category of monoids and monoid morphisms
in C by Mon(C). The full subcategory of commutative monoids is denoted
by ¢cMon(C). Recall that W, and W, are symmetric monoidal categories
with C as tensor unit (see , and so we may speak about monoids in Wy,
and W7,

CPSU*
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Il Exercise Let &/ be a von Neumann algebra.
1. Show that any monoid structure on & in W¢,, is a duplicator on <.

2. Deduce from this and[I27 M| that there is a monoid structure on & in W,
or in W7, iff &7 is duplicable iff &7 = ¢>°(X) for some set X; and that, in
that case the multiplication m: &/ ®.47 — & of the monoid is commutative
and uniquely being fixed by m(a ® b) = a - b.

*

3. Show that the monoid morphisms in Wy, and in W, are precisely the
nmiu-maps.

4. Conclude that cMon(W},,) = Mon(W7,,) = cMon(W¢,.,) = Mon(W¥,.,)-
5. Show that Mon(W3,,) & dW7,,, = Set°, where dW73,,, denotes the full

*

subcategory of Wy, consisting of duplicable von Neumann algebras.
(Hint: £°°: Set — (W7,,)°P is full and faithful by [122 VI})

IV Theorem Let &/ be a von Neumann algebra, and let n: &/ — £°°(nsp(&/)) be
the nmiu-map given by n(a)(¢) = ¢(a). Then £*°(nsp(«)) is the free (commu-
tative) monoid on &7 in W} via 7.

V' Proof Let % be a monoid on W3, and let f: & — % be a nmiu-map We
must show that there is a unique monoid morphism g: £*°(nsp(«)) — 2 such
that g o = f. Since the monoid structure on £ is a duplicator on % we may
assume, by [127111] that 2 = (>°(Y’) for some set Y. Since nsp: (W) — Set
is left adjoint to £>°: Set — (W},,)°P with unit 1 (see [1221I), there is a unique
map h: Y — nsp(&) with £>°(h)on = f. Since £*° is full and faithful by
the only thing that remains to be shown is that £>°(h) is a monoid morphism.
Indeed it is, since the monoid multiplication on £*°(nsp(/)) and £>°(Y") is given
by ordinary multiplication, which is preserved by ¢>°(h) being a miuv-map. O

VI Corollary Let & be a von Neumann algebra. Then (> (W%, (<, C)) is the
free (commutative) monoid on 7 in W7, .

VIl Proof By [IV| > onsp is a left adjoint to the forgetful functor Mon(W7,,) —
W;,.. Note that by [Tl the forgetful functor Mon(W.e,) — Wi, factors

MIU *

through Wy, as:

£°° onsp F
/J_\ A/J_\
* * * *
MOH(WCPSU) - MOH(WMIU) WMIU WCPSU




where F is from Thus the free monoid on &7 in Wi, is given by:
(£ omspo F)(o) = £(Wiy(Fo/,C)) = £29(Wepg (7, C))

as was claimed. O

Conclusion Here ends this thesis, but not the entire story. There’s much more to 133
be said about self-dual Hilbert .7-modules, about dilations and their relation to
purity, and about the abstract theory of corners, filters, and o-positivity. You’ll

see all this, and more, in the sequel, “Dagger and dilations in the category of

von Neumann algebras” [74], brought to you by my twin brother.

(Paragraphs numbered and up can be found in [74].) 134
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projection
in a C*-algebra,
of z on C,

onto a corner,
Projection Theorem,
pseudoinverse,

approximate, [B0 ]
pu-map, [T0TT|
pure map, [T00]]

is rigid,
Pythagoras’ theorem,

/, integral
J f, of continuous f: [0,1] — <7,
14 1]
of continuous f: C — &
S [, over a triangle,

ff, f, over an interval, [14 1]
Schur’s Product Theorem, [I111}
self adjoint,
o-self-adjoint,
separating collection

of maps on a C*-algebra, 1]
sequential product, [T06]]
Y x, measurable subsets,
SOT, strong operator topology,
Sp, spectrum

sp(#), of a C*-algebra, 27 lI




is extremally disconnected for a

von Neumann algebra,

ultraweak tensor product topology, [T12TI]
ultraweakly bounded net,

sp(a), of an element of a C*-algebra, Uniform Boundedness Theorem,

IIXIX
spacial tensor product, [TIT VTI]
Spectral Mapping Theorem, 28T]|
Spectral Permanence,
spectral radius,
square root axiom,
state of a C*-algebra,

order separating,
Stone—Weierstraf3” Theorem, [27 XIX

subunital map between C*-algebras, @

supremum norm, @
symmetric monoidal category (SMC),

13211

T
tensor product
algebraic = of vector spaces,
of Hilbert spaces,
exists,
is £2-bounded,
universal property, [TI01T]]
of von Neumann algebras, [T08TI]
exists, [TIT X
functorial,
uniqueness,
universal property, [TI2XI}[T14]]
Tomiyama’s Theorem, [I28T]]
triangle, for our purposes,

U
ultracyclic projection, [66 1]
ultraweak and ultrastrong, @211
completeness,
convex ~ly closed subset,

permanence, [89 XI|
topologies are Hausdorff,

unit
of a C*-algebra, [3]]

unit ball,

of a C*-algebra

extreme points, [86 VI|
unital
bilinear map, [I108]]
C*-algebra,
map between C*-algebras, [10T]]

Vector functional

for a Hilbert .«/-module,
for a Hilbert space, RTTT|
is normal, [38T]|

is completely positive,

is normal,
von Neumann algebra,

category of,

commutative,

finite dimensional,

is bounded ultraweakly complete,

rad |

is ultrastrongly complete,

with a faithful np-functional,
von Neumann subalgebra, 2V

is ultraweakly closed,

)%
WIT/[IU7 WZ;PSU7 R E47

wnr, winding number, [T41]]
WOT, weak operator topology,

Z
Z(4), centre of &,
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